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In earthquake engineering, the assessment of the dynamic response of structures is a major
challenge for predicting and reducing their vulnerability. Two approaches are commonly used
for the design and diagnosis of the seismic vulnerability of buildings. The first one is based
on the evaluation of global parameters, i.e., at the scale of the structure, such as inter-story
or top-story displacements whose main advantage consists in being easily read and compared
with seismic measurements. This approach often implements simplified models that do not
include important mechanical properties of the structure (e.g., retrofitting with composite
materials). The second one, more accurate but also more expensive, consists in performing
detailed nonlinear numerical simulations to obtain damage indicators at the local scale, i.e.,
the scale of the materials, such as strains, stresses or damage variables.

Research studies based on multifiber finite elements have confirmed that the contrast be-
tween global and local indicators could lead to discrepancies and hinders the consistency of the
evaluation of vulnerability, especially for retrofitted buildings. Therefore, the main purpose of
this project is to propose a strategy based on simplified and advanced methods to improve the
integration of the local and global scales in the definition of the damage indicators. A double
scale change is performed by coupling the homogenization method (HM) and the multifiber
finite element method (MEM). The first method links, on the one hand, the description at the
scale of the structure (global scale) thanks to an equivalent "beam" model and, on the other
hand, an intermediate scale corresponding to a single story of the structure. The equivalent
beam properties are determined from a static analysis of a typical story, which is here modeled
with multifiber finite elements. This second method allows analyzing the nonlinear effects at
the material scale (local scale) controlling the global seismic response of the structure. The
chosen modeling strategy keeps the link between the different scales while limiting the com-
putation costs.

This research is divided into three parts. The first part presents the implementation of
HM on complex multi-frame structures (with more than two frames per story). The analytical
solution of this method has been developed and verified in earlier works for simpler cases (i.e.,
single and double frame structures). An enriched formulation of the finite element method
is also developed to evaluate the dynamic response outside the harmonic framework and
improve numerical applications. A second part describes the MEM numerical modeling of a
single story based on the information obtained at the global scale, and the identification of
the damage level in the materials as well as in the structural elements. Finally, the third and
last part proposes a strategy which could be used in the future for the definition of damage
criteria which better capture the effects at all scales.

Keywords: seismic vulnerability, homogenization, multifiber elements, enriched finite
elements, damage indicators.



UNIVERSITÉ GUSTAVE EIFFEL

Résumé
École doctorale 531 : Sciences, ingénierie et environnement

Laboratoires GERS/SRO et MAST/EMGCU

pour l’obtention du titre de Docteur

Modélisation multi-échelle de la réponse sismique des bâtiments :
couplage homogénéisation et éléments multifibres

par Carolina Franco Ariza

Directeur: Jean-François Semblat

Encadrants: Céline Chesnais Cédric Desprez Cédric Giry

HTTP://WWW.UNIV-GUSTAVE-EIFFEL.FR


vii

Cette thèse cherche à modéliser la réponse dynamique des bâtiments à l’aide de méthodes
robustes et simplifiées. En génie parasismique, l’évaluation de la réponse dynamique des
structures est un enjeu majeur pour la prévision et la réduction de leur vulnérabilité. Deux
approches sont couramment utilisées pour la conception et le diagnostic de vulnérabilité sis-
mique des bâtiments. La première est basée sur l’évaluation de paramètres globaux, c’est-à-
dire à l’échelle de la structure, tels que le déplacement en tête ou le déplacement inter-étages.
Ces indicateurs de dommages globaux présentent l’avantage de pouvoir être estimés simple-
ment et comparés à des mesures sous séisme. Par contre, ces méthodes mettent souvent en
œuvre des modèles simplifiés qui ne prennent pas en compte certaines spécificités de la struc-
ture étudiée (e.g. un renforcement par matériaux composites). La deuxième approche, plus
précise mais aussi plus coûteuse, consiste à réaliser des simulations numériques non linéaires
détaillées pour accéder à des indicateurs de dommages à l’échelle locale, c’est-à-dire à l’échelle
des matériaux, tels que les déformations, les contraintes, les variables d’endommagement.

La comparaison de ces deux approches ayant montré des incohérences, cette thèse pro-
pose une stratégie d’analyse originale pour développer de nouveaux indicateurs de dommages.
L’objectif est d’améliorer la corrélation entre les indices de dommages locaux et globaux en
utilisant des méthodes simplifiées et avancées. Pour cela, un double changement d’échelles est
réalisé en couplant la méthode d’homogénéisation (MH) et la méthode des éléments finis mul-
tifibres (MEM). La première méthode fait le lien entre, d’une part, la description à l’échelle de
la structure (échelle globale) grâce à un modèle de «poutre» équivalente et, d’autre part, une
échelle appelée intermédiaire correspondant à un étage du bâtiment. La nature du modèle de
poutre ainsi que ses paramètres sont déterminés à partir d’une analyse statique d’un étage
type, qui est ici modélisé avec des éléments finis multi-fibres. Cette deuxième méthode permet
l’analyse à l’échelle des matériaux (échelle locale) des effets non linéaires contrôlant la réponse
sismique globale de la structure. La stratégie de modélisation retenue conserve le lien entre
les différentes échelles tout en limitant les coûts de calculs.

Cette recherche est divisée en trois parties. La première présente l’implémentation de
MH sur des structures réticulées complexes (structures comprenant plusieurs portiques par
étage). La solution analytique de cette méthode a été développée et vérifiée dans des travaux
antérieurs pour des cas plus simples (i.e. structures avec un ou deux portiques par étage). Une
formulation enrichie de la méthode des éléments finis est également élaborée pour évaluer la
réponse dynamique en dehors du régime harmonique en vue d’une meilleure implémentation
numérique. Une deuxième partie propose, à partir de l’information obtenue au niveau global,
la mise en œuvre de MEM sur le modèle numérique d’un étage et l’identification du niveau de
dommage dans les matériaux ainsi que dans les éléments structuraux. Finalement, la troisième
et dernière partie propose une stratégie qui pourra servir à l’avenir à définir des indicateurs
d’endommagement capturant les effets à toutes les échelles décrites.

Mots clés : vulnérabilité sismique, homogénéisation, éléments multifibre, éléments finis
enrichis, indicateurs d’endommagement.
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1

Introduction

General context

Keywords: multiscale / simplified, robust, continuous models / regular buildings / seismic
vulnerability assessment

This Ph.D. thesis consists in modeling the seismic response of regular and periodic build-
ings using simplified but efficient and robust techniques. Regular buildings account for build-
ings whose typical story is plane-symmetrical and repeats all along the height of the structure.
This is the case of existing ordinary mid-rise, and high-rise reinforced concrete buildings com-
monly found in high-density urban areas (Figure 1a). More specifically, in this work, the
buildings are considered as periodic discrete, or reticulated, media. Periodic, because their
story -or unit cell- repeats itself all along the building height H and discrete, because the
story is constituted by the assembly of N f frames made by the arrangement of vertical and
horizontal elements as presented in Figure 1b.

(a) Example of periodic buildings

H

(b) 2D structure of a periodic building

Figure 1: Building-type structures studied in this work

In earthquake engineering, the seismic vulnerability assessment of infrastructures involves
data analysis, numerical modeling, dynamic characterization and damage detection. This
work focuses on the last three: numerical modeling, dynamic characterization and estima-
tion of damage. Firstly, numerical modeling becomes absolutely necessary for the evalu-
ation of the structural response. With the ongoing advances in technology and increase



2 Nomenclature

of computational resources, fully detailed numerical models based on finite element meth-
ods have been used to simulate the structure mechanical functioning. However, special
interest has always been devoted to developing simplified modeling techniques to perform
quick but realistic analysis in both linear and nonlinear frameworks. Various strategies
have been proposed for the construction of global simple models for buildings. Buildings
have been idealized, as common use, as one dimensional (1D) lumped-mass systems (e.g.,
[Michel and Gueguen, 2006]) or more recently as coupled shear-flexural continuous models
(e.g., [Cruz and Miranda, 2017b], [Cruz and Miranda, 2017a]). On the one hand, a lumped-
mass system consists of a discretized model where each story is represented by its mass
lumped at the floor level. These masses are connected by massless rods characterized by
the story stiffness. In this idealization, the floor system is assumed rigid in bending, and
relevant effects such as the deformation of the structural elements are neglected. This model
is widely used in earthquake engineering to describe the seismic response of "shear" build-
ings. In this type of model, the assumption of infinitely rigid floors does not permit any
joint rotation, and no axial deformation in the columns takes place. Such a situation is not
valid for "slender" buildings whose axial deformation is not negligible. On the other hand,
a couple shear wall model consists in connecting an Euler-Bernoulli beam to a shear beam
with high axial stiffness elements (with rigid links)[Meza Fajardo and Papageorgiou, 2019].
This model has been used recently to estimate floor accelerations and interstory drift ratio
demands [Cruz and Miranda, 2017b, Cruz and Miranda, 2017a]. Much more refined tech-
niques, such as homogenization, can represent buildings as enriched continuous models (e.g.,
[Boutin et al., 2005, Chesnais et al., 2011a]). In the homogenization of buildings, the struc-
ture is usually considered as periodic reticulated. The main advantage of homogenization is
that there is no assumption about the nature of the equivalent beam model. The only as-
sumption is the scale separation. Moreover, the formulation is completely analytical, and it is
always possible to find the forces on the elements. We can easily identify the key parameters
that govern the dynamics of the building from the static analysis of a single story reducing
significantly the computational cost.
Secondly, dynamic characterization is an essential step for the system identification. Modal
identification techniques provide the structure eigenfrequencies and mode shapes. Time his-
tory analysis can provide other dynamic parameters such as the shear base forces, displace-
ments or accelerations due to seismic excitation. The last two are particularly useful for
determining the damage level of a structure based on global indicators such as the top roof
displacement and inter-story drift.

In this context, this Ph.D. project challenges three main topics as presented in Figure 2:
construction of continuous models for building-type structures, simplified and robust model-
ing techniques in structural dynamics, and the definition of damage indicators for the seismic
vulnerability assessment of buildings. Our interest lies in developing a 1D model capable of
capturing the seismic force effects for the structural elements at the local scale and the struc-
ture response at the global scale. Configurations where this 1-D model can be useful include
the study of the seismic vulnerability of existing structures and the design of new ones. The
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construction of this 1-D model relies on advanced modeling techniques used at different scales:
homogenization and multifiber finite element formulations.

Seismic response assessment of reticulated periodic structures 

Modal analysis

Numerical model construction Dynamic response characterization Level of damage estimation

Time history analysis (linear system)

Time history analysis (non-linear system)

Equivalent beam model-EBM (analytical)

EBM (�nite element formulation)

Fully detailed �nite element model

Global damage indicators 

Local damage indicators 

Figure 2: Main topics investigated in this work for the modeling of the seismic
response of buildings

Motivations and goals

The initial motivation of this work is earthquake engineering. On the one hand, different
structural characteristics should be defined to achieve the desired performance level in the
early stages of the seismic design. However, in the urgency of initial stage decisions, engi-
neers commonly opt for complex 3D models that could be impractical. On the other hand,
most of the existing buildings do not fulfill the requirements of current seismic design codes.
Therefore, their performance evaluation and diagnosis are primary steps to reduce their seis-
mic vulnerability. However, full finite models aiming at a realistic representation can quickly
make the objective difficult. For this reason, a simplified model that can evaluate with accept-
able accuracy the expected seismic response of these configurations is necessary. Homogenized
equivalent beam models have shown outstanding results for the dynamic characterization of
single and double frame structures. However, many questions need still to be answered:

Can we extend the implementation of the equivalent beams to model complex multi-frame
structures? If so, how to go back to the local scale and determine the forces on the elements?
How to improve the implementation of the EBM in numerical simulations? Is it possible to
obtain good results out of the harmonic regime? How can we model the non-linear response
using the EBM? This thesis searches to answer these questions and, for that, proposes to
utilize simplified and robust numerical modeling strategies based on a double scaling between
structure scale(global analysis), story scale (intermediate analysis), and element scale (local
analysis).

Herein, we also want to demonstrate that the classification of the building behavior in
terms of the typology ("slender" or tall buildings versus short or low rise buildings) widely
adopted in current seismic codes is not entirely appropriate, and a classification depending
on the behavior governing mechanism or mechanisms could be adopted.
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Adopted methodology

Three modeling techniques are used simultaneously to describe the system response: homog-
enized beam models, enriched finite element models, and multi-fiber beam elements. The
generalized beam model, derived from a homogenization technique, is a 1-D model used to
estimate the global response of the building (e.g., natural frequencies and mode shapes). This
model is implemented in the enriched finite element formulation. The multi-fiber beam ele-
ments are used to compute the story properties required to feed the generalized beam model.
They can capture non-linear effects at the material scale. Figure 3 presents the analyzed
scales in this work : global scale (or structure scale), intermediate scale (or story scale), and
local scale (material or element scale).



Nomenclature 5

H

F
ig

u
r
e

3:
T

he
di

ffe
re

nt
sc

al
es

co
ns

id
er

ed
in

th
e

pr
es

en
t

w
or

k



6 Nomenclature

Thesis outline

This thesis consists of four parts.
Construction of the Equivalent Beam Model (EBM)
After the definition of the problem and the objective of this work in Chapter 1 focuses on

the dynamic description of reticulated structures at the global scale through the equivalent
beam models issued from the Homogenization method of Periodic Discrete Media (HPDM).
First, a summary of previous works on single and double frame structures is presented, and
the contribution of this thesis is introduced. Next, we deal with the linear elastic behavior
within the harmonic regime of several multiple frame structures. Finally, the strategy used
to treat more complex structures is detailed.

Finite element formulation of the EBM
A new enriched finite element formulation is proposed in Chapter 2 to facilitate the nu-

merical implementation of the equivalent beam model. First, the weak form of the EBM
is derived. Then, the construction of approximation functions for the solution fields is dis-
cussed. Finally, new elementary stiffness and mass matrices are given. The eigenmodes and
the transient response of the enriched model are then assessed.

Application to real structures
Chapter 3 presents the implementation of the generalized beam model on realistic struc-

tures and the use of the HBFEM model on actual structures. Even if we work within the
linear elastic framework, the analyses are not limited to free vibrations, and time history
analyses are also realized.

Return to Intermediate scale
After focusing on the global dynamic description of structures, the local description is

considered. Chapter 4 investigates how the forces on the elements can be recovered. Finally, a
modeling strategy is proposed. The challenge here lies in the definition of the most appropriate
boundary conditions to apply on a unit cell.

Towards a new damage indicator
Now, within the framework of non-elasticity, the multifiber beam element method is re-

quired. The construction of the story model is then realized with beams discretized with
multifiber beam elements. The constitutive laws selected for the concrete and steel rebars are
based on existing models appropriate for cycling loads. Finally, the modeling strategy using
the HBFEM model in the non-linear range is presented. A strategy for the construction of a
novel damage indicator is also proposed.
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Chapter 1

Homogenized beam models for the
dynamic analysis of buildings

1.1 Abstract

This chapter aims to present a dynamic characterization of periodic and reticulated structures
(periodic assemblies of beams and plates such as common reinforced concrete buildings made
of identical stories) by means of homogenized beam models. Two different scales are involved
in this analysis: global and intermediate scales. The “global scale” corresponds to the scale of
the structure and the “intermediate scale” corresponds to the scale of a story. The proposed
approach consists in describing the global behavior of the structure with an Equivalent Beam
Model (EBM) according to the following process: (i) static analysis of only one story for the
determination of the mechanical properties of the global model, (ii) dynamic analysis of the
EBM, which is a 1D analytical model.

The analytical formulation of the EBM, focus of this work, was rigorously developed in
previous studies considering idealized buildings made of the repetition of a single frame. This
formulation is a generalized form of the classical Euler-Bernoulli and Timoshenko descriptions
adding a new mechanism: the inner bending of vertical elements. This chapter begins with
a summary of the previous studies on frame structures and their main conclusions. Then,
we investigate how these results can be extended to more complex structures through the
analysis of various multiple frame structures. All the analytical results derived from the EBM
are verified using numerical simulations with full finite element models.

1.2 Continuous models for reticulated structures

For a wide range of applications, simplified models for the assessment of structural dy-
namics of periodic media can be as relevant as many sophisticated models while reducing
computational costs. In the last decades, the search for global scale modeling of hetero-
geneous materials and structural systems such as reticulated structures (i.e, arrangement
of beam or plate elements) has been of concern in many fields of engineering: aeronautics
[Bennet et al., 1986, Abrate and Sun, 1983], bio-mechanics [Aoubiza et al., 1996], aerospace
[Heki, 1968, Heki, 1972, Noor and Mikulas, 1988], structural and earthquake engineering [Hans et al., 2000,
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Boutin et al., 2005, Chesnais et al., 2011a]. Most modeling approaches take advantage of the
periodicity, the repetition of an elementary cell, which is the main morphological feature
of these structures. In order to obtain an equivalent homogeneous model that represents
the mechanical behavior, various approaches have been widely used: generalized continuum
approaches [Noor and Mikulas, 1988], variational approaches [Kerr and Accorsi, 1985], finite
difference operator [Noor, 1988], energy balance [McCallen and Romstad, 1988] and homog-
enization techniques. The latter technique is now well-founded and differs from the others
because it does not state a priori hypotheses about the nature of the equivalent medium.
Conversely, the nature of the medium is an inherent result of the method implementation
[Chesnais, 2010]. It represents a crucial advantage because it ensures a deep understanding
of the structural system functioning and the related continuum theory.

Homogenization methods have been implemented, for instance, in the description of
massive periodic media [Bensoussan et al., 1978, Sanchez-Palencia, 1983, Allaire et al., 2016],
perforated media [Cioranescu and Paulin, 1999] and then extended to periodic discrete media
[Caillerie et al., 1989, Tollenaere and Caillerie, 1998, Moreau and Caillerie, 1998, Yi et al., 2015].
An extension of homogenization to higher frequencies can be found in the work of [Boutin et al., 2014,
Rallu et al., 2018] about wave propagation in different periodic systems. The scale separa-
tion concept of homogenization is used by considering the amplitude of periodic eigenmodes
instead of the amplitude of the mean displacement of a unit cell to analyze the structure
behavior beyond the diffraction frequency (when the wavelength becomes of the same order
as the unit cell size and the classical homogenization is not possible). Under this approach,
high-frequency modes can still be homogenized and [Rallu et al., 2018] derives analytical ex-
pressions of the wave dispersion curves. Common conclusions of these studies recognize that
reticulated structures are characterized by enriched kinematics that cannot be completely
described by conventional continuum mechanics approaches.

According to Germain terminology [Germain, 1973], reticulated structures have been mod-
eled as second gradient (of the displacement) models [Abdoul-Anziz and Seppecher, 2018] or
Cosserat media [Pradel and Sab, 1998, Forest et al., 2001]. On one side, a Cosserat medium
is a continuum with rigid particles with independent rotational and translational degrees of
freedom (e.g., granular structures such as superplastic and acoustic materials). In a com-
plete Cosserat medium, the strain energy depends on the particle relative displacement and
rotation. For example, the Timoshenko beam theory can be considered as a 1D Cosserat
medium formulation [Battista et al., 2018]. On the other side, in a second gradient mate-
rial, the particles are assumed to be deformable. In this case, an additional term depend-
ing on the second gradient of displacement appears in the strain energy. Boutin et al. in
[Boutin et al., 2010] state that four behaviors may arise in frame structures according to the
stiffness contrast between the cell elements and the number of cells: Cauchy continuum behav-
ior when the macroscopic kinematics is only governed by the cell translation, micromorphic
medium behavior when the cell translation and inner deformation have to be taken into ac-
count, Cosserat like behavior when the cells experience translation and rotation and complex
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micromorphic medium behavior when the three effects (translation, rotation, and inner de-
formation of the cells) have to be included. Dos Reis et al [Dos Reis and Ganghoffer, 2012]
develop a discrete asymptotic homogenization technique of lattices assuming a medium of
Cosserat type. Abdoul-Anziz et al. [Abdoul-Anziz and Seppecher, 2018] analyze 1D, 2D,
and 3D structures with various cell geometry. They recover classical models (e.g., Euler-
Bernoulli and Timoshenko for beams, Cosserat for membranes, or Kirchhoff-Love and Mindlin-
Reissner for plates). In other terms, depending on the properties of the structural elements
and the considered scale, Cauchy, Cosserat [Pradel and Sab, 1998] or second gradient mod-
els [Abdoul-Anziz and Seppecher, 2018, Boutin et al., 2017] can be relevant to describe the
mechanical behavior of reticulated structures.

This work finds special interest in the results on reticulated structure dynamics provided
by the implementation of the Homogenization method of Periodic Discrete Media (HPDM)
and the models presented in [Boutin and Hans, 2003, Hans and Boutin, 2008, Chesnais, 2010]
form the basis of this study. The HPDM is an analytical technique developed by Caillerie
in [Caillerie et al., 1989]. As for all homogenization methods, its main assumption is scale
separation. This means that the size of the unit cell of the periodic structure must be much
smaller than the characteristic size of the deformation of the structure. The unit cell usually
defines the local or microscopic scale while the deformation of the structure defines the global
or macroscopic scale. But, because of the double change of scale in this thesis, the unit cell
size corresponds to the intermediate scale and the local scale refers to the material scale. The
HPDM has been applied systematically to investigate the harmonic vibration of structures
periodic in one direction whose unit cell is a single frame [Hans and Boutin, 2008] or a double
frame [Chesnais, 2010]. These studies reveal that the stiffness contrast between bending and
tension-compression in the beams constituting the frames leads to enriched local kinematics,
and the choice of different beam thicknesses gives rise to various types of macroscopic behav-
iors. The transverse dynamics is then described by an enriched beam model, called hereafter
Equivalent Beam Model (EBM), which is a 1D continuous model that integrates the local
kinematics in the periodic unit cell and can recover all the identified behaviors. The EBM
describes the behavior of the structure at the global scale. For example, the EBM can be used
to determine the structure natural frequencies and the associated mode shapes. Besides, a
method has been proposed to estimate the internal forces and the deformations in the struc-
tural elements once the global deformation of the structure is known. The equation of motion
of the EBM is a sixth-order differential equation that corresponds to a generalized form of
the fourth-order Timoshenko beam equation. The difference in the ordinary differential equa-
tion order is attributed to a new internal mechanism that may appear under large stiffness
contrasts between the cell components. One limitation of the EBM is that the analytical
expressions of its parameters become very large and complex when the number of unit cell
elements increases. Thus, a numerical extension to study more complex structures has been
proposed in [Chesnais, 2010] still within the framework of free vibration analyses, and the
development has been widened during this thesis [Franco et al., 2019].

In this chapter, we present the continuous models issued from the implementation of
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the homogenization method of periodic discrete media (HPDM). The transverse dynamic
characterization of multiframe structures is performed through a multiple scale analysis to
estimate fundamental vibration frequencies and mode shapes (free vibration analysis). Our
main objectives are listed below for the various scales.

At the global scale:

• Introduce the beam models at the basis of this work

• Present a strategy to analyze multiple frame structures

• Verify the proposed strategy by comparing the results with those of fully detailed nu-
merical models

• Understand the mechanical functioning of regular buildings by the study of reticulated
multiframe structures

At the intermediate scale:

• Solve the kinematics of the multiframe structures by performing the static analysis of a
single unit cell

• Estimate the parameters that governs the structural behavior

1.3 Homogenization method of Periodic Discrete Media (HPDM)

The HPDM implementation on reticulated structures consists of two main steps: discretization
and homogenization. In the first step, the structure is considered as a periodic lattice of
interconnected beams. The local dynamic equilibrium equations of the beams are integrated
over their length to derive the forces and moments at their extremities (nodes) rigorously.
Thus, the equilibrium of the entire structure is equivalent to the equilibrium of the set of nodes
and the discrete kinematic variables are the unknown motions of the nodes. The second step is
the homogenization process based on the existence of a small parameter called the scale ratio
ε = lm/L. This parameter relates the size of the unit cell lm to the characteristic macroscopic
length L which depends on the vibration wavelength λ: L=λ/2π. Thus, the homogenization
of the physics is possible when the cell size is very small compared to λ. This condition of
scale separation implies that the HPDM is limited to the first modes of each vibration type.
Hereafter, the unknown kinematic variables are searched as continuous functions of the space
variable(s) in the direction(s) of periodicity and as asymptotic expansions in powers of the
scale ratio ε. Each physical parameter is also scaled in terms of the powers of the scale ratio
through a normalization process. As a result, the same physics is kept in the homogenized
model, which corresponds to the limit behavior obtained when ε tends to 0.



1.4. Main results on single frame structures 11

1.4 Main results on single frame structures

1.4.1 Framework of previous studies

[Boutin and Hans, 2003, Hans and Boutin, 2008] applied the HPDM on building-type struc-
tures (interconnected walls and floors) as shown in Figure 1.1. These idealized single frame
structures have a total height H = N lm, where N is the number of unit cell, lm the height of
the cells and lp their width. The homogenization is performed in the framework of linear elas-
ticity and small deformations. The interconnected elements are considered as Euler-Bernoulli
beams with massless and rigid connections. A systematic study is conducted to assess the
evolution of the overall structural behavior with respect to the stiffness contrast between
the walls and floors. This contrast is introduced by varying the element thicknesses am and
ap. Besides, a change of variables is performed to uncouple the longitudinal and transverse
kinematics and distinguish between the rigid body motion of the unit cell and its internal
deformation.

a

a

Figure 1.1: Idealized single frame structures studied in
[Boutin and Hans, 2003, Hans and Boutin, 2008]

1.4.2 Governing mechanisms and associated kinematic variables

The previous studies on single frame structures reveal that three mechanisms govern the
structural behavior in the transverse direction: shear of the cells (stiffness Ks), inner bending
(stiffness Ki), and global bending (stiffness Kg) (Figure 1.2). The cell shear deformation is
generated by the local bending (i.e. between neighboring nodes) of the vertical and/or hori-
zontal elements. For the inner bending mechanism, the vertical elements behave as cantilever
bending beams at the structure scale and are synchronized by the horizontal ones. These hor-
izontal elements have a large axial stiffness and bend locally. The global bending mechanism
occurs because of the out-of-phase tension-compression of the vertical elements.
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Figure 1.2: Mechanisms that govern the transverse behavior of the single
frame structures: shear of the cells (stiffness Ks), inner bending (stiffness Ki)
and global bending (stiffness Kg). In this schematic, fixed-free ends are con-

sidered as boundary conditions.[Chesnais, 2010]

The relative importance of the mechanisms depends on the stiffness contrast between the
vertical and horizontal elements, and various macroscopic behaviors described by different
beam models can be generated. For example, inner bending can only appear if the horizontal
elements are much more flexible than the vertical ones. Specific beam-like models such as the
classical Euler-Bernoulli and Timoshenko beams can be retrieved. More original models with
inner bending can also be derived. The latter corresponds well to the sandwich beam model
used to represent stratified plates [Boutin and Viverge, 2016, Viverge et al., 2016]. These
three mechanisms are included in the generalized beam model called generic in [Boutin and Hans, 2003,
Hans and Boutin, 2008, Chesnais, 2010] and called hereafter Equivalent Beam Model (EBM).
The association of the three mechanisms included in the EBM is represented by the schematic
in Figure 1.3. The shear stiffness Ks works in series with the global bending stiffness Kg, and
the inner bending stiffness Ki is connected in parallel. The homogenization method provides
the analytical expressions of the three stiffnesses, which only depend on the elasto-static
properties of the unit cell.

Figure 1.3: Schematic representation of the mechanisms included in the EBM
[Chesnais, 2010].

The transverse motion of single frame structures is parametrized by three kinematic vari-
ables: the mean transverse displacement, u, the cell rotation, α, and the mean nodal rotation,
θ. The first two, representing the unit cell rigid body motion, appear explicitly in the global
dynamic description of the structure (global scale). Conversely, θ, associated with the unit cell
deformation (intermediate scale), is a hidden variable obtained from the rigid body motion
thanks to the internal equilibrium of the unit cell. Figure 1.4 illustrates a deformed reticulated
system made of interconnected beam elements. The macroscale deformation of the structure
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at level n is given by the horizontal displacement un, and the rotation αn. The bending of each
beam element, implicitly linked to θ, corresponds to the deformation at the intermediate scale.

(a) Structure deformation (b) Element deformation

Figure 1.4: Global (left) and intermediate (right) kinematics of the physical
problem

Table 1.1 presents, for each mechanism or combination of mechanisms, the associated
kinematic variables and an example of a structure described by the orders (O(εk)) of the
element thicknesses.

Mechanism Kinematic variables Example of structure
Shear u am

lm , ap
lm = O(ε2)

Shear and global bending u, α am
lm , ap

lm = O(ε)

Inner bending u, u′ am
lm = O(ε), ap

lm = O(ε2)

Table 1.1: Kinematic variables associated with each mechanism

1.4.3 Equivalent Beam Model: construction and equation of motion

The equations of the Equivalent Beam Model are written using the Cartesian coordinate
system presented in Figure 1.5. By convention, the displacements are positive if they have
the same direction as the frame vectors and the forces are positive if they have the opposite
direction. The internal loads are exerted by the left-hand side on the right-hand side of the
sections.
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x

Figure 1.5: Notation and sign convention for the Equivalent Beam Model.

The three mechanisms governing the elastic response in transverse vibrations of the EBM
are associated with three force and moments defined by the constitutive laws given in Equa-
tion (2.1). Constitutive laws:

Shear Force T(x, t) = Ks

(
∂u(x, t)

∂x
− α(x, t)

)

Inner bending moment M(x, t) = Ki
∂2u(x, t)

∂x2

Global bending moment M(x, t) = Kg
∂α(x, t)

∂x

(1.1)

where u(x, t) and α(x, t) are the transverse displacement and the cell rotation, respectively.
T(x, t) is the shear force generated by the shear of the cells (local bending of the elements),
M(x, t) is the inner bending moment (generated by the bending of the vertical elements at
the global scale) and M(x, t) is the global bending moment (generated by the out-of-phase
tension-compression of the vertical elements). The parameters Ks, Ki and Kg are the shear
stiffness of the cell, the inner bending stiffness and the global bending stiffness respectively1.
These parameters and the linear mass Λ of the EBM are also called the macroscopic param-
eters and can be determined from the static properties of the unit cell.

The macroscopic parameters of a single frame structure, whose unit cell is made of two
vertical elements and one horizontal element of densities ρm and ρp, Young modulus Em

and Ep, lengths lm and lp, transverse area Am and Ap, and second area moment Im and Ip

respectively, are defined as:

Ks =
kp 2 km

kp + 2 km
, km = 12

Em Im

lmlm
, kp = 12

Ep Ip

lmlp

Ki = 2Em Im, Kg = Em Am
l2
p

2
, Λ = 2Amρm +

Aplpρp

lm

(1.2)

1Take stiffness in the large sense: resistance of an elastic body to deformation in response to an applied
force. The shear stiffness is given in units of [force] (e.g., Newtons, pounds). The dimension of the global and
inner bending stiffnesses is [force][length]2 (e.g., Newton- meter2, pounds-feet2)
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where kp and km correspond to the static bending stiffness of the horizontal and vertical el-
ements respectively. The inner bending stiffness Ki corresponds to the sum of the flexural stiff-
nesses of all the walls. The global bending stiffness Kg is the sum of the traction-compression
stiffnesses of the walls times the square of the distance from the axis of symmetry. The pa-
rameters Λ, Ki and Kg are easily computed no matter the number of walls in the unit cell.
However, the analytical formulation of the shear stiffness Ks becomes very complex as soon as
new elements are added in the cell (e.g., walls, floors, braces). Consequently, a numerical pro-
cedure based on a finite element model of the unit cell has been proposed in [Chesnais, 2010]
for the computation of the shear stiffness Ks associated with other geometries. It will be pre-
sented in Section 1.5.2 and validated through the analysis of various multiple frame structures.

The equilibrium at time t of an elementary part at location x of the EBM is described by
Equations (2.2) on the domain Ω = [0, H] and the time window [0, tD].

Equilibrium equations:

∀ x ∈ Ω, ∀ t ∈ [0, tD],



T (x, t) = T(x, t)− ∂M(x, t)
∂x

∂T (x, t)
∂x

= Λ
∂2u(x, t)

∂t2 + f (x, t)

∂M(x, t)
∂x

= −T(x, t)

(1.3)

where T corresponds to the total shear force applied on the elementary part and f (x, t)
is the linear density of the external transverse load.

Shear of the cell: Inner bending: 
-

Figure 1.6: The two mechanisms contributing to the total shear force
T = T −M′. T comes from the shear deformation of the cell generated by
the local bending of all the elements (left) and −M′ comes from the shear
deformation of the cell generated by the synchronized bending of the vertical

elements (right).

Note that the EBM exhibits two differences compared with the classical Timoshenko beam
model used to describe thick beams with a solid cross-section. First, the existence of an inner
bending mechanism leads to the introduction of an additional inner bending moment M(x, t)
associated with a new constitutive law and a new term ∂M(x,t)

∂x in the force balance equation.
The shear of the cells and the global bending are connected in series as in the Timoshenko
beam model whereas the inner bending is connected in parallel to the two other mechanisms.
Therefore, the total shear force T results from two contributions: a shear force T caused by
the shear deformation of the cells and a shear force −M′ caused by the inner bending of the
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vertical elements (Figure 1.6). The second difference is that the rotational inertia does not
appear in the moment balance equation. This is due to the fact that the stiffness of the shear
of the cells is much smaller than in solid cross-section beams. Consequently, the shear effect
and the rotational inertia effect do not appear in the same frequency range. The rotational
inertia in frame structures is associated with non classical vibration modes at much higher
frequencies. We can refer to [Chesnais, 2010, Chesnais et al., 2011b] to treat such cases. We
recall that this study focuses on the description of the transverse dynamics of the first vibra-
tion modes which involves the analysis in the lowest frequency range.

Virtual work formulation: From the equilibrium equations (Equations (2.2)), we develop
the weak formulation of the EBM using the virtual work principle. Let us define two virtual
fields u∗ and α∗ homogeneous respectively to a transverse displacement and a cell rotation.
The second equation of equilibrium (Equation (2.2)) is multiplied by u∗ and the third one by
α∗. They are summed and integrated over the domain Ω to obtain2,

∫
Ω

{[
∂T
∂x

− Λ
∂2u
∂t2 − f

]
u∗ +

[
∂M
∂x

+ T
]

α∗
}

dx = 0 (1.4)

Thanks to a first integration by parts and the use of the first equation of equilibrium (Equa-
tion (2.2)) to replace T , one can get,

[T u∗ + Mα∗]HO +
∫

Ω

{[
−T +

∂M
∂x

]
du∗

dx
− M

dα∗

dx
+

[
−Λ

∂2u
∂t2 − f

]
u∗ + Tα∗

}
dx = 0

(1.5)

A second integration by parts is performed, and we finally obtain,[
T u∗ + Mα∗ +Mdu∗

dx

]H

O
−
∫

Ω

{
T
(

du∗

dx
− α∗

)
+Md2u∗

dx2 + M
dα∗

dx

}
dx

−
∫

Ω

{[
Λ

∂2u
∂t2 + f

]
u∗
}

dx = 0

(1.6)

Equation (1.4.3) can be summarized,

W∗
acc = W∗

int +W∗
ext

W∗
acc =

∫
Ω

Λ
∂2u
∂t2 u∗ dx

W∗
ext = −

∫
Ω

f u∗ dx

W∗
int =

[
T u∗ + Mα∗ +Mdu∗

dx

]H

O
−
∫

Ω

{
T
(

du∗

dx
− α∗

)
+Md2u∗

dx2 + M
dα∗

dx

}
dx

(1.7)

W∗
acc, W∗

ext and W∗
int are the virtual works associated with the inertia forces, the exter-

nal forces and the internal forces, respectively. Through this virtual work formulation, the
2For the sake of conciseness, the dependency on x and t is omitted on purpose later on.
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boundary conditions of the EBM can be identified correctly. The force boundary conditions
(defined on ∂ΩF) concern the total shear force T , the global bending moment M and the
inner bending moment M. The displacement boundary conditions (defined on ∂Ωu) concern
the transverse displacement u, its first derivative ∂u/∂x and the cell rotation α. As usual, the
domains associated with the two types of boundary conditions verify: ∂Ωu

⋂
∂ΩF = ∅ and

∂Ωu
⋃

∂ΩF = ∂Ω where ∂Ω is the boundary of the domain Ω. It is important to note that
the boundary conditions depend on the total shear force T whereas the virtual work W∗

int

depends, in the bulk, on the shear force T generated only by the shear of the cell.
The weak form of the EBM will be recalled later in Chapter 2.

The EBM Equation of motion
We now consider the harmonic vibration of the EBM at the circular frequency ω. In this case,
each variable V can be written in the following form: V(x, t) = V̂(x) cos(ωt). The space and
time dependencies are uncoupled and cos(ωt) is simplified afterwards. For a structure of
height H, stiffnesses Ks, Kg, Ki and linear mass Λ, the transverse free vibration of the EBM
is described by a sixth order differential equation (ODE) resulting of the combination of the
equilibrium equations (2.2) (with no external force f (x, t) = 0) and the constitutive laws
(Equations (2.1)) [Hans and Boutin, 2008]:

KiKg

Ks

d6û(x)
dx6 − (Ki +Kg)

d4û(x)
dx4 −

KgΛω2

Ks

d2û(x)
dx2 + Λω2û(x) = 0 (1.8)

for 0 < x < H

For a structure clamped at the bottom and free at the top, the boundary conditions are û = 0,
dû
dx = 0 and α̂ = 0 at x = 0 and T̂ = 0, M̂ = 0 and M̂ = 0 at x = H.

The modal properties (i.e. eigenfrequencies and mode shapes) can be determined analyt-
ically by looking for the non-zero solutions of this set of equations. The complete resolution
is presented in the appendix of [Chesnais, 2010]. The general solution of Equation (1.8) can
be written:

û(x) = o cos
(

b1
x
L

)
+ p sin

(
b1

x
L

)
+ q ch

(
b2

x
L

)
+ r sh

(
b2

x
L

)
+ s ch

(
b3

x
L

)
+ t sh

(
b3

x
L

)
(1.9)

where o, p, q, r, s, and t are constants that depend on the boundary conditions.

1.4.4 Specific homogenized beam models

As the EBM includes the three possible mechanisms in single frame structures, it can always be
used to describe their behavior. But, when the effects of one or two mechanisms are negligible,
the EBM can degenerate into simpler beam models (for example, the Euler-Bernoulli and
Timoshenko beams). The governing mechanism(s) evolve as a function of the properties of
the frame elements conditioned to the scale ratio. Hence, a specific stiffness contrast between
the vertical and horizontal elements can lead to a simplified version of the generalized equation
of motion (Equation 1.8).
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In previous studies and this work, the variation of the element stiffnesses is done by increas-
ing or decreasing their thickness. In a systematic study [Hans and Boutin, 2008], the HPDM
was implemented on single frame structures with different element thicknesses. This gener-
ated classical and non-classical beam models associated with different controlling mechanisms.
In this section, we illustrate how the EBM can degenerate into simpler beam models. We
start by introducing the identification criterion proposed by [Hans and Boutin, 2008]. This
criterion provides an a priori knowledge of the structure behavior and, as a consequence, the
related specific beam model can be determined from the static analysis of a single unit cell
without re-implementing the homogenization method.

Identification criterion

As the implementation of the HPDM on each specific structure can be tedious, Boutin and
Hans [Hans and Boutin, 2008] proposed an identification criterion that provides the predom-
inant mechanism(s) of a given structure. The criterion is derived from a dimensional analysis
performed on the Equivalent Beam Model formulation given in Equation (1.8). The latter
is written in terms of the displacement function ū resulting of the variable change x̄ = x

L

(Equation (2.39)).

Cγ
d6ū(x̄)

dx6 − (1 + γ)
d4ū(x̄)

dx4 − Ω2 d2ū(x̄)
dx2 +

Ω2

C
ū(x̄) = 0 for 0 < x̄ < H/L (1.10)

The contrast between the global bending and shear stiffnesses, C =
Kg

Ks L2 = εx and the
contrast between the inner bending and global bending stiffnesses γ = Ki

Kg
= εy, represented

by their order of magnitude x and y with respect to the scale ratio ε constitute the base of
the identification criterion. The parameters C and γ are called macroscopic constants. The
constant Ω2 = Λω2L2

Ks
, which compares the translation inertia and the shear stiffness, does not

participate in the criterion.
According to the relative importance of the mechanisms, the orders of magnitude x and y

vary and the equation of motion (2.39) can degenerate into simpler models. This information
is summarized in the graph of Figure 1.7 depending on x and y. This is a quick tool, which
avoids the implementation of the HPDM to identify the specific beam model that describes
the structure behavior correctly with the least calculations. Moreover, this criterion enables
to analyze structures too complex to be modelled analytically with the HPDM.
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Figure 1.7: Map of the transverse macroscopic behaviors as a function of C
and γ. [Hans and Boutin, 2008]

Shear beam model

The EBM degenerates into a shear beam model (Equation (1.11)) when the shear of the cell
is more flexible than the global bending but stiffer than the inner bending, which corresponds
to C > O(ε−1) and Cγ < O(ε). This occurs, for example, when the structural elements are
very thin: am/lm = O(ε2) and ap/lm = O(ε2).

d2û(x)
dx2 +

Λω2

Ks
û = 0 for 0 < x < H (1.11)

Euler-Bernoulli or global bending beam model

When the thickness of the elements is increased, for example am/lm = O(ε1/2) and ap/lm = O(ε1/2),
the shear of the cell Ks becomes much stiffer than the global bending Kg. So the macroscopic
constants C < O(ε) and γ < O(ε) are negligible in Equation (2.39) and the EBM turns into
the global bending beam model with the following equation of motion:

Kg
d4û(x)

dx4 − Λω2û = for 0 < x < H (1.12)

This equation has the form of the motion equation of the usual Euler-Bernoulli beam
used to describe the bending of "massive" beams characterized by an out-of-phase traction
compression of each side. In a single frame structure, the bending of the structure is led by
this out-of-phase traction compression in the vertical elements.
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Slender Timoshenko beam model

The slender Timoshenko beam model is encountered from the analysis of structures where the
shear stiffness of the cell Ks is of the same order as the global bending stiffness Kg. For example
, structures with equally thick elements with the following slenderness: am/lm = ap/lm = O(ε),
lead to this model. Accordingly, considering the macroscopic constants C = O(1) and
γ ≤ O(ε) causes that the terms associated with Cγ and γ disappear in Equation (2.39)
and the equation of motion becomes:

Kg

(
d4û(x)

dx4 +
Λω2

Ks

d2û(x)
dx2

)
− Λω2û = 0 for 0 < x < H

This model includes the shear of the cell Ks and the global bending of the vertical elements Kg.
The difference with the classical Timoshenko beam model of massive beams is that the shear
effect comes from the bending of the elements at the cell scale and not from the internal shear
of the elements (given by GAs where G is the shear modulus and As the reduced cross-section
area). Moreover, only the translation inertia Λω2 appears at the leading order, whereas
the rotational inertia linked to the macroscopic rotation α is negligible. That means that
the transverse and rotational dynamics are uncoupled and occur within different frequency
ranges [Chesnais et al., 2011a]. The participation of the rotational inertia occurs at higher
frequencies and is associated with gyration modes, investigated in [Chesnais et al., 2011b].

Inner bending and shear beam model

Consider that the shear stiffness Ks is smaller than the global bending stiffness Kg and of the
same order as the inner bending stiffness Ki, which is consistent with the condition Ki<<Kgin
single frame structures. Thus, C > O(ε−1), γ ≤ O(ε), and Cγ = O(1). The EBM equation
of motion degenerates into the form:

Ki
d4û(x)

dx4 − Ks
d2û(x)

dx2 − Λω2û = 0 for 0 < x < H (1.13)

Structures described by this model have vertical elements thicker than the horizontal elements,
for example: am/lm = O(ε) and ap/lm = O(ε5/3). The vertical elements bend at the structure
scale similarly to cantilever beams and their motion is synchronized by the horizontal elements
which have a high axial stiffness.

In Table 1.2, we provide the motion equations of the described specific models together
with their analytical solution according to [Boutin and Hans, 2003].
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+

K
g

K
s

û(
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1.4.5 Additional homogenized beam models

In [Chesnais, 2010], the study a real 16-story reinforced concrete shear wall building (see the
figure in Table 1.3) reveals that the shear stiffness of the very thick vertical elements (i.e.,
GAs where G is the shear modulus and As the reduced cross-section area) can emerge at
the leading order and needs to be taken into account both at the element and structural
scales. As the structural elements were modelled by Euler-Bernoulli beams during the HPDM
implementation, the effects of the shear of the walls are neglected in the EBM. The comparison
of the frequencies of the first three modes in the longitudinal direction obtained with the EBM
of the building with those obtained with its full finite element model shows that the minimum
difference is 11% (Table 1.3). Thus, to account for the inner shear of the walls, Chesnais
proposes the integration of the shear effect as a new mechanism in the global description of the
EBM. The results obtained with this upgraded EBM match much better the full finite element
model results with errors of 2%, 5% and 9% for the first, second and third eigenfrequencies,
respectively.

Mode
Full FEM EBM Upgraded EBM

fi (Hz) fi (Hz) error (%) fi (Hz) error (%)

1 2.08 2.31 11 2.13 2.2
2 7.26 9.53 31 7.63 5.1
3 14.30 23.33 63 15.61 9.2

Table 1.3: Case study in [Chesnais, 2010]. Comparison of the frequencies of
the first three modes in the longitudinal direction.

The upgraded EBM includes in total four mechanisms: the three already known of the
EBM (shear of the cell Ks, global bending Kg and inner bending Ki) and the new mechanism
given by the shear of the walls Km. The latter is associated in series to the rest of the
mechanisms and emerges at the structure scale when the thickness of the vertical elements is
very important (See Figure 1.8).

The motion equation for the transverse vibration of the upgraded EBM including the
shear of the vertical elements Km is:

KiKg

(
1

Ks
− 1

Km

)
d6û(x)

dx6 −
(
Ki +Kg − Λω2KiKg

Km

(
1

Ks
− 1

Km

))
d4û(x)

dx4

−
(
Ki

Km
+

Kg

Ks

)
Λω2 d2û(x)

dx2 + Λω2û(x) = 0
(1.14)
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Details on the construction of the constitutive laws and equilibrium equations that lead
to Equation (1.4.5) are presented in [Chesnais, 2010, Chesnais et al., 2011a].

Figure 1.8: Schematic representation of the mechanisms included in the up-
graded EBM [Chesnais, 2010].

[Chesnais et al., 2011a] analyzes the importance of the shear of the walls according to the
order of magnitude of their slenderness:

• Vertical elements with am/lm ≤ O(ε). The vertical structural components are thin
enough to be modeled as Euler-Bernoulli beams at the story and structure scales. Here,
the shear deformation of the elements can be neglected, and the original EBM is valid
to model ordinary frame buildings.

• Vertical elements with O(ε) < am/lm < O(ε−1). The vertical elements are sufficiently
thick to need to be modeled as Timoshenko beams at the story scale and the analytical
expression of the stiffness of the shear of the cell Ks has to be adapted. Nevertheless,
at the structure scale, the elements still behave as Euler-Bernoulli beams. Under this
condition, the EBM is still valid. Applications concern the first vibration modes of
frame buildings with shear walls.

• Vertical elements with am/lm ≥ O(ε−1). The vertical elements are very thick for the
modeling at the story and the structure scales. Thus, the shear of the walls appears at
the leading order and highly influences the structure’s global behavior. A new mech-
anism, accounting for the shear of the walls, needs to be included in the EBM. The
upgraded EBM by [Chesnais, 2010] is then recommended to model shear wall buildings,
especially for the higher modes.

For the higher modes, the shear of the cell Ks and the global bending Kg can frequently
be neglected and, in this case, the upgraded EBM degenerates into a specific model
that Chesnais calls the inner Timoshenko model. Even if this model is mathematically
similar to the slender Timoshenko model of Section 1.4.4 with the same type of equa-
tions, it describes a completely different physics. In the slender Timoshenko model,
the governing mechanisms are the global bending Kg corresponding to the out-of-phase
tension-compression of the walls and the shear of the cells Ks resulting from the local
bending of the structural elements. The inner Timoshenko model is used when the very
thick vertical elements behave as cantilever beams at the structure scale. It includes
therefore the inner bending Ki and the shear of the walls Km. So, the macro parameters
of the inner Timoshenko model are given by the inner bending stiffness Ki instead of
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the global bending stiffness Kg and the shear stiffness of the walls Km instead of the
shear stiffness of the unit cell Ks. The transverse steady-state motion equation is then
given by:

Inner Timoshenko beam

Ki

(
û(4) +

Λω2

Km
û′′
)
− Λω2û = 0 (1.15)

The importance of the inner bending stiffness Ki can be weighted with respect to Km

through the parameter Cm =
Ki

KmL2 where L depends on the mode number k and is de-

fined as L = 2H/(π(2k− 1)). So, the conditions mentioned above can be complemented
with:

– Cm = O(1). The inner bending Ki and the shear of the walls Km have the same
importance.

– Cm ≤ O(ε). The inner bending governs the behavior.

– Cm ≥ O(ε−1). The shear of the walls controls the behavior.

Note. Although this upgraded version of the EBM provided better results for the real case
study presented in Chesnais’ works, the original EBM (with three mechanisms) constitutes
the departure point of this thesis. The implementation of the upgraded EBM could be part
of future works once the limitations of the two models are identified thanks to the study of
multiple frame structures.

1.5 Homogenized beam models for multiple frame structures

1.5.1 Results of the HPDM implementation on double and triple frame
structures

The extensive implementation of the HPDM on single frame structures [Hans and Boutin, 2008]
provides two main results: a family of beam models to describe their global structural be-
havior and an identification criterion. However, the behavior evolution becomes a matter of
concern when the complexity of the structure geometry increases because of the enrichment
of the unit cell kinematics. Chesnais thus applied the HPDM to double frame structures
[Chesnais, 2010] and triple frame structures (see figures in Table 1.4). For the double frame
structures, the macro models and the identification criterion remain valid, but the expressions
of the macroscopic parameters and the internal equilibrium of the cell are modified. For the
triple frame structures, a new mode of inner deformation of the unit cell appears when the
inner floor pi is flexible. As this mechanism is not included in the EBM, it cannot describe
such structures correctly. Nevertheless, the effect of the new mechanism is predominant only
in a minority of structures with particular contrasts between the structural elements. When
the inner deformation of the unit cell is negligible, the framework defined from the previous
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results on simpler structures remains valid: the EBM and the identification criterion still ap-
ply provided that the expressions of the macroscopic parameters are adapted. In particular,
the expression of the shear stiffness Ks becomes more complex and differs from the expressions
given in the literature. The analytical expressions of the shear stiffness of the cell Ks given
by the HPDM are presented in Table 1.4. They are functions of the local bending stiffness of
the walls and floors. The material and geometric properties (i.e., Young’s modulus E, second
moment of area I and length l) of both walls and floors can be different and respectively
identified with the subscripts m and p. The inner and outer elements are also differentiated
with the subscript i and e, respectively.

Single frame Double frame Triple frame

a

a

a a a aa

2 kpkm

kp + 2 km

kp(kp(2 kme + kmi) + 12 kmekmi)

kp
2 + 2 kp(2 kme + kmi) + 6 kmekmi

(2 kmi+2 kme)kpe(kpe+2 kpi)+3(2 kmi 2 kme(kpi+2 kpe))

k2
pe+3(2 kme(kpi+2 kmi))+2 kpe(kpi+2 kme+2 kmi)

with k j =
12 Ej Ij

lm lj
and j = m, me, mi, p, pe or pi

(1.16) (1.17) (1.18)

Table 1.4: Analytical expressions of the shear stiffness of the cell Ks for single,
double and triple frame structures

The equations in Table 1.4 show that the shear stiffness Ks quickly becomes complex and
is strongly dependent on the number of elements in the cell.
Thus, in the present study, we search for the validation of a numerical procedure that allows
us to solve the internal kinematics of the unit cell whatever the number of frames N f . We
rely on the numerical validation of the analytical results for single frame structures to extend
its implementation to multiple frame structures. We will see that the results of the proposed
numerical analysis on triple frame structures validate the previous analytical results for most
of the treated cases. Moreover, only for some highly contrasted structures, whose behavior is
governed by the deformation of a small part, it is required to adapt the models. The overall
conclusion of these studies is that the homogenized models derived from the study of single
frame structures can be generalized to many periodic reticulated structures where the unit
cell components are slender enough to be described by Euler-Bernoulli beams at the structure
scale. However, the application of the HPDM quickly becomes tedious, and the shear stiffness
and the internal equilibrium become too complex. Thus, a procedure that substitutes part
of those analytical expressions by a numerical analysis has been proposed [Chesnais, 2010,



26 Chapter 1. Homogenized beam models for the dynamic analysis of buildings

Chesnais et al., 2011a]. This procedure enables equally and much more simply:

1. to compute the macroscopic parameters by imposing the macro deformation of the unit
cell (this step is called the intermediate scale analysis (I))

2. to build the equivalent beam model that describes the global behavior (this is called
here the global scale analysis (G))

The numerical simulation and the analytical integration process that implies both intermediate
and global scales will be called hybrid analysis from now on.

1.5.2 Hybrid analysis

The hybrid analysis consists of a numerical substitution of the evolving analytical expressions
(i.e., Ks) to complete the EBM. In other words, this method looks to reconstruct the param-
eters that depend strongly on the structure geometry based on a finite element (FE) model
of a single story subjected to a static analysis. This type of modeling is applicable to any
structure that

• respects the conditions of periodicity and scale separation,

• is not too highly contrasted to avoid the global behavior to be governed by the defor-
mation of a small part,

• has structural elements slender enough to be modelled as Euler-Bernoulli beams at the
structure scale.

In this section, the implemented procedure for the different static analyses on the story
is detailed. Our case studies correspond to triple frame structures with different properties
for the inner and outer vertical and horizontal elements. First, we focus on finding the most
relevant modeling technique for a single story. The main difficulty relies on the selection
of pertinent boundary conditions for the element ends so that the single modeled story is
deformed as if it was inside the entire structure. We compare the shear stiffness of the cell
Ks obtained from the numerical simulations with the analytical formula of Equation (1.18).
Besides, we perform the modal analysis using the EBM and specific models to validate the
hybrid analysis by comparing the results with those of a fully detailed finite element (FE)
model.

Kinematic variables

In the HPDM, the kinematic variables represent the node movements. As the number of
elements or frames per story increases, the number of kinematic variables increases. Many
of the new variables are "hidden" variables that describe the deformation of the cells and
only appear in the internal equilibrium equations. But, if a new mechanism appears in the
structure, then there is also a new driving variable, i.e., a new variable in the beam model that
describes the global behavior of the structure. Within the framework of this thesis, we only
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consider "low contrast" structures (which are very numerous) to remain within the domain
of validity of the EBM. Hence, only two governing variables describe the global structure
behavior: u and α.

Figure 1.9 illustrates a deformed reticulated system of three frames. At a level n, the global
deformation is described by the transverse displacement un and the macroscopic rotation αn.
This transverse displacement and macroscopic rotation correspond to the "average" solutions
of the story deformation, which are classically obtained in homogenization procedures. The
description of the internal kinematics of the unit cell requires more variables that do not
appear in the global description as found by [Chesnais, 2010] for double frame structures. At
the element scale, as in single frame structures, the local bending can be described with a
nodal rotation θ, and nodal horizontal and vertical displacements u and v, respectively. This
real nodal motion is the sum of the average motion given by the two governing variables and
the local fluctuations given by the hidden kinematics variables, which are obtained by solving
the internal equilibrium equations.

(a) Structure deformation (b) Element deformation

Figure 1.9: Global (left) and intermediate (right) kinematics of the physical
problem

Macroscopic parameters

The transverse dynamics of reticulated structures is described by the EBM whose macroscopic
parameters, namely the global bending stiffness Kg, inner bending stiffness Ki, linear mass
Λ and shear stiffness of the cell Ks are estimated from the static analysis of a unique story
(unit cell). On the one hand, for the first three macroscopic parameters (Kg, Ki, and Λ)
their analytical expression does not change with the number of elements in the unit cell. The
global bending stiffness Kg corresponds to the sum of the tension-compression stiffnesses of the
vertical elements multiplied by the square of the lever arms di and the inner bending stiffness
Ki is the sum of the bending stiffnesses of the vertical elements, expressed as, respectively:
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Kg =
N f +1

∑
j=1

Ecj Ajd2
j

and

Ki =
N f +1

∑
j=1

Ecj Ij

where N f is the number of frames per story, N f + 1 is the number of vertical elements,
Ecj is the elastic modulus and Ij is the second moment of area. If all the vertical elements
have the same elastic modulus, it is possible to define the global inertia of the structure
Ig = ∑

j=N f +1
j=1 Ajd2

j .
The linear mass Λ is the total mass of the unit cell divided by its size.

Λ =
1
lm

(N f +1

∑
j=1

ρj Ajlj

)
On the other hand, we have seen that the analytical formulation for Ks becomes complex

as new elements are added in the cell (e.g., walls, floors, braces). Therefore, this parameter
is determined through a numerical procedure detailed in the following paragraph.

Computation of the shear stiffness of the cell Ks

In transverse motions, unbraced reticulated structures are characterized by a high deformabil-
ity in shear generated by the local bending of the arranged elements. In this section, we aim
to reproduce this macro deformation on a single unit cell of the structure through an elasto-
static analysis. As evidenced analytically by the HPDM (expressions given in Table 1.4), the
bending stiffnesses of both vertical and horizontal elements are relevant in the calculation
of the shear stiffness in the unit cell. The unit cell deforms in shear and all the elements
bend individually according to their geometric and elastic properties. The unit cell can be
modelled numerically as the arrangement of Euler-Bernoulli beam elements with nodal con-
nections. The shear deformation can be imposed to this Finite Element (FE) model guided by
the expression of the shear stiffness given in Equation 1.19. One method to impose the shear
distortion of the unit cell FE model is by applying a differential displacement ∆U between
the top and the bottom nodes. It is also possible by imposing a force T at the top nodes.
However, the expected shear deformation is only obtained under specific boundary conditions.
In the HMPD, the kinematic variables are the movements of the nodes therefore the boundary
conditions only concern the degrees of freedom of these points. We search for boundary con-
ditions that allow the bending of each vertical and horizontal element and recover their fully
resistance to the applied distortion. Once the FE model of the single story with appropriate
boundary conditions is subjected to the distortion ∆U, the shear stiffness of the cell Ks can
be obtained from the computation of the sum of the shear force Tj in each vertical element j.

N f +1

∑
j=1

Tj = Ks
∆U
lm

(1.19)
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The selection of the appropriate boundary conditions for the single cell FE model chal-
lenges two main objectives:

• Impose the macro deformation of the unit cell, in this case, the shear deformation of
the cell where the vertical and horizontal elements deform in bending. And,

• Approximate the deformation of the unit cell as if it was within the whole structure.
In the numerical homogenization procedures, it is usually realized by imposing periodic
boundary conditions.

[Chesnais, 2010, Chesnais et al., 2011a] propose a solution to generate the distortion of
the cell by imposing the differential horizontal displacement ∆U between the bottom and
top of each vertical element. For the treated cases, the rigid body movement is prevented
by blocking in addition the vertical displacement of the nodes located at the ends of the
floor. Periodic boundary conditions are set for the rotation and vertical degrees of freedom.
Two different conditions are tried to evaluate the shear of the cell. Figure 1.10 presents the
story or unit cell FE model under both boundary conditions A and B. For both cases, the
conditions on the nodal rotations are identical: for each vertical element, the rotations of the
top and bottom ends are set to be equal. Their difference mainly concerns the vertical degree
of freedom. On the one hand, condition A restricts the vertical displacement of the outer
vertical elements and lets free ends on the inner vertical elements (see Figure 1.10(Left)).
According to the case study in [Chesnais, 2010] (see figures in Table 1.5), one concludes that
the vertical displacements of the internal nodes do not allow the complete shear of the cell.
The deformed shape of the story shows the rotation of the stiffest parts and the shear stiffness
value only takes into account the stiffness of the flexible elements.

On the other hand, condition B blocks the vertical displacements of every vertical element
(see Figure 1.10(Right)). Compared to condition A and the FE model of the entire structure,
condition B gives better results.

In this thesis, we perform an extended numerical study to confirm Chesnais analytical
and numerical results. We start by treating triple frame structures and we widen the study
to large multiple frame structures.

n
+

n-

n
+

n-

Figure 1.10: Boundary conditions A (Left) and B (Right) associated with
the shear deformation of the story model
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(a) Unit cell shear deformed shape with conditions A

(b) Unit cell shear deformed shape with conditions B

Mode
Full FEM Conditions A Conditions B

fi (Hz) fi (Hz) error (%) fi (Hz) error (%)

1 1.43 1.29 9.6 1.40 1.82
2 4.42 3.87 12.5 4.21 4.95
3 7.85 6.45 17.8 7.01 10.7

Table 1.5: Case study in [Chesnais, 2010]. Comparison of the eigen frequen-
cies of the first three vibration modes obtained with a finite element model of
the whole structure and a shear beam model where the shear stiffness Ks is

calculated with the boundary conditions A and B

Application to triple frame structures

We now apply the hybrid analysis to ten triple frame structures to verify the analytical results
obtained by Chesnais with the HPDM. In the present work, we consider structures with
N = 15 stories, which corresponds to a scale ratio ε = π/2N ≈ 0.105 for the first vibration
mode. The unit cells are constituted of a symmetric arrangement of four vertical and three
horizontal elements which can have different thicknesses (see Figure 1.11 and Table 1.6).
The thicknesses are noted ami and ame for the external and internal vertical elements (or
walls) respectively, api and ape for the external and internal horizontal elements (or floors)
respectively. For all the structures, the vertical and horizontal elements are 3 m long. The
material properties are: elastic modulus E = 30 GPa, Poisson’s ratio ν = 0.2 and mass density
ρ = 2300 kg/m3. We are interested in: (i) Testing the two types of boundary conditions, A and
B, in order to determine the best boundary conditions for the calculation of Ks, (ii) Comparing
the numerical value of Ks with the result of the analytical formula given in Equation (1.18),
(iii) Identifying the governing mechanism(s) associated with each structure. (iv) Evaluating
the accuracy of the EBM for complex structures.

The FE model of the single story is built in the FEM-based code Cast3M [CEA, 2017]
using the two different boundary conditions A and B. We use Euler-Bernoulli beams for the
vertical and horizontal elements with nodal connections. The analytical equations of the EBM
are entirely coded in MatLab [MATLAB, 2015] as well as its finite element formulation which
will be presented in Chapter 2. The code is written to enter all the geometric and material
information of the structure as inputs. When the macroscopic parameters are evaluated, the
Cast3M outputs are imported automatically by the code to be post-processed in the MatLab
environment. The unit cell shear deformation under both boundary conditions is illustrated
in Figure 1.12 for all the treated cases. In black lines, we present the undeformed story and in
orange and blue the deformed shapes of the story using the condition A and B, respectively.
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One can notice that minor differences exist for the cases 1-4 and 9 where there is no much
stiffness contrast between the inner vertical and horizontal elements. On the contrary, where
the inner part is strongly contrasted with respect to the outer part like in cases 6 and 8, the
deformed shape highly differs under both boundary conditions.

Case 1/2/3: Identical elements

Case 4 :  Thick loor

Figure 1.11: Studied triple frame structures. The thicknesses of the elements
are given in Table 1.6.

Case Study ami ame api ape

1 Identical elements O(ε2) 32.90 32.90 32.90 32.90
2 Identical elements O(ε1/2) 970.81 970.81 970.81 970.81
3 Identical elements O(ε) 314.16 314.16 314.16 314.16
4 Thick floor 32.90 32.90 314.16 314.16
5 Thin floor 314.16 314.16 32.90 32.90
6 Middle part stiffer 1 314.16 69.80 314.16 69.80
7 Middle part stiffer 2 314.16 69.80 314.16 314.16
8 Middle part soft 314.16 314.16 69.80 314.16
9 Two stiffer walls 1 (External) 69.80 314.16 69.80 69.80
10 Two stiffer walls 2 (Internal) 314.16 69.80 69.80 69.80

Table 1.6: Element thicknesses of the studied triple frame structures in mm.



32 Chapter 1. Homogenized beam models for the dynamic analysis of buildings

Case 1/2/3: Identical elements

Case 4 :  Thick loor

Figure 1.12: Studied triple frame structures. Cell deformation under the
boundary conditions A (orange line) and B (blue dashed line)

Case
Shear Stiffness [MN]

Analytical Story CA error % Story CB error %

1 Identical Elements 1 0.20 0.20 -0.51 0.20 0.00
2 Identical Elements 2 5048.11 5023.30 -0.49 5048.10 0.00
3 Identical Elements 3 171.07 170.23 -0.49 171.07 0.00
4 Thick floor 0.47 0.47 -0.04 0.47 -0.83
5 Thin floor 0.36 0.36 -0.06 0.36 -0.06
6 Middle part stiffer 1 70.16 4.09 -1616.65 70.16 0.00
7 Middle part stiffer 2 92.21 74.89 -23.12 92.21 0.00
8 Middle part soft 138.31 9.73 -1322.06 138.30 -0.01
9 Two stiffer walls 1 (External) 2.16 2.10 -2.71 2.16 0.04
10 Two stiffer walls 2 (Internal) 2.95 2.93 -0.91 2.95 0.00

Table 1.7: Shear stiffness of the cell Ks computed with the analytical expres-
sion issued from the homogenization of triple frame structures (Equation (1.18)
of Table 1.4) and the numerical model of a story using the boundary conditions

A and B.
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The type of boundary conditions used in the one-story model can strongly influence the
coherence of the results. Herein, numerical calculations with the conditions B give the same
shear stiffness as the analytical formula (see Table 1.7). Tables 1.8 and 1.9 present the
macroscopic constants C and γ that allow the behavior identification of each of the studied
cases on the domain map of Figure 1.13.

This numerical study verifies that in the construction of the finite element model of a single
story, the vertical degree of freedom must be restrained in each node (boundary conditions
B) to obtain the correct value of Ks. The results show a very good precision of the hybrid
analysis with a reduced computational cost compared to an explicit finite element model of
the complete structure, except when the behavior is governed by the new mechanism due
to the deformation of a localized section of the structure as for cases 6 and 8. When the
homogenization indicates that the new mechanism is associated with others as for cases 3
and 7, the EBM and therefore the hybrid analysis should not be used, but good results
are nevertheless obtained using the condition B. Another important point is that, once the
governing mechanism(s) is(are) identified, the use of the specific model (Table 1.2) may give
results even closer to those of the full finite element model as presented in Table 1.11 and in
the bar chart of Figure 1.14).
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Figure 1.13: Behavior identification for the ten studied structures. The
orange squares correspond to the values of Ks calculated with the boundary
conditions A and the blue circles correspond to the values of Ks calculated with

the boundary conditions B.

Case
Frequency [Hz]

Full FEM
Hybrid Analysis

Condition A error % Condition B error %

1 0.11 0.11 -2.0 0.11 -2.2
2 1.95 2.02 -3.5 2.02 -3.6
3 0.95 0.98 -2.7 0.98 -2.9
4 0.07 0.08 -5.0 0.07 -5.0
5 0.12 0.12 0.4 0.12 0.4
6 0.71 0.25 64.7 0.82 -16.6
7 0.75 0.71 4.7 0.77 -3.2
8 0.78 0.30 61.6 0.95 -22.4
9 0.21 0.21 0.1 0.21 -1.0
10 0.24 0.24 -0.5 0.24 -0.9

Table 1.10: Comparison of the first vibration frequency obtained with the
full finite element model and the hybrid analysis using the EBM.
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Case
Frequency [Hz]

Full FEM Specific error%

1 Identical Elements 1 O(ε2) 0.11 0.11 0.86
2 Identical Elements 2 O(ε1/2) 1.95 1.99 -1.99
3 Identical Elements 3 O(ε) 0.95 0.95 -0.18
4 Thick floor 0.07 0.08 -3.19
5 Thin floor 0.12 0.12 0.45
6 Middle part stiffer 1 0.71 0.80 -13.25
7 Middle part stiffer 2 0.75 0.75 -0.78
8 Middle part soft 0.77 0.92 -18.74
9 Two stiffer walls 1 (External) 0.21 0.22 -1.27
10 Two stiffer walls 2 (Internal) 0.24 0.24 0.00

Table 1.11: Comparison of the first vibration frequency obtained with the
full finite element model and the hybrid analysis using the specific beam model

and the value of Ks calculated with the boundary conditions B.
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1.5.3 Influence of the number of frames

In this section, we continue to evaluate the efficiency of the proposed hybrid procedure by
analyzing more complex structures. We are also interested in the evolution of the global
behavior when the number of cells and the number of frames per story vary. The verification
consists in comparing the results obtained from two different methods.

1. Hybrid analysis: the analytical formulation of the Equivalent Beam Model is used to
study the dynamic behavior of the structure at the global scale while the local informa-
tion is obtained thanks to a static numerical model of a single story,

2. Fully numerical analysis with a FEM model of the entire structure. This model is built
through the Cast3M FEM software [CEA, 2017] and consists of a 2D model, where the
elements are Euler-Bernoulli beams discretized with a fine mesh density.

For all the treated structures, the material properties are: elastic modulus E = 30 GPa,
Poisson’s ratio ν = 0.2 and mass density ρ = 2300 kg/m3. The frame span and wall length are
3 m. The stiffness contrasts between the floors and the walls are chosen to obtain a different
type of behavior for each case. Figure 1.15 presents the unit frames of the studied structures.
The parametric study is performed by varying (i) the number of cells N from 10 to 100 (N f

set to 3) and (ii) the number of frames per story N f from 1 to 20 (N set to 10). These
values are selected to represent possible configurations of real structures. The number of cells
N could have been set to 5 that is the minimum to respect the scale separation condition.
The comparison is limited to the first eigenfrequency values and the macroscopic behavior is
identified thanks to the criterion based on C and γ.

For each unit frame, the variations of N (Figure 1.16) and N f (Figure 1.17) generate two
different straight lines on the map of the possible beam models. [Hans and Boutin, 2008]
predicted, analytically, the same tendency. When the number of cells N increases, each
structure tends to behave as a combination of the inner and global bending mechanisms
(Figure 1.16). On the opposite side, the increase of the number of frames per story causes
the decrease of the importance of the global bending, and the structure behavior moves to
the left at each iteration. The bubble’s size represents the magnitude of the relative error
between the numerical and hybrid first frequency values. It is noted that the error decreases
when increasing N, but it remains almost constant by the N f increment. For both studies,
the errors are very low, less than 5% for all the treated cases.

The evolution of the first vibration frequency according to the number of frames N f for
the different unit frames is illustrated in Figure 1.18. As the number of the same unit frame
increases, the frequency gradually increases. This is explained by the increment of the cell
stiffness. In addition to the hybrid analysis (red starred line) and the completely numerical
analysis (blue circled line), the classical Timoshenko beam model for solid-cross section beams
(cyan starred line) is also considered. The purpose is to highlight the influence of the new
mechanism, the inner bending, which is not included in the Timoshenko beam model. On
each graph, the relative error between the reference (numerical) and the beam model with
the largest discrepancy is presented. For example, in Figure 1.18 for the unit frame 1, only a
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relative error of 4.5% exists between all the models (that includes the EBM and the classical
Timoshenko model). However, for the unit frame 2, a difference of 47% is obtained between
the reference and the Timoshenko model. The EBM results are very close to the reference in
all the studied cases.

Shear Inner Bending & Shear

Inner Bending & Shear

Figure 1.15: Unit frames of the studied structures and governing mech-
anism(s) when N = 10 and N f = 3. Case 1 (blue frame): identical
thin walls and floors (am/lm = ap/lm = O(ε2)) → shear; Case 2 (purple
frame): walls thicker than the floors with a high contrast (am/lm = O(ε1)
and ap/lm = O(ε2)) → inner bending and shear; Case 3 (red frame):
walls thicker than the floors with a smaller contrast (am/lm = O(ε1) and
ap/lm = O(ε5/3)) → inner bending and shear; Case 4 (green frame): iden-
tical thick walls and floors (am/lm = ap/lm = O(ε1)) → slender Timoshenko

(global bending and shear)

Figure 1.16: Identified macroscopic behavior for each case as the number of
cells N increases.
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Figure 1.17: Identified macroscopic behavior for each case as the number of
frames per story N f increases.
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Case 1
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Case 2

Case 3

Case 4

Figure 1.18: Evolution of the fundamental frequency with respect to the
number of frames per story N f . Blue circled line: numerical model. Red starred
line: hybrid analysis with the EBM. Cyan starred line: classical Timoshenko

beam model;

1.5.4 Influence of the governing mechanism(s) on the modal properties

We decide to enlarge the numerical studies to retrieve numerically analytical relationships
for the eigenfrequencies and observe the evolution of the vibration mode shapes when the
geometric features of the structures vary. Four hundred triple frame structures clamped at
the base and free at the top are tested. The number of cells N is fixed at 10. Each cell
is a triple frame composed of four identical vertical elements and three identical horizontal
elements of length lm = lp = 3 m. Only two parameters vary from one structure to another:
the thicknesses of the vertical and horizontal elements which can have different values (from
50 mm to 1950 mm with a step of 100 mm).
The estimation of the macroscopic parameters Λ, Ki, Ks and Kg is performed from the static
analysis of a single unit cell as described in the hybrid analysis section (Section 1.5.2). The
governing mechanism(s) of each of the structures is(are) identified utilizing the identification
criterion based on the macroscopic constants C and γ. The relationship between the eigen-
frequencies and the stiffness contrast for the Timoshenko model presented by [Hans, 2002]
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(Figure 1.19(A)) is reproduced numerically with the EBM and the hybrid analysis (Fig-
ure 1.19(B)). The ratio between the various eigenfrequencies and the first frequency for each
structure is computed and plotted as a function of the macroscopic constant C (i.e., the ratio
between the global bending stiffness and the shear of the cell stiffness). In the numerical graph
(Figure 1.19(B)) each studied structure is represented with three dots: the blue, orange and
green colors represent the second, third and fourth vibration modes, respectively. Firstly, we
can see in both graphs, the analytical and numerical ones, that the frequency ratios are also
a characteristic of the beam model. The values of the frequency ratios decrease as the shear
mechanism starts governing the dynamic behavior. Thus, for the structures governed by the
shear mechanism, the eigenfrequencies follow the sequence of the odd numbers (1; 3; 5;...).
For the structures governed by the global bending mechanism, the sequence follows (1; 6.25;
17.36;...). However, notice that there are structures that form an extended region because of
the inner bending and shear mechanisms interaction. For these structures the frequency ratios
can have values in between. Structures located within this region could not be modelled with
the Timoshenko model.

The frequency ratios are also presented as functions of the macroscopic constants C and γ

in Figure 1.21. This graph is the three-dimensional representation of the numerical graph of
Figure 1.19(B) with γ included. We see that the structures with a high contrast between the
inner bending and global bending mechanisms have frequency ratios that follow the sequence
(1; 6.25; 17.36;...), characteristic of bending.
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Figure 1.19: Frequency ratios as functions of the dimensionless parameter C
for (A) a continuous Timoshenko beam [Hans, 2002] and (B) the EBM of the

studied triple frame structures.
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Figure 1.20: 3-D representation of the frequency ratios as functions of the
macroscopic constants C and γ

Ten structures are now selected from the total to illustrate that the mechanism(s) govern-
ing the dynamic behavior depend(s) on the vibration mode. Figure 1.21 shows the identified
governing mechanism(s) on the domain behavior map for the first three vibration modes.
One colored line represents a single structure and each dot corresponds to a vibration mode.
Let’s notice that every line converges to the point 2 of the horizontal axes x. The prop-
erties of the cell define the slope of the line which crosses necessarily the point (x=2,y=0)
[Hans and Boutin, 2008].



1.5. Homogenized beam models for multiple frame structures 43

INNER BENDING 

-30 -25 -20 -15 -10 -5 0 5 10

0

5

10

15

20

25

30

35

40

SHEAR

GLOBAL

BENDING
INNER BENDING 

&SHEAR 

SLENDER 

TIMOSHENKO

GENERIC

Figure 1.21: Domain behavior variation according to the vibration mode of
a set of ten structures. Each line represents a specific structure.

Another way to see how the mechanisms are associated with the frequency ratios is by
considering Figure 1.22. The horizontal axis corresponds to the macroscopic constant C and
the vertical axis is the ratio between the frequency fEBMi of the mode i and the first frequency
fEBM1 . This graph is the same as in Figure 1.19(B) but with a differentiation of the governing
mechanism(s). In this figure, the identification criterion is performed only by considering the
first vibration mode. Each dot corresponds to a different structure, and each color represents
its identified structural behavior. For example, the black starred dots are the structures
whose behavior, in the first vibration mode, is governed by the inner bending mechanism.
The magenta starred dots belong to the inner bending combined with the shear of the cell.
The blue dots refer to the structures purely behaving as shear beams. The green squared dots
represent the structures governed by all three mechanisms. The red dots are the structures
controlled by the shear and global bending mechanisms (Slender Timoshenko beam). Finally,
the structures behaving as Euler Bernoulli beams (global bending mechanism) are illustrated
by yellow dots.

Each curve made by the dots trend represents a specific thickness of the horizontal elements
ap. Over this line, the structures with the thickest walls are located at the top end of the
curve, and the structures with the thinnest walls at the bottom end. So, the thickness
of the walls am decreases as we move up-down on a curve given by ap. When we start
moving from the right to the left of the graph, we find structures with much thicker floors.
Thus, the structures with stiff horizontal and vertical elements are those on the yellow region
(i.e., global bending mechanism). We may think that only structures with very stiff vertical
and horizontal elements are linked to very high frequency ratios, but in fact, the stiffness
contrast between both elements can reproduce large ratios (inner bending mechanism) as well
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as minimal frequency ratios (shear mechanism).

Figure 1.22: Relationship between the natural frequency ratios and the gov-
erning mechanism(s) of the first vibration mode.

During this parametric study, we have also investigate the evolution of the transverse
motion of the structures by comparing the form of the first mode shape. Figure 1.23(Top)
presents the normalized transverse displacement û with respect to the top-story displacement
ûmax obtained for each structure. In this graph, the horizontal axis represents the position of
each story of the analyzed structures. The two thick black lines enclose the mode shapes of
the studied structures. The line on the top border corresponds to the deformed shape of a
shear beam (a quarter a cosine form) which can be associated with the structures governed by
the shear mechanism. The line in the opposite side represents the deformed shape of an Euler-
Bernoulli beam (a quarter of a sine form), which corresponds to the structures governed by
the global bending or inner bending mechanism. The structures combining these mechanisms,
e.g., Slender Timoshenko behavior, have an intermediate mode shape. Figure 1.23(Bottom)
shows the normalized macroscopic rotation α̂ with respect to ûmax. The maximum values of
α̂ are linked to the structures with a high importance of the global bending mechanism. On
the contrary, the very low values of α̂ are associated with mainly shear or inner bending type
structures where the deformation is lead by the transverse displacement û.
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Figure 1.23: Evolution of (Top) the transverse displacement and (Bottom)
the macroscopic rotation for the studied structures.

1.6 Conclusion and perspectives

The interest of this chapter is threefold:

• introduce the beam models issued from the homogenization method of periodic discrete
media (HPDM) implemented on single frame structures, especially the generic beam
model of [Boutin and Hans, 2003, Hans and Boutin, 2008], here called Equivalent Beam
Model (EBM), which constitutes the basis of this study,

• provide a numerical procedure, here called hybrid analysis, that solves the kinematics
within the unit cell and allows the calculations of the macroscopic parameters from the
static analysis of a unique cell (or story),
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• and understand the mechanical functioning of a reticulated structure and the effect of
the variation of its characteristics.

We implemented the hybrid analysis on several fictitious structures and reproduced the
analytical results given in the literature. These previous results were restricted to very simple
cases: single and double frame structures. In this work, the EBM was applied to a great
variety of multiple frame structures. The comparisons with numerical models built in the
Cast3M FEM software conclude that the analytical results are encouraging, and more complex
structures could be modeled.

We have seen that the type of boundary conditions used in the one-story model can
strongly influence the coherence of the results. It was verified that the estimation of the shear
stiffness of the cell closest to the analytical formula is obtained when adopting the boundary
conditions B: differential horizontal motion between the bottom and the top of each vertical
element, periodic nodal rotation and blocking of the vertical displacement of every node.
Likewise, in the present study, the analysis of triple frame structures validates the previous
results (beam models, identification criterion, procedure of the hybrid analysis) for most of the
treated cases. Only for some highly contrasted structures, whose behavior is governed by the
deformation of a small part, an adaptation of the models is required. The numerical results
also confirm that better results can be obtained with a specific model. The parametric study
utilizing the EBM also highlights that the natural frequencies and mode shapes can provide
a rapid insight into a structure behavior. The natural frequencies and the mode shapes are
dynamic properties that can be obtained easily experimentally. From the engineering point of
view, the relation between the frequencies associated with the different models could represent
a valuable guidance to identify the best model to be implemented quickly.

Although the EBM and the hybrid analysis retrieve the numerical results for the multiple
frame structures treated in this work, it is necessary to analyze the influence of other elements
present in common civil engineering infrastructures such as braces or filled areas (e.g., filled
frames by masonry walls). In addition, there is the necessity to develop three-dimensional
beam models to include the effects of torsion or to study asymmetric structures with coupling
between the different directions.

Concerning the boundary conditions utilized for the Equivalent Beam Model, all the
treated structures in this research were assumed clamped at the base and free at the top
to represent the building conditions. Nevertheless, other boundary conditions should be in-
vestigated to confirm the accuracy of the EBM. For example, in civil engineering, buildings
founded on soft soils should be modeled with base conditions less restrained to account for
the flexibility of the foundation.

This study encourages the use of homogenized models such as the EBM in engineering
applications to reduce the computational costs.
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Chapter 2

Finite element formulation of the
homogenized beam

This chapter is part of a paper entitled «Finite element formulation of a homogenized beam
for reticulated structure dynamics» submitted for publication in Computers&Structures

Abstract The aim of this chapter is the development of an efficient finite element formula-
tion to solve the weak form of the governing equations of the equivalent beam model presented
in Chapter 1 that rule the global dynamic response of reticulated structures. We recall that
the studied model is a 1D enriched form of the fourth-order Timoshenko beam equation and
the motion is described by a sixth-order differential equation. The higher order of the differ-
ential equation is attributed to an additional kinematic mechanism that may appear under
large stiffness contrasts between the cell elements. In this context, the construction of an orig-
inal finite-element approximate solution is proposed. Weak formulations lead to generalized
elementary stiffness and mass matrices. Through a representative example in the framework
of linear elasticity, it is shown that this homogenized beam finite element (HBFEM) solution
recovers the analytical results and is close to the finite element solution of the detailed struc-
tural model. This new formulation simplifies the implementation of the beam-like model in
complex configurations, enables parametric studies, and could be easily used for a wide range
of applications in the field of dynamics of solids and structures, other than free vibration
analysis, at reduced computational costs.

2.1 EBM Weak formulation

The weak formulation permits the transfer of the exact or analytical solution of a problem
to a numerical approximation. The EBM weak form is build from the strong form. This last
is the result of the combination of the constitutive laws and equilibrium equations that are
recalled here:
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Constitutive laws:

Shear Force T(x, t) = Ks

(
∂u(x, t)

∂x
− α(x, t)

)

Inner bending moment M(x, t) = Ki
∂2u(x, t)

∂x2

Global bending moment M(x, t) = Kg
∂α(x, t)

∂x

(2.1)

Equilibrium equations:

∀ x ∈ Ω, ∀ t ∈ [0, tD],



T (x, t) = T(x, t)− ∂M(x, t)
∂x

∂T (x, t)
∂x

= Λ
∂2u(x, t)

∂t2 + f (x, t)

∂M(x, t)
∂x

= −T(x, t)

(2.2)

We are interested in the displacement field u and the macroscopic rotation field α as a
function of the position x in the domain Ω. The strong formulation of the system given in
Equations (2.1) and (2.2) for each solution field is:

Strong formulation:

0 =
∂

∂x

[
Ks

(
∂u
∂x

− α

)]
− ∂2

∂x2

(
Ki

∂2u
∂x2

)
− f (x, t)− Λ

∂2u
∂t2 (2.3)

0 =
∂

∂x

(
Kg

∂α

∂x

)
+ Ks

(
∂u
∂x

− α

)
(2.4)

The procedure used in the development of the weak form involves three main steps as
stated in [Reddy, 2004]. Let’s consider the time independent arbitrary virtual fields u∗ and
α∗ kinematically admissible (KA) to zero (i.e. u∗ = 0, ∂u∗/∂x = 0 and α∗ = 0 on ∂Ωu),
solution fields u and α kinematically admissible (i.e. u = up, ∂u/∂x = u′

p and α = αp on
∂Ωu) and initial conditions for u (i.e. ∂ℓu(x, 0)/∂tℓ = u(ℓ) for ℓ = 0 or 1).
Firstly, the strong formulation equations (Equations (2.3) and (2.4)) are multiplied by the
virtual (or weighting) fields u∗ and α∗ and integrated over the domain of interest. Herein, the
numerical integration over the time domain is omitted on purpose.

0 =
∫ H

0
u∗
{

∂

∂x

[
Ks

(
∂u
∂x

− α

)]
− ∂2

∂x2

(
Ki

∂2u
∂x2

)
− f (x, t)− Λ

∂2u
∂t2

}
dx (2.5)

0 =
∫ H

0
α∗
{

∂

∂x

(
Kg

∂α

∂x

)
+ Ks

(
∂u
∂x

− α

)}
dx (2.6)
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Secondly, it is required to distribute the differentiation by integrating the first term of both
equations once by parts and the second term of the first equation twice. This procedure leads
to:

0 =
∫ H

0

[
d2u∗

dx2

(
Ki

∂2u
∂x2

)
+

du∗

dx

(
Ks

(
∂u
∂x

− α

))
+ u∗ f (x, t) + u∗Λ

∂2u
∂t2

]
dx

−
[

u∗
[

Ks

(
∂u
∂x

− α

)
− ∂

∂x

(
Ki

∂2u
2

)]]H

0
−
[

du∗

dx

(
Ki

∂2u
∂x2

)]H

0
(2.7)

0 =
∫ H

0

[
dα∗

dx

(
Kg

∂α

∂x

)
− α∗Ks

(
∂u
∂x

− α

)]
dx −

[
α∗
(
Kg

∂α

∂x

)]H

0
(2.8)

Thirdly, the actual boundary conditions are imposed. The coefficients of the weighting func-
tions u∗, du∗

dx , and α∗ in the boundary integrals correspond to the total shear force T , the
inner bending moment M, and the global bending moment M, respectively.

T ≡ Ks

(
∂u
∂x

− α

)
− ∂

∂x

(
Ki

∂2u
∂x2

)
M ≡ Ki

∂2u
∂x2 M ≡ Kg

∂α

∂x
(2.9)

The latter fields are the secondary variables of the weak form, while u, du
dx and α are called the

primary variables. The boundary variables can be denoted at the end points of the domain
as T0, M0, M0 at x = 0 and TH, MH, MH at x = H. The weak statements given in (2.7)
and (2.8) can be expressed in the final form:

0 =
∫ H

0

[
d2u∗

dx2

(
Ki

∂2u
∂x2

)
+

du∗

dx

(
Ks

(
∂u
∂x

− α

))
+ u∗ f (x, t) + u∗Λ

∂2u
∂t2

]
dx

+u∗(0)T0 − u∗(H)TH +
du∗

dx


0
M0 −

du∗

dx


H
MH (2.10)

0 =
∫ H

0

[
dα∗

dx

(
Kg

∂α

∂x

)
− α∗Ks

(
∂u
∂x

− α

)]
dx + α∗(0)M0 − α∗(H)MH (2.11)

The weak formulation can also be defined by Equation (2.12) as the sum of these two
equations (Equations (2.10) and (2.11)).∫

Ω

{(
du∗

dx
− α∗

)
T +

d2u∗

dx2 M+
dα∗

dx
M + u∗Λ

∂2u
∂t2

}
dx = −

∫
Ω

u∗ f (x, t)dx

+
∫

∂ΩF

{
u∗T +

du∗

dx
M+ α∗M

}
dx

(2.12)
The classical variational equation associated with the weak formulation is retrieved (Equa-

tion (2.13)).

∀(u∗, α∗) KA to 0 , ∀(u, α) KA and
[
∂ℓu(x, 0)/∂tℓ = u(ℓ)

0 for ℓ = 0 or 1
]

a ((u, α), (u∗, α∗)) + ∂2

∂t2 b ((u, α), (u∗, α∗)) = L (u∗, α∗)

(2.13)
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By introducing the constitutive laws defined in Equation (2.2), the following expressions are
obtained for the linear form L and the bilinear forms a and b (Equation (2.14)).

a ((u, α), (u∗, α∗)) =
∫

Ω

{(
du∗

dx
− α∗

)
Ks

(
∂u
∂x

− α

)
+

d2u∗

dx2 Ki
∂2u
∂x2 +

dα∗

dx
Kg

∂α

∂x

}
dx

b ((u, α), (u∗, α∗)) =
∫

Ω
{u∗Λu}dx

L (u∗, α∗) = −
∫

Ω
u∗ f (x, t)dx +

∫
∂ΩF

{
u∗T +

du∗

dx
M+ α∗M

}
dx

(2.14)

2.2 Enriched finite element formulation for reticulated struc-
tures

The weak form of the EBM enables the development of the homogenized beam finite element
(HBFEM) formulation. This section details the construction of the finite element through the
following steps:

- Formulation of the finite element model for an arbitrary degree of approximation.

- Choice of the approximation functions for the kinematic variables u and α based on
their differentiability requirements.

- Derivation of the approximation functions for u and α over the element domain Ωe.

- Computation of the elementary matrices (stiffness and mass).

2.2.1 Finite element of the EBM

The 1D EBM is defined in Ω = [0, H] and involves six degrees of freedom (DoF), three at
each end, defined by u, u′, and α. In order to approximate the virtual fields u∗ and α∗ and
the solution fields u and α, a 1D finite element beam is considered. The approximate fields
are denoted by a ‘ˆ’. The classical kinematic quantities û (i.e. transverse displacement) and
α̂ (i.e. macroscopic rotation) are considered as well as û′ (i.e. derivative of û with respect
to x). The latter term is introduced in order to manage the enrichment introduced by the
consideration of inner bending in the structure.
Figure 2.1.(a) presents the physical problem and states the boundary conditions on the equiv-
alent beam. Figure 2.1.b shows the discretized beam element and the notations associated
with the HBFEM model.
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1D Beam modelPhysical system

(a)

Element

N

(b)

Figure 2.1: Finite element discretization for reticulated structures based on
the EBM.(a) Physical problem, EBM, boundary conditions. (b) Definition of

finite elements.

The approximation (·)e on element e of the solution fields u and α as well as the virtual
fields u∗ and α∗ can be written as:

ue(x, t) =
m

∑
j=1

Ûe
j (t) · ϕeU

j (x) ; αe(x, t) =
p

∑
j=1

α̂e
j (t) · ψeα

j (x)

(2.15)

u∗e
(x, t) =

m

∑
j=1

Û∗e

j (t) · ϕeU

j (x) ; α∗e
(x, t) =

p

∑
j=1

α̂∗e

j (t) · ψeα

j (x)

where Ûe and α̂e are the values of the solution at the nodes of the finite element and m + p
is to the number of DoF of the finite element. ϕek

j (x) and ψek

j (x) denote the interpolation
functions associated with the DoF k (i.e u,u′, α) of degree m − 1 and p − 1, respectively. For
polynomial interpolation functions, m and p indicate the order of the polynomial. For the
sake of conciseness, Equation (2.15) is rewritten in a vectorial form:

ue(x, t) = Du
e

T(x)ûe(t) + Du′
e

T
(x)û′

e(t) = DU
e

T
(x)Ûe(t) ; αe(x, t) = Dα

e
T(x)α̂e(t)

u∗e
(x, t) = Du

e
T(x)û∗

e (t) + Du′
e

T(x)û′∗
e (t) = DU

e
T
(x)Û∗

e (t) ; α∗e
(x, t) = Dα

e
T(x)α̂∗

e (t)
(2.16)

where Dk
e is the vector containing the interpolation functions (shape functions) associated with

the DoF k over the element, Ûe is the vector of the element degrees of freedom associated
with u, and α̂e is the vector of the element degrees of freedom associated with α.
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The vectorial form of the derivatives of the different fields is expressed as:

∂ue(x,t)
∂x = BU

e
T
(x)Ûe(t) ; ∂2ue(x,t)

∂x2 = B′U
e

T
(x)Ûe(t) ; ∂αe(x,t)

∂x = Bα
e

T(x)α̂e(t)

∂u∗e
(x,t)

∂x = BU
e

T
(x)Û∗

e (t) ; ∂2u∗e
(x,t)

∂x2 = B′U
e

T
(x)Û∗

e (t) ; ∂α∗
e
(x,t)

∂x = Bα
e

T(x)α̂∗
e (t)

(2.17)

where Bk
e and B′k

e are the vectors containing the first and second derivatives of the inter-
polation functions respectively. By considering the bilinear form a ((u, α), (u∗, α∗)) given in
Equation (2.14) on the element domain Ωe and the interpolation given in Equations (2.16)
and (2.17), the stiffness matrix Kt can be derived by multiplying the solution and virtual
fields (Equation (2.18)).

Kt =
∫

Ωe


[

BU
e

−Dα
e

]
Ks

[
BU

e

−Dα
e

]T

+

[
B′U

e

0

]
Ki

[
B′U

e

0

]T

+

[
0

Bα
e

]
Kg

[
0

Bα
e

]T
dx

(2.18)
By considering the bilinear form b ((u, α), (u∗, α∗)) given in equation (2.14) for an element

Ωe and the interpolation given in Equations (2.16), the elementary mass matrix Me can be
derived (Equation (2.19)).

Me =
∫

Ωe

[
DU

e

0

]
Λ

[
DU

e

0

]T

dx (2.19)

Note that the lines and columns associated with α are empty because of the absence of the
rotational inertia in the EBM.

2.2.2 Choice criterion of the interpolation functions

Two main criteria are taken into account to define the differentiability requirement of the
approximation functions for the primary variables, ue and αe:

ue(x, t) =
m

∑
j=1

Ûe
j (t) · ϕe

j (x) , αe(x, t) =
p

∑
j=1

α̂e
j (t) · ψe

j (x) (2.20)

- The essential boundary conditions of the element with end points n and n + 1 at time
t:

ue(xn) = Ûe
1, u′e(xn) = Ûe

2, ue(xn+1) = Ûe
3, u′e(xn+1) = Ûe

4

(2.21)

αe(xn) = α̂1, αe(xn+1) = α̂2

- The degree of differentiation in the weak formulation, Equation (2.12). The approxi-
mation functions ϕe

j and ψe
j should be continuous and differentiable as many times the

weak formulation requires.
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Differentiability requirement. On one side, the highest derivative involved in the weak formu-
lation (Equation (2.12)) is the second derivative of u linked to the inner bending moment. It
is therefore required to find a continuous approximation function for ue with nonzero deriva-
tives up to order two. On the other side, the term associated with the global bending moment
shows that αe needs an approximation function derivable at least once with a nonzero deriva-
tive.
Inspired from the finite element formulations of the classical Euler-Bernoulli and Timoshenko
beams, herein, polynomial functions are used to satisfy the approximation up to the highest
relevant order. One reason for this choice is that the differentiation and the numerical inte-
gration of the algebraic polynomials are easy to handle. Since there are 6 conditions in an
element, 6 polynomial terms are used, four of them for ue (third degree polynomial) and two
for αe (affine function):

ue(x) = c0 + c1x + c2x2 + c3x3, αe(x) = d0 + d1x (2.22)

With such polynomial functions, the differentiability requirement is met. However, it should
be noted that these functions have the minimum order required to satisfy the weak formulation
of the boundary problem.

2.2.3 Derivation of the interpolation functions

Element geometry associated with ue. As the third degree polynomial is defined by four pa-
rameters, four kinematic variables must be identified inside the element. To simultaneously
define the geometry of the element, two of the nodal displacements are considered at the
endpoints of the element. The other two are also set at the ends through their first deriva-
tives. The first derivatives of u, involved in the boundary conditions, need to be included in
the computation of the interpolation functions. The definition of the dependent variable u
and its derivative at the nodes are thus ensured and no additional nodes are needed. Figure
2.2 displays the discrete element geometry and the nodal conditions for u. This continuity
condition identifies the resulting functions as Hermite interpolation functions.

Figure 2.2: Nodal displacements and their derivatives in the discrete element
with the notation defined in Equation (2.21).

Consequently, the approximate transverse displacement ue in the element is as follows:

ue(x) = ϕe
1(x)Ûe

1 + ϕe
2(x)Ûe

2 + ϕe
3(x)Ûe

3 + ϕe
4(x)Ûe

4 (2.23)

For each independent Hermite function ϕe
j (cubic polynomials), four parameters c(j)

0 , c(j)
1 , c(j)

2

and c(j)
3 are required with respect to the boundary conditions. The first function ϕe

1 is asso-
ciated with the displacement of the node 1. Therefore, it needs to be equal to 1 at xn and
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0 at xn+1, and its first derivative needs to be equal to 0 at both extremities. Likewise, the
function ϕe

3 needs to be equal to 1 at xn+1 and 0 at xn with zero derivatives at both ends.
The second and fourth interpolation functions need to be 0 at both ends but their derivatives
are set to 1 at xn for ϕe

2 and at xn+1 for ϕe
4.

The solution of the four systems of four equations leads to the interpolation functions ϕe
j

in terms of the local coordinate x̄ (Figure 2.1(b)):

ϕe
1(x̄) = 1 − 3

(
x̄
he

)2

+ 2
(

x̄
he

)3

, ϕe
2(x̄) = x̄

(
1 − x̄

he

)2

(2.24)

ϕe
3(x̄) = 3

(
x̄
he

)2

− 2
(

x̄
he

)3

, ϕe
4(x̄) = x̄

[(
x̄
he

)2

− x̄
he

]

Figure 2.3 depicts this set of Hermite interpolation functions and their derivatives.
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Figure 2.3: Hermite cubic interpolation functions (top) and their derivatives
(bottom) for ue.

Element geometry associated with αe. Since an affine polynomial approximation is de-
scribed by two parameters only, two nodal variables are chosen at the end points of the
element to describe its geometry properly. However, it is desired to increase the order of
the interpolation functions of αe in order to improve the approximation to the solution field.
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Thus, an internal node is defined inside the element (at x̄ = he/2) following the strategy used
in [Caillerie et al., 2015]. The order of the polynomial for αe given in Equation (2.22) is then
increased by one (i.e., quadratic three-noded polynomial function):

αe(x) = d0 + d1x + d2x2 (2.25)

Figure 2.4 shows the element geometry associated with the macroscopic rotation.

Figure 2.4: Nodal macroscopic rotation in the discrete element

Note that the order of the interpolation functions of both solution fields u and α differs by
one. It is then expected to have a consistent interpolation that allows avoiding the shear
locking problem involved in classical Timoshenko beam models and plate models, commonly
found when the shear stiffness is much bigger than the global bending stiffness [Reddy, 1997].
Thus, the approximation of the macroscopic rotation α is as follows,

αe(x) = ψe
1(x)α̂1 + ψe

2(x)α̂2 + ψe
3(x)α̂3 (2.26)

more specifically,

αe(x) = ψe
1(x)αe(xn) + ψe

2(x)αe(xn+1) + ψe
3(x)αe

(
xn +

he

2

)
(2.27)

The procedure used to determine the parameters of the cubic polynomials which approximate
ue is implemented again and the three systems of three equations are solved. The solution for
the three parameters d(j)

0 , d(j)
1 , and d(j)

2 for each interpolation function ψe
j yields the following

Lagrange family functions (displayed in Figure 2.5):

ψe
1(x̄) =

(
1 − x̄

he

)(
1 − 2x̄

he

)
, ψe

2(x̄) = − x̄
he

(
1 − 2x̄

he

)
, ψe

3(x̄) = 4
x̄
he

(
1 − x̄

he

)
(2.28)
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Figure 2.5: Lagrange quadratic interpolation functions (left) and their deriva-
tives (right) for αe.

2.2.4 Elementary matrices

The seven algebraic equations of the finite element formulation are derived from the weak
formulation (Equations (2.10) and (2.11)) in the following way. First, the solution fields u
and α are written as linear combinations of the interpolation functions (Equations (2.20)).
Second, the virtual fields u∗ and α∗ are successively chosen equal to each of the interpolation
function. Thus, by taking u∗ = ϕe

k for k = 1, 2, 3 or 4, Equation (2.10) leads to the four
following equations:

0 =
4

∑
j=1

(∫
Ωe

[
Ki

d2ϕe
k

dx2

d2ϕe
j

dx2 + Ks
dϕe

k
dx

dϕe
j

dx

]
dx

)
Ûe

j +
4

∑
j=1

(∫
Ωe

Λϕe
j ϕ

e
k

)
∂2

∂t2 Ûe
j

−
3

∑
j=1

(∫
Ωe

Ks
dϕe

k
dx

ψe
j

)
α̂e

j +
∫

Ωe
f ϕe

kdx + Qe(1)
k (2.29)

and by taking α∗ = ψe
k for k = 1, 2 or 3, Equation (2.11) leads to the three following

equations:

0 =
3

∑
j=1

(∫
Ωe

[
Kg

dψe
k

dx

dψe
j

dx
+ Ksψ

e
kψe

j

]
dx

)
α̂e

j −
4

∑
j=1

(∫
Ωe

Ksψ
e
k

dϕe
j

dx
dx

)
Ûe

j + Qe(2)
k (2.30)

where

Qe(1)
k = −

∫
∂Ωe

F

(
ϕe

kT +
dϕe

k
dx

M
)

dx ; Qe(2)
k = −

∫
∂Ωe

F

ψe
k Mdx

Therefore, it is possible to identify the components of the stiffness matrix Kt:

Kt =

[
Ke(11)

Ke(12)

Ke(21)
Ke(22)

]
(2.31)
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Ke(11)

kj =
∫

Ωe

(
Ki

d2ϕe
k

dx2

d2ϕe
j

dx2 + Ks
dϕe

k
dx

dϕe
j

dx

)
dx ; Ke(12)

kj = −
∫

Ωe

(
Ks

dϕe
k

dx
ψe

j

)
dx

Ke(12)

kj = Ke(21)

jk ; Ke(22)

kj =
∫

Ωe

(
Kg

dψe
k

dx

dψe
j

dx
+ Ksψ

e
kψe

j

)
dx

where Ke(11)
is the 4 × 4 matrix related to the translational DoF, Ke(22)

is the 3 × 3 matrix
related to the rotational DoF, Ke(12)

and Ke(21)
are respectively 4× 3 and 3× 4 mixed matrices.

The components of the mass matrix Me are given by:

Me
kj =

∫
Ωe

Λeϕe
kϕe

j dx (2.32)

The force vector of the beam element is defined by:

Fe(1)
k =

∫
Ωe

f ϕe
kdx + Qe(1)

k ; Fe(2)
k = Qe(2)

k (2.33)

The element degrees of freedom vector is:

Ee =
{

u1 u2 u3 u4 α1 α3 α2

}
e

T

where u1, u2 and α1 are the degrees of freedom of the first node (x = xn), u3, u4 and α2

are relative to the second node (x = xn+1) and α3 is the internal degree of freedom located in
the middle of the element. Superscript T represents the transposition operator.

Note that, u1 = Ûe(xn), u2 = dÛe

dx


x=xn

, u3 = Ûe(xn+1), and u4 = dÛe

dx


x=xn+1

.

Stiffness matrix

Computing the integrals by using the interpolation functions (Equations (2.24) and (2.28)),
the 7 × 7 element stiffness matrix, Kt, is:

Kt = Ks



6
5he

+ Ki
Ks

12
h3

e

Ki
Ks

6
h2

e
+ 1

10 − 6
5he

− Ki
Ks

12
h3

e

Ki
Ks

6
h2

e
+ 1

10
1
10

4
5

1
10

2he
15 + Ki

Ks
4
he

−Ki
Ks

6
h2

e
− 1

10
Ki
Ks

2
he
− he

30 − 7he
60

he
15

he
20

6
5he

+ Ki
Ks

12
h3

e
−Ki

Ks
6
h2

e
− 1

10 − 1
10 − 4

5 − 1
10

2he
15 + Ki

Ks
4
he

he
20

he
15 − 7he

60

SYM 2he
15 +

Kg
Ks

7
3he

he
15 − Kg

Ks
8

3he

Kg
Ks

1
3he

− he
30

8he
15 +

Kg
Ks

16
3he

he
15 − Kg

Ks
8

3he

2he
15 +

Kg
Ks

7
3he



(2.34)

The matrix condensation technique is used to eliminate the interior degree of freedom α3 and
reduce the number of unknowns. The matrix Kt is reorganized for α3 (columns and rows are
interchanged). The computation of the reduced matrix can be written as:
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Ke = Kaa − KacK−1
cc Kca

where a denotes the set of degrees of freedom retained for further analysis and c denotes the set
of internal degrees of freedom to be condensed. Thus, Kaa = Kt(1 : 6, 1 : 6), Kac = Kt(1 : 6, 7),
Kca = Kt(7, 1 : 6), and Kcc = Kt(7, 7). The reduced 6 × 6 matrix Ke, so-called consistent
stiffness matrix, is presented in Equation 2.35. The difference between the matrices Kt and
Ke is the addition of the coefficients a, b, c, d, and e given in Equation 2.36.
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Mass matrix

Computing the integrals by using the interpolation functions in Equation (2.24), the 4 × 4
element mass matrix, Me, is:

Me =
Λhe

420



156 22he 54 −13he 0 0

22he 4h2
e 13he −3h2

e 0 0

54 13he 156 −22he 0 0

−13he −3h2
e −22he 4h2

e 0 0

0 0 0 0 0 0

0 0 0 0 0 0



(2.37)

Note that Me corresponds to the classical mass matrix of the Euler-Bernoulli beam model
(massive beams) where the rotational inertia is not involved. As explained earlier, the HBFEM
model describes the transverse dynamics of reticulated structures in the low frequency range.
The participation of the rotational inertia is associated with much higher vibration modes,
and such a situation is out of the scope of this work.
As observed, there is a difference in the size of the element stiffness matrix Ke (6 × 6) and
that of the element mass matrix Me (4 × 4). The latter then needs to be expanded to a (6
× 6) matrix with zeros to be consistent in the solution computation.

2.3 Validation of the homogenized finite beam element

2.3.1 A realistic steel structure

The ten-story four-bay planar frame shown in Figure 2.6 is used to illustrate the performance
of the HBFEM model. A free vibration analysis is carried out to estimate the modal dy-
namic properties of the structure. The results of the modal analysis are compared with 1)
the analytical solution of the EBM in order to evaluate the accuracy of the finite element
approximation, 2) the results of a fully detailed numerical FEM model (realized with the
finite element code [CEA, 2017]) and 3) an equivalent Timoshenko beam model to highlight
the relevance of the proposed description of reticulated structures and the need of adding the
inner bending mechanism.

The studied frame is made of steel and is inspired by a real building. Herein, the floors
are not taken into account, and only one of the four planar frames shown in the direction
of vibration is studied (see Figure 2.6). In addition, for the inner bending mechanism to
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significantly contribute to the response of the structure, a high stiffness contrast between the
vertical and the horizontal elements is introduced.

The cross sections of the structural members are chosen as wide flange beams (W-beams,
I-shape), assigning much bigger sections to the columns than to the beams. The expected
structural governing behavior is then characterized by the local bending of the horizontal
beams and the bending at the structure scale of the columns. The sections and material
properties of the structural members are listed in Table 2.1.

Property Columns Floor beams
Length (m) 3 5
Cross-sectional area A (m2) 5.246 × 10−2 7.923 × 10−3

Moment of inertia I
weak direction (m4) 4.534 × 10−4 2.08 × 10−5

strong direction (m4) 9.65 × 10−3 1.45 × 10−4

Young’s modulus E (GPa) 200 200
Density ρ (kg/m3) 7860 7860
Damping ratio ξ (%) 2 2

Table 2.1: Geometric and material properties of the structural members
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Figure 2.6: Elevation (left) and plan view (right) of the studied steel structure
(all dimensions are in m).

The properties -or macroscopic parameters Ks, Kg, Ki and Λ- of the equivalent beam model
are estimated through the static analysis of a unique story (unit cell). This procedure is widely
explained in [Chesnais, 2010] for simple and double frame structures, in [Franco et al., 2019]
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for multiple frame structures and in [Chesnais et al., 2011a] for buildings. The values for Ks,
Kg, Ki and Λ of the studied structure are given in Table 2.2.

Macroscopic parameter Description Formula Value
Linear mass, Λ total mass of the unit cell divided by its size ρ/lm(∑ Aili) 2.48 t/m
Global bending stiffness, Kg sum of the tension - compression stiffnesses of the ∑ Ei Aid2

i 2.62 × 106 MN.m2

vertical elements multiplied by the square of the lever arms
Inner bending stiffness, Ki sum of the bending stiffnesses of the vertical elements ∑ Ei Ii 9.65 × 103 MN.m2

Shear stiffness, Ks depends on the local bending stiffnesses of all Determined from a FEM model of 96.19 MN
the unit cell elements the unit cell as presented in [Franco et al., 2019]

Table 2.2: Macroscopic parameters of the studied structure

The HBFEM model results are also compared with those of the Timoshenko beam model,
which is based on the classical theory for massive beams. The material and geometric prop-
erties of the Timoshenko beam model are determined from the macroscopic parameters of
the frame structure: the linear mass of the unit cell Λ, the shear stiffness Ks and the global
bending stiffness Kg. In order to have the same shear stiffness in both models, an equivalent
Poisson’s ratio is determined through νeq = AsksE

2(Ks)
− 1 where ks denotes the shear correction

factor and As is the equivalent area of the section computed from Λ/ρ. Herein, ks is taken
equal to 1 because the transverse section shape is not defined. As Boutin et al. states in
[Boutin et al., 2010], the shear deformability is much larger in the unit cell of reticulated
structures than in the section of massive beams, then the equivalent Poisson’s ratio νeq cal-
culated here may reach large values (much larger than 1). The global inertia is given by the
ratio Kg/E. Table 2.3 details the properties used to build the Timoshenko beam model.

Property
Global Inertia Ig (m4) 13.115
Equivalent section area As (m2) 0.315
Young’s modulus E (GPa) 200
Density ρ (kg/m3) 7860
Equivalent Poisson’s ratio νeq 326.5

Table 2.3: Geometric and material properties of the Timoshenko beam model

In the HBFEM and the Timoshenko beam models, the number of finite elements Ne used
in the computations is the same as the number of stories N in the structure. The size of the
finite element he = Nlm/Ne is thus equal to the size of the unit cell lm.
In Section 2.3.3, the accuracy of the HBFEM model is also investigated through a parametric
study in which the finite element size he is varied with respect to the unit cell size lm and it
is shown that good results can also be obtained with Ne smaller than N.
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2.3.2 Free vibration analysis

Modal analysis with the HBFEM model searches for the solution of the following eigenvalue
problem:

KE − ω2ME = 0 (2.38)

where K and M are the square stiffness and mass matrices of the whole homogenized beam.
The vector E contains all the nodal degrees of freedom. This equation can also be written as:[

K(11) K(12)

K(21) K(22)

]{
{û}
{α̂}

}
− ω2

[
M(11) 0

0 M(22)

]{
{û}
{α̂}

}
= {0} (2.39)

The HBFEM model is a 1D beam model discretized in Ne finite elements with 3 DoFs
(degrees of freedom) at each node.

Eigenfrequencies and eigenmodes

The solution of the EBM equation of motion presented in Section 1.4.3 provides the eigenfre-
quencies and eigenmodes of the structure. For the HBFEM, the eigenvalue problem provided
in 2.3.2 should be solved. The HBFEM model is then a 1D model discretized in 10 finite
elements with 3 DoFs (degrees of freedom) at each node. As a result, the size of the global
stiffness and mass matrices is 33×33. The boundary conditions are û(0) = 0, û′(0) = 0 and
α̂(0) = 0 at the bottom of the model, and T (H) = 0, M(H) = 0 and M(H) = 0 at the top.
Table 2.4 presents the eigenfrequencies of the first three transverse modes obtained with the
four models: the detailed FEM numerical model (subscript DFEM), the analytical solution
of the EBM (subscript EBM), the homogenized beam finite element formulation (subscript
HBFEM) and the finite element solution of the Timoshenko beam model (subscript TFEM).
Table 2.5 presents the relative error ϵ fX on the eigenfrequencies between each model fX and
the detailed numerical model fDFEM

ϵ fX = 100 × fX − fDFEM

fDFEM
(2.40)

First of all, note that the HBFEM gives almost the same results as the analytical EBM which
shows the good quality of the finite element approximation developed in this chapter. More-
over, only minor differences (smaller than 3 %) between the first three fundamental frequencies
of the detailed numerical model and those of the EBM - HBFEM models are obtained. The
frequency ratios, defined by fDFEMi / fDFEM1 , are (1 ; 4.04 ; 9.70) and these values are different
from the common values found in the literature for shear beams (1 ; 3 ; 5) or Euler-Bernoulli
beams (1 ; 6.25 ; 17.36). The differences in the frequencies obtained with the Timoshenko
beam model are larger than 30% evidencing that this model is not suitable for describing the
dynamic behavior of this high stiffness contrast structure as it was expected.
Figure 2.7 compares the first three mode shapes evaluated with the four models. The dots
on the curves indicate the nodes coinciding with the different stories of the structure. The



64 Chapter 2. Finite element formulation of the homogenized beam

analytical EBM, the HBFEM and the Timoshenko beam models provide continuous displace-
ments along the structure height. Conversely, the displacement values for the detailed FEM
model are obtained only at each story location.
It is noted that the mode shapes of the analytical EBM and HBFEM models match those
of the detailed numerical model. For the first three bending modes, all these models repro-
duce the eigenmodes correctly. The detailed FEM model and the HBFEM can hardly be
distinguished. The opposite occurs with the Timoshenko beam model whose first mode shape
describes a typical unrealistic shear response.

Mode fDFEM fEBM fHBFEM fTFEM

1 2.366 2.403 2.403 1.654
2 9.569 9.667 9.668 5.000
3 22.949 23.409 23.414 8.516

Table 2.4: Eigenfrequen-
cies of the first three trans-
verse vibration modes in

Hz.

Mode ϵ fEBM ϵ fHBFEM ϵ fTFEM

1 1.564 1.564 -30.093
2 1.024 1.035 -47.748
3 2.004 2.026 -62.892

Table 2.5: Differences (%)
between the eigenfrequen-
cies of each of the analyzed
models and those of the de-
tailed numerical model ac-
cording to Equation (3.12)

and Table 2.4.
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Figure 2.7: Comparison of the first three mode shapes of the structure shown
in Figure 2.6. The diamond-dotted dashed black lines corresponds to the EBM.
The square-dotted full black lines refer to the detailed FEM model (DFEM).
The round-dotted dashed grey lines are associated with the HBFEM model.
The triangle-dotted dashed black lines are for the Timoshenko beam model

(TFEM).

2.3.3 A parametric study: principles of the analysis

In order to identify the accuracy of the HBFEM model with respect to the mesh size, a
parametric study is conducted in the harmonic regime over one thousand two hundred different
single frame structures with various Ne, the number of finite elements used in the HBFEM
model.
Two main purposes of this parametric study are:

• To determine the domain of validity of the HBFEM model with respect to the number of
finite elements Ne. It is needed to verify the existence of a range [Nmin

e ,Nmax
e ] where the

HBFEM model results do not change with the mesh size. From a practical point of view,
the value Nmin

e is the most important. It is of interest to optimize the computational
resources and therefore to investigate how close the HBFEM results are to the EBM
results when the number of finite elements Ne is decreased.

• To identify the sources of error that may cause divergence of the results. For this,
an in-depth analysis is performed for (1) structures with different governing response
mechanisms and (2) different sizes of the finite elements he (he → 0 or Ne → ∞).
Although testing very fine mesh is not conventional in convergence studies, once the
convergence criterion is met, it may help to understand the HBFEM model performance.
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Herein, the HBFEM model accuracy is assessed from a modal analysis with respect to the
EBM. The accuracy of the EBM has been widely investigated for single frame structures in
[Hans and Boutin, 2008], for multi-frame structures in [Franco et al., 2019] and for buildings
in [Chesnais et al., 2011a].

Description of the studied structures

We extend here the bunch of the analyzed structures in the parametric study of Chapter 1
and, in addition, we perform the analysis using the HBFEM model. Herein, one thousand two
hundred single frame structures clamped at the base and free at the top are tested. All the
structures are grouped into three sets of four hundred different structures with the number of
cells N fixed at 10, 20, and 30. Each cell is a single frame composed of two vertical elements of
length lm = 3 m and one horizontal element of length lp = 3 m. Their material properties are:
E = 30 GPa, ν = 0.3, ρ = 2300 kg/m3. Only two parameters are varied from one structure
to another: the thicknesses of the vertical and horizontal elements (from 50 mm to 1950 mm
with a step of 100 mm). Each structure is analyzed with the HBFEM model using a number
of finite elements Ne that varies from 1 to 100 with a step of 1.
The estimation of the macroscopic parameters Λ, Ks, Ki, and Kg, from the static analysis of
a single unit cell, is performed according to the equations given in Section 1.5.2 on page 27.
The governing mechanism of each of the structures is identified utilizing the identification
criterion based on the macroscopic constants C and γ and represented in the domain graph
in Figure 2.8. Each dot corresponds to a specific structure, and each color represents a set.
See that with the chosen structure is possible to cover all the behavior regions in the domain
graph.
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Figure 2.8: Domain behavior identification graph for the studied structures.
Circle blue, square red, and triangle green dots correspond to the set of the

four hundred structures with N = 10, N = 20 and N = 30, respectively.

Eigenfrequency assessment

For the first set of structures (N = 10), Figure 2.9 compares the first natural frequency
estimated from the HBFEM model with different mesh sizes and the first natural frequency
calculated with the analytical EBM. In Figure 2.9(a), the EBM being taken as the reference,
the evolution of the relative error ϵ fHBFEM is displayed with respect to Ne. It can be seen
that the reduction of the mesh size stabilizes the errors (less than 1%) by Ne = 10. For
Ne < 10, ϵ fHBFEM values are small (less than 10%). Only scattered results when Ne > 70 show
differences up to 16%. If a specific case (out of the four hundred cases) is taken apart (see
Figure 2.9(b)), it is clear that the difference can increase not only when Ne tends to Nmin

e = 1
but also when it tends to Nmax

e = 100. In theory, the smaller is he the higher is the accuracy
of the finite element approximation and vice versa. However, the extreme refinement of the
mesh of the HBFEM model does not necessarily increase the accuracy, and when he is very
small, the HBFEM model may lead to higher discrepancies than those obtained with only one
finite element for the whole 1-D beam. The reasons for such a situation are investigated in
detail hereafter.

Moreover, these results indicate that the HBFEM model recovers very fast the EBM and
can be used for a wide domain of mesh sizes to estimate the eigenfrequencies of a given struc-
ture. It is observed that three finite elements (Ne = 3) are sufficient to find the first three
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natural frequencies of structures with N = 10. A similar conclusion can be drawn for struc-
tures with N = 20 and N = 30 (see Figure 2.10). A single finite element (Ne = 1) for the
whole HBFEM model provides a rough estimate of the first natural frequency of the structure
(up to 10 % difference with respect to the analytical solution). Notice that for the three set
of structures (N = 10, N = 20 and N = 30; Figures 2.9 and 2.10), there is a plateau with ex-
cellent accuracy between 10 and 70 finite elements. It indicates that the model accuracy does
not depend on the ratio between the finite element size and the structure size but is related
to the vibration wavelength. Thus, if very accurate results are desired, the number of finite
elements should be chosen according to the considered mode and the wavelength. For exam-
ple, ten finite elements already give very satisfying results (relative errors smaller than 0.5 %)
to estimate the first vibration mode for all the set of structures (N = 10, N = 20 and N = 30).
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Figure 2.9: Variation of the relative error between the first natural frequency
obtained with the HBFEM model and the first natural frequency obtained
with the EBM as a function of the number of finite elements Ne. Each dot
represents the result of a single structure evaluated with a fixed Ne. The 400
structures’ properties are: E = 30GPa, v = 0.3, ρ = 2300 kg/m3, N = 10, the
unit cell is a single frame (two vertical elements and one horizontal of length
3000 mm), thicknesses vary from 50 mm to 1950 mm with a step of 100 mm,
all the structures are clamped at the base and free at the top. For (b) the case
corresponds to a structure with 50 mm thick vertical elements and a 250 mm
thick horizontal element. The predominant mechanism is the shear of the cell

generated by the local bending of the vertical elements.



2.3. Validation of the homogenized finite beam element 69

(a) for structures with N = 20 (b) for structures with N = 30

Figure 2.10: Variation of the relative error between the first natural frequency
obtained with the HBFEM model and the first natural frequency obtained
with the EBM as a function of the number of finite elements Ne. Each dot
represents the result of a single structure evaluated with a fixed Ne. The
structures’ properties are: E = 30 GPa, ν = 0.3, ρ = 2300 kg/m3, a) N = 20,
and b) N = 30, the unit cell is a single frame (two vertical elements and
one horizontal), the thicknesses vary from 50 mm to 1950 mm with a step of

100 mm, all the structures are clamped at the base and free at the top.

Previous figures show only comparisons concerning the first fundamental frequency. Nev-
ertheless, the same conclusions can be drawn for the second and third eigenfrequencies. The
results for four different cases out of the four hundred of the first set (N = 10) are presented in
Figure 2.11, but for this time, the frequencies obtained with the HBFEM model are compared
with the complete detailed numerical model. So, the error ϵ fHBFEM is the one represented. The
pattern remains the same. One finite element (Ne = 1) gives the largest errors, but once Ne

is increased, the HBFEM model quickly recovers the detailed numerical model solution, and
at a certain point, the HBFEM solution diverges. The point of divergence depends on the
structure typology. This analysis will be detailed in Section 2.3.3. As it is seen on the graphs,
for a structure with 150 mm thick vertical elements and a 50 mm thick horizontal element
(am = 150 mm and ap = 50 mm) (Figure 2.11.a) the error divergence is reached first.
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Figure 2.11: Variation of the relative error ϵ fHBFEM for the first three natural
frequencies as a function of the number of finite elements Ne. Each dot repre-
sents the result of a single structure evaluated with a fixed Ne. The structures’
properties are: E = 30 GPa, ν = 0.3, ρ = 2300 kg/m3, N = 10, a) am = 150
mm and ap = 50 mm (shear behavior), b) am = 500 mm and ap = 100 mm
(inner bending behavior), c) am = 500 mm and ap = 150 mm (shear behavior),
and d) am = 500 mm and ap = 500 mm (slender Timoshenko behavior). The
unit cell is a single frame (two vertical elements and one horizontal). All the

structures are clamped at the base and free at the top.

Analysis of the divergence

Figures 2.9 and 2.10 show that there is a systematic evolution of the error with the analytical
solution as Ne varies but very small finite elements (he <

1
70 H for the first mode) can cause the

divergence of the solution. The explanation can be found by analyzing the components of the
stiffness matrix Kt presented in Section 2.2.4 (Equation (2.34)). The terms associated with
the inner bending stiffness Ki and the global bending stiffness Kg are respectively divided by
h3

e and he. Therefore, they become very large when he tends to 0. Surprisingly, the first terms
to diverge are those proportional to Kg

he
. It can be explained because Ki

h3
e

depends on the local

bending stiffness of the vertical elements proportional to the thickness term a3
m, whereas Kg

he

depends on the tension-compression stiffness of the vertical elements and the length of the
cell l2

p. am being much smaller than lp,
Kg
he

diverges first.
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Since the response of all the studied structures is not controlled by the same mechanism
or combination of mechanisms (i.e., shear, inner bending, global bending), large discrepancies
appear for different values of he depending on the stiffness contrasts. Thus, to show the
influence of the type of mechanism on the accuracy of the solution, the relative error is
plotted with respect to the ratio of the global bending stiffness to shear stiffness C =

Kg

Ks L2

(L refers to the characteristic length of vibration) in Figures 2.12(a) and (b) for each of the
four hundred structures with N = 10 cells. Figure 2.12(a) corresponds to the comparison
between the EBM and the detailed numerical model and Figure 2.12(b) to the comparison
between the HBFEM model with different values for Ne and the EBM (same relative errors as
in Figure 2.9). In both figures, there is a range (1< C <200) in which the error increases and
reaches the highest values. The structures that fit in this range are those whose behavior is
controlled by the shear mechanism (Kg>Ks, Ks>Ki and Kg>>Ki) or by the global bending
and shear mechanisms (Kg and Ks have the same importance and Kg>>Ki). These results
suggest that the HBFEM model follows the EBM results and preserves the kinematics of the
structure. Now, to exclude the variability of the relative error with respect to the mesh size
(or Ne), Figure 2.13(a) plots the relative error between the fundamental frequency obtained
with the HBFEM model when Ne = 10 and that of the EBM as a function of C. Notice that
the relative errors are tiny (less than 0.5 %). In addition, Figure 2.13(b) presents the same
discrepancies when the thickness contrast ap/am between the horizontal and vertical elements
varies. These graphs allow concluding that the differences between the results of the HBFEM
model and those of the EBM are then attributed to the mesh size and are amplified when the
local bending stiffness contrast between the horizontal and vertical elements is higher than 1
(structures that are controlled by the shear or global bending and shear mechanisms).
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Figure 2.12: Relative error ϵ fX as a function of the ratio C between the global
bending stiffness and the shear stiffness for the set of four hundred structures
with N = 10. (a) Assessment of the EBM with the detailed numerical model
used as reference, (b) assessment of the HBFEM model (for Ne = 1 : 1 : 100)

with the EBM used as a reference.
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Figure 2.13: Relative error ϵ fHBFEM as (a) a function of C and as (b) a function
of the thickness contrast between the horizontal elements (thickness ap) and
the vertical elements (thickness am) for the set of four hundred structures with

N = 10 when Ne = 10.

Eigenmode assessment

After noticing that a small number of finite elements is sufficient to correctly estimate the
eigenfrequencies, it is required to verify that this condition is also enough to evaluate the first
three mode shapes. Thus, the mode shapes of the steel structure studied in Section 2.3.1 are
recalled here to compare the modes obtained with the HBFEM model when he = Nlm/3,
he = lm and he = Nlm/100 with the EBM solution (See Figure 2.14). Notice that all the
eigenmodes match well. The symbols on the curves indicate the transverse displacement values
at the finite element nodes (e.g., for he = Nlm/3 only four nodes exist) and the interpolation
functions are used to obtain the complete mode shapes. Table 2.6 summarizes the first three
natural frequencies for each of the analyzed models. These results allow concluding that it
is possible to accurately estimate the first three eigenmodes with a small number of finite
elements (Ne = 3). Note also that there is no divergence for a very fine mesh (Ne = 100).
Section 2.3.3 is devoted to searching for the origin of the divergence and the possible causes
of error.
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Figure 2.14: Comparison of the first three mode shapes provided by the
HBFEM model with three different numbers of finite elements: Ne = 3, Ne = N
and Ne = 100. The diamond-dotted dashed black lines correspond to the EBM.
The square-dotted full grey lines refer to the full FEM model. The triangle-
dotted dashed blue lines are for the HBFEM model with he = Nlm/3 > lm. The
star-dotted dashed green lines are for the HBFEM model with he = lm. The
round-dotted red lines are for the HBFEM model with he = Nlm/100 < lm.

Mode fDFEM fEBM fHBFEM

Ne = 3 Ne = N Ne = 100

1 2.366 2.403 2.406 2.403 2.301
2 9.569 9.667 9.705 9.668 9.677
3 22.949 23.409 23.698 23.414 23.410

Table 2.6: Eigenfrequencies of the first three transverse vibration modes in
Hz computed with the detailed numerical model (subscript DFEM), the EBM
(subscript EBM), the HBFEM model with three different mesh sizes: Ne = 3,

Ne = N and Ne = 100 .

2.4 Conclusion and perspectives

This chapter details the formulation of a new enriched beam finite element able to describe
accurately the transverse dynamics of periodic reticulated structures. The proposed homog-
enized beam finite element (HBFEM) formulation is derived from an existing homogenized
beam-like model, called equivalent beam model (EBM). In these models, the transverse dy-
namics of a structure at the macroscopic scale is described by two kinematic variables: the
transverse displacement and the macroscopic rotation. The differentiability requirement for
each kinematic variable is treated distinctly. Thus, Hermite cubic interpolation functions
are used for the transverse displacement and Lagrange quadratic interpolation functions for
the macroscopic rotation. The interpolation functions used to approximate the macroscopic
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rotation field are kept one order lower than the one for the transverse displacement field to
minimize the shear locking phenomenon. A six-by-six elementary stiffness matrix and a four-
by-four elementary mass matrix are successfully derived.
The validation of the HBFEM model is performed for a realistic building structure. The
HBFEM model is compared with the analytical solution of the EBM and the finite-element
solution from a fully detailed structural model. The results show that the HBFEM model
is efficient in representing the dynamic features and behavior of lattice structures. Besides,
a mesh refinement test is conducted through a parametric study to determine the optimum
number of finite elements to use in the HBFEM model. This study reveals that the finite
element size is relevant to recover the exact solutions provided by the EBM (analytical form).
The finite element size should be chosen according to the wavelength or the number of con-
sidered modes. It is shown that three finite elements are enough to fully describe the dynamic
behavior up to the third transverse vibration mode. This last statement is convenient to
reduce the number of degrees of freedom of the model and the computational time. The
parametric study also evidences that the source of the differences between the HBFEM model
and the EBM results is also linked to the governing response mechanism of the structure.
It is noticed that the EBM and HBFEM model are a little less accurate when analyzing
structures controlled by the shear mechanism or the combination of global bending and shear
mechanisms. The order of the encountered differences on the fundamental frequency does not
exceed 0.2% when ten finite elements are used. The implementation of the HBFEM model is
encouraged to investigate the transverse response of, for example, small-scale lattice compos-
ites [Zheng et al., 2014, Fan et al., 2010] or, at a much larger scale, reticulated systems such
as high-rise buildings [Rahgozar et al., 2010, Pan et al., 2020], for which robust and simplified
models could be preferred. In addition, the HBFEM can be introduced in FEM based codes
to perform large scale engineering studies (e.g., site-city interaction). In the next chapters,
this work is dedicated to study more complex configurations (e.g., structures with several
types of stories) and integration of the HBFEM model in non-linear response analyses.
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Application to real structures

The implementation of the beam models presented in Chapter 1 and the subsequent homog-
enized beam finite element (HBFEM) model developed in Chapter 2 correctly characterizes
the transverse dynamics of real buildings if the structure fulfills specific requirements. Firstly,
the analyzed structure must be vertically regular in mass, stiffness and strength to respect
the periodicity condition required by the homogenization. Secondly, the building must be tall
enough to respect the scale separation condition. Structures of at least five stories (ε ≤ 0.3)
fulfill this condition. Finally, the dynamic characterization must be limited to the analysis of
the vibration modes with a sufficiently long wavelength. For each vibration type, the max-
imum number of modes which can be modelled with this approach is approximately N/3,
where N is the number of stories. This condition is typically valid in earthquake engineering
studies where the lowest frequencies are of interest. In this framework, a lot of the existing
reinforced concrete (RC) and steel buildings seem to easily fulfill the stated conditions.
The accuracy of the EBM (of Chapter 1) has been evaluated for fully periodic RC buildings in
[Boutin et al., 2005, Chesnais, 2010, Chesnais et al., 2011a]. In compliance with in-situ am-
bient vibration tests, [Boutin et al., 2005] characterizes the dynamics of various RC buildings
using Timoshenko beam models. Although, outstanding results are obtained, the mechanisms
that govern the structural behavior are not fully discussed. Later, [Chesnais, 2010] focuses
on understanding the mechanical functioning of shear wall buildings and proposes an analyt-
ical upgrading of the EBM to account for the contribution of the shear stiffness of the walls.
[Chesnais et al., 2011a] verifies the accuracy of the proposed model by comparing the modal
results for a 16-story RC shear wall building with those of a full finite element model. As a
continuation of previous studies, in this chapter, we investigate the adaptability of the EBM
and the HBFEM model in two important problems of earthquake engineering: (1) transient
dynamic analyzes and (2) non-periodicity of buildings. Thus, we aim to i) take advantage of
the multiscale analysis used in the construction of the continuous beam models to understand
the dynamic behavior of a real structure ii), go out from the harmonic regime to perform
transient analyses with real seismic signals (subject of Section 3.1) and iii) evaluate, with a
free vibration analysis, the relevancy of the HBFEM model to study structures that are not
fully periodic (subject of Section 3.2). Full finite element simulations are taken as references
to verify the results obtained from the built continuous models.
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3.1 Homogenized finite beam element model for a time history
analysis using a real seismic record

This section aims to validate the HBFEM model in a time history linear analysis using a real
seismic signal. For that, we introduce the numerical method used to perform the transient
analysis and we evaluate the seismic response of the steel structure studied previously in
Section 2.3.1.

3.1.1 Newmark’s method for linear systems

Time-history analysis is an effective dynamic analysis method to investigate the seismic per-
formance of buildings. It can provide useful information for the earthquake-resistant design
and the design of active and passive control devices to reduce structural vibrations. The
approach is composed of a step-by-step direct integration, in which the time domain is dis-
cretized into a large number of small increments, and the equations of motion are solved for
each time interval to obtain the structural responses in terms of accelerations, displacements,
etc. In the context of a structure subjected to the ground motion by an earthquake excita-
tion, the equation of motion cannot be solved in closed form, so, a numerical procedure is
required. One of the most relevant papers about implicit methods was published by Newmark
[Newmark, 1959]. He presented a family of step by step time integration methods for solving
structural dynamic problems for seismic and blast loadings. Newmark’s method looks for the
physical approximation to the response through a numerical integration in the time domain.
It operates directly on the equation of motion discretizing the solution in time steps. This
method is applicable to linear and non-linear systems. Other schemes such as the α-HHT
method were also proposed in the 1980’s [Hughes, 2012].

Equation of motion

In this section, we use Newmark’s method to find the solution E for the classical MDOF linear
system:

MË(t)+ CĖ(t)+ KE(t) = f(t) (3.1)

where E is the vector of the d degrees of freedom (DOF), M is the time-invariant mass matrix
(d × d), C is the damping matrix (d × d) and K the stiffness matrix (d × d). The vector f(t)
is the time dependent excitation force of size d represented by the base acceleration converted
into the applied inertia load −MLüg(t) where L is the influence vector and üg the base ac-
celeration. A dot over a quantity indicates a derivative with respect to time.
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Time discretization of the equation of motion

In Newmark’s method, the solution E is discretized in Np time steps according to the following
equations:

Ėi+1 = Ėi + (∆t)
[
(1 − γ)Ëi + γËi+1

]
Ei+1 = Ei + (∆t)Ėi +

(∆t)2

2
[
(1 − 2β)Ëi + 2βËi+1

]
(3.2)

where i ∈ {1, 2, . . . , Np − 1} and the parameters γ and β are constant values associated to
Newmark’s method. The choice of these values is discussed afterward.

The equation of motion (3.1) is rewritten in the form of incremental acceleration ∆Ë,
incremental velocity ∆Ė, incremental displacement ∆E and incremental force ∆f. Thus, the
discretized equation of motion at time step i is

M∆Ëi + C∆Ėi + K∆Ei = ∆fi (3.3)

Now,

∆Ei = Ei+1 − Ei ∆Ėi = Ėi+1 − Ėi ∆Ëi = Ëi+1 − Ëi ∆fi = fi+1 − fi (3.4)

Substituting Equations (3.2) in Equations (3.4),

∆Ėi = (∆t)Ëi + γ(∆t)∆Ëi ∆Ei = (∆t)Ėi +
(∆t)2

2
Ëi + β(∆t)2∆Ëi (3.5)

Equations (3.4) can be written according to the incremental displacement:

∆Ėi = (∆t)Ëi +
γ

β(∆t)

(
∆Ei − (∆t)Ėi −

(∆t)2

2
Ëi

)
∆Ëi =

1
β(∆t)2

(
∆Ei − (∆t)Ėi −

(∆t)2

2
Ëi

)
(3.6)

With Equations (3.6), Equation (3.3) can be rewritten as

K̂∆Ei = ∆f̂i (3.7)

where
K̂ = K +

γ

β(∆t)
C +

1
β(∆t)2 M (3.8)

∆f̂i = ∆fi +

(
1

β(∆t)
M +

γ

β
C
)

Ėi +

[
1

2β
M + (∆t)

(
γ

2β
− 1
)

C
]

Ëi (3.9)

Remark:

• The time step ∆t is kept constant for the duration of the analysis

• A discrete instant in time is given by ti = i∆t
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Step by step procedure

Based on the iteration procedure discussed in [Chopra et al., 2012], each step is explicitly
described as follows:

1. Define γ, β and ∆t

2. Calculate Ë0 = M−1 (f0 − CĖ0 − KE0
)

3. Compute K̂ with Equation (3.8) (it does not vary in the numerical procedure for elastic
cases)

4. Calculate the constant matrices a = 1
β(∆t)M + γ

β C and b = 1
2β M + (∆t)

(
γ
2β − 1

)
C

from the terms in Equation (3.9)

5. Calculate for each time step i

• ∆f̂i = ∆fi + aĖi + bËi (Equation (3.9))

• ∆Ei = K̂−1∆f̂i (Equation (3.7))

• ∆Ėi and ∆Ëi (Equations (3.6))

• Ei+1 = Ei + ∆Ei ; Ėi+1 = Ėi + ∆Ėi ; Ëi+1 = Ëi + ∆Ëi (Equations (3.4))

Stability and accuracy

The stability and the accuracy of the time stepping procedure depend on the parameters γ,
β and ∆t which guarantee that Ei → E(ti) as ∆t → 0. The algorithm is consistent if the local
truncation error τ(t) at any step is such that: |τ(t)| ≤ e(∆t)k with k > 0 where k is the order
of accuracy. Stability is guaranteed when the approximation error at time t does not add to
the errors at subsequent time steps. An algorithm is defined unconditionally stable when it
is stable irrespective of ∆t.
In structural dynamics, especially when seismic loads are considered, only low frequency
modal responses are of interest. Generally, the selection of the time step ∆t depends on the
sampling rate of the seismic signal, so, unconditionally stable algorithms are preferred. The
use of this type of algorithms results in a substantial saving in terms of computational cost
[Arruda and Castro, 2021a]. Two methods can degenerate from Equation 3.2 for two sets of
values for α and β: the linear acceleration method given by β = 1

6 and α = 1
2 , and the constant

average acceleration method given by β = 1
4 and α = 1

2 . In this work, the latter is used to
approximate the solution because of its unconditional stability.

Selection of damping properties

The damping terms can describe complex dissipative phenomena such as bond-slip (friction
between concrete and reinforcement), intrinsic damping properties of materials, opening and
closing of microcracks in concrete, material hysteretic behavior, friction (e.g., in steel connec-
tions), contact/friction between structural and non-structural elements [Chopra et al., 2012]
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thanks to equivalent approaches. The approximation of the viscous damping terms can have
significant effects on the amplitude of the predicted dynamic response of the system. Various
damping modeling techniques are available to account for such phenomena.

Widely used formulations for the viscous damping matrix C are defined through lin-
ear relationships to the mass and stiffness matrices of the structure. The most common
classical proportional damping models are the Caughey damping [Caughey, 1960] with es-
pecially its particular case, the Rayleigh damping [Rayleigh, 1945], and the Wilson-Penzien
damping [Wilson and Penzien, 1972] (see Table 3.1). The Caughey damping is determined
for the modal damping ratios ξ of the structure through series of mass and stiffness pro-
portional coefficients ak. This formulation allows specifying the damping ratio ξ of all the
Nk modes. However, numerical deficiencies can be issued from the Caughey damping ex-
pressions (Equations (3.1.1a) and (3.1.1b)) because i) they build a fully populated ma-
trix and ii) the algebraic equations are ill-conditioned. The latter issue, although solved by
[Luco, 2008] through an explicit solution for the coefficients of Caughey series, has slowed
down a widespread adoption of this model in numerical simulations. Therefore, for prac-
tical reasons, the banded matrix defined with the Rayleigh damping model is the most
adopted model for the viscous damping in both linear and nonlinear time history analy-
ses (Equations (3.1.2a) and (3.1.2b)). Nevertheless, recent works in modal analysis of in-
strumented buildings [Cruz and Miranda, 2017a, Cruz and Miranda, 2017b] show that the
Rayleigh damping model overestimates the response of the structure, and that in seismic
nonlinear response history analysis, the Rayleigh damping matrix can develop spurious (i.e
nonexistent) damping forces [Chopra and McKenna, 2016, Puthanpurayil et al., 2016] lead-
ing to inaccurate results. Thus, overall in the context of nonlinear response history analysis,
[Chopra and McKenna, 2016] does not recommend the Rayleigh damping and demonstrates
that the superposition of modal damping matrices (Equation (3.1.3)) eliminates the spurious
damping forces. However, this last damping matrix is not popular in practical analyses be-
cause it is a fully populated matrix and its construction requires every frequency and mode.
Despite the aforementioned studies, the modeling of the damping characteristics of a system is
still an open discussion that converges into the need of choosing the damping model depending
on the structural system and the specific loading conditions.

In this work, the viscous term given by the damping matrix C is added through a classical
Rayleigh damping approach. The matrix C is thus a linear combination of the mass and stiff-
ness matrices: C= a0M + a1K where a0 and a1 are the mass proportional coefficient and the
stiffness proportional coefficient, respectively. The damping coefficient ξ is usually assumed
equal to 5% of the critical damping in reinforced concrete structures [Petrini et al., 2008].
Recommended values for the damping ratio of steel structures are around 2%. In non-linear
systems, the energy dissipation due to the material hysteretic behavior is modeled explicitly
in the internal resisting force vector R in the equation of motion.
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Caughey model C = M
Nk−1

∑
m=0

ak(M−1K)m (3.1.1a)

ξi =
1
2

Nk−1

∑
m=0

akω2m−1
i (3.1.1b)

Rayleigh model C = a0M + a1K (3.1.2a)

ξi =
1

2ωi
(a0 + a1ω2

i ),

a0 = 2
(ξaωb − ξbωa)ωaωb

ω2
a − ω2

b
, a1 = 2

ξaωa − ξbωb

ω2
a − ω2

b
(3.1.2b)

Wilson-Penzien model C = M

(
Nk

∑
m=1

2ξkωk

M∗
k

ϕkϕT
k

)
M (3.1.3)

Table 3.1: Classical proportional damping models

3.1.2 A steel frame structure subjected to a moderate ground motion

From [Franco et al., 2022].

A transient dynamic analysis of the steel frame presented in Section 2.3.1 (Chapter 2) is
now performed using Newmark’s time integration scheme with the constant average acceler-
ation assumption. The results of the HBFEM model are compared with those of the fully
detailed FEM model.
In the following, d refers to the number of degrees of freedom and Np to the number of data
points of the dynamic force. We recall the governing equation of motion in matrix form:

MË(t) + CĖ(t) + KE(t) = f (t) (3.10)

Herein, the viscous term C corresponds to the Rayleigh damping matrix. The matrix C is
thus a linear combination of the mass and stiffness matrices where the proportional damping
coefficients are a0 = 0.4837 and a1 = 5.2742 × 10−4 for this example. They represent 2% of
the critical damping for the first two modes.

A low energy content seismic input is chosen in order to keep the results consistent with
the elastic behavior of the models. The seismic input is the north-south component of the
ground accelerogram of the earthquake event recorded on August 2, 2017 in Ibaraki, Japan.
Its magnitude is 5.5 and the peak acceleration is 0.13 g with most of the energy content
between 5 and 10 Hz as shown in Figure 3.1. A total duration of 120 s and a time step of
0.01 s are considered.
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Figure 3.1: Ground acceleration record (a) and amplitude spectrum (b) of
the north-south component of the earthquake event recorded on August 2, 2017
in Ibaraki, Japan. The magnitude is 5.5 and the peak acceleration is 0.13 g.

Figure 3.2 displays two simulations of the top roof displacement of the structure with
respect to time and its amplitude Fourier spectrum. They were obtained with the detailed
finite element model and the HBFEM model, i.e. the finite element approximation of the
EBM. Figure 3.2(a) shows the time window (between 0 and 40 s) where the maximum top
roof displacement of the structure is reached. The results show a satisfactory agreement in
terms of both time and spectral amplitudes in the lower frequency range. Nonetheless, the
HBFEM model provides a maximum displacement value slightly higher (5.14% more) than
the one obtained with the detailed FEM model.

On the spectra of Figure 3.2(b) the peaks of the fundamental frequency (around 2.4 Hz) are
well pronounced and their amplitudes agree for both models. Although the second vibration
mode is much more excited with the HBFEM model, the peak for the natural frequency
(around 9.6 Hz) is well identified. These results are encouraging and show that the HBFEM
model provides very good estimations of the structural response at lower computational costs.
Once the geometry is defined in MatLab for the HBFEM model and in Cast3M for the detailed
FEM model, the computation time of the dynamic analysis with the same resources could
easily be four times longer for the detailed FEM model. It is needed to recall that the HBFEM
model of the studied structure considers four times fewer DoFs than the detailed finite element
model. Additionally, this example highlights the contribution of the HBFEM model to the
EBM description: solving this type of problem could be mathematically expensive with an
entirely analytical model.
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Figure 3.2: Top roof displacements (a) and their amplitude spectra (b) ob-
tained with the detailed finite element model (grey) and the HBFEM model

(black)

3.2 Homogenized beam models of structures with various typ-
ical stories

Mid-rise and high-rise buildings are usually designed based on a typical story distribution
replicated all along the height of the structure. Commonly, the cross-sections of the structural
elements are reduced from a specific floor without changing the geometrical arrangement,
aiming to reduce the material weight and costs.
The dynamic analysis of structures with such a vertical irregularity implies a loss of periodicity,
which disfavors the essential condition required to implement the homogenization techniques
and other simplified 1-D models (e.g.,[Su et al., 2016]). Thus, the EBM results, where the
elastostatic properties of a unique story are taken into account, could not be realistic enough.
Hence, our hypothesis is that the use of the HBFEM formulation proposed in Chapter 2
makes it possible to build a 1D model by assembling the EBM corresponding to the t-number
substructures which respect a condition of local periodicity (or the t-number groups of stories
with the same properties). In other words, if each of the typical stories represents at least
five stories in the structure, the periodicity condition can still be valid for such a building.
Thus, in this section, the dynamic characteristics of a structure with two different typical
stories are evaluated by using the HBFEM model. Our objective is to demonstrate that the
HBFEM model facilitates the numerical implementation of the EBM in the analysis of complex
structures. Also, we will see that the HBFEM results are very close to the ones provided by
fully detailed numerical models, but they require much fewer computational resources.

3.2.1 Integration of different unit cell properties in the HBFEM model

Lets consider a structure of N stories with s−number of periodic substructures (or s−number
of typical stories). Thus, the construction of the beam model based on the HBFEM formu-
lation starts with the definition of the mass and stiffness matrices of the system as well as
the boundary and loading conditions. The construction of the global mass matrix M and the
global stiffness matrix K are based on the assembly of the mass matrices Msi and stiffness
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matrices Ksi of the s−number of periodic substructures. Thus, the individual Msi and Ksi

are defined from the unique unit cell properties, or macroscopic parameters, of the typical
story si. Now, we consider a structure with two periodic substructures (s = 2) as displayed in
Figure 3.3. The construction of the HBFEM model is then based on the elastostatic properties
of the two substructure unit cells of size lm1 and lm2 each one.

N

N

Figure 3.3: Structure composed of two periodic substructures (Left).
HBFEM model parameters and nodal definition at the boundary between the

two substructures (Right)

The macroscopic kinematic variables Û and α̂ defined at the boundary n + 1 of both
periodic substructures s1 and s2 in the 1-D model are represented in Figure 3.4.

Figure 3.4: Nodal kinematic variables of the finite beam elements located at
the boundary node n + 1 between the two substructures

The assembly of the individual stiffness matrices Ks1 and Ks2 of both substructures is
performed in the same manner as each elementary matrix Kt is assembled for two finite
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elements (Ne = 2). Then, the global matrix of the structural system K is given by:

K =



 Ks1

 Ks2




where Ksi is a dsi × dsi matrix. The parameter dsi denotes the number of DoF of the

periodic substructure si and is equal to the number of nodes Nsi
e + 1 of the finite elements

of the substructure times the number of degrees of freedom per node dn = 3, therefore
dsi = 3(Nsi

e + 1). Then, the number of nodes of the whole structure is
(
∑s

i=1 Nsi
e
)
+ 1 and

the total number of DoF is d = 3
[(

∑s
i=1 Nsi

e
)
+ 1
]
. The global stiffness matrix K is a d × d

matrix. The stiffness matrices of the substructures Ks1 and Ks2 can then be defined as:

Ks1 =



Ks1
11 Ks1

12 · · · Ks1
1(ds1−2) Ks1

1(ds1−1) Ks1
1ds1

Ks1
21 Ks1

22 · · · Ks1
2(ds1−2) Ks1

2(ds1−1) Ks1
2ds1

...
...

. . .
...

...
...

Ks1
(ds1−2)1 Ks1

(ds1−2)2 · · · Ks1
(ds1−2)(ds1−2) Ks1

(ds1−2)(ds1−1) Ks1
(ds1−2)ds1

Ks1
(ds1−1)1 Ks1

(ds1−1)2 · · · Ks1
(ds1−1)(ds1−2) Ks1

(ds1−1)(ds1−1) Ks1
(ds1−1)ds1

Ks1
ds1 1 Ks1

ds1 2 · · · Ks1
ds1 (ds1−2) Ks1

ds1 (ds1−1) Ks1
ds1 ds1



Ks2 =



Ks2
11 Ks2

12 Ks2
13 · · · Ks2

1(ds2−1) Ks2
1ds2

Ks2
21 Ks2

22 Ks2
23 · · · Ks2

2(ds2−1) Ks2
2ds2

Ks2
31 Ks2

32 Ks2
33 · · · Ks2

3(ds2−1) Ks2
3ds2

...
...

...
. . .

...
...

Ks2
ds2 1 Ks2

ds2 2 Ks2
ds2 3 · · · Ks2

ds2 (ds2−1) Ks2
ds2 ds2


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and the main assembly of the global matrix K occurs at the node n + 1 where the DoF Ûs1
3

and Ûs2
1 , Ûs1

4 and Ûs2
2 , α̂s1

2 and α̂s2
1 need to be coupled as follows:

K =





Ks1
11 Ks1

12 · · · Ks1
1(ds1−2) Ks1

1(ds1−1) Ks1
1ds1

Ks1
21 Ks1

22 · · · Ks1
2(ds1−2) Ks1

2(ds1−1) Ks1
2ds1

...
...

. . .
...

...
...

Ks1
(ds1−2)1 Ks1

(ds1−2)2 · · · Ks1
(ds1−2)(ds1−2) + Ks2

11 Ks1
(ds1−2)(ds1−1) + Ks2

12 Ks1
(ds1−2)ds1

+ Ks2
13

Ks1
(ds1−1)1 Ks1

(ds1−1)2 · · · Ks1
(ds1−1)(ds1−2) + Ks2

21 Ks1
(ds1−1)(ds1−1) + Ks2

22 Ks1
(ds1−1)ds1

+ Ks2
23

Ks1
ds1 1 Ks1

ds1 2 · · · Ks1
ds1 (ds1−2) + Ks2

31 Ks1
ds1 (ds1−1) + Ks2

32 Ks1
ds1 ds1

+ Ks2
33





· · · Ks2
1ds2

· · · Ks2
2ds2

· · · Ks2
3ds2

...
...

...
. . .

...

Ks2
ds2 1 Ks2

ds2 2 Ks2
ds2 3 · · · Ks2

ds2 ds2




The assembly of the global mass matrix M is performed in the same manner as the one

of K using the individual mass matrices Ms1 and Ms2 .

M =



 Ms1

 Ms2




3.2.2 Case study: the Grenoble City Hall (GCH)

Description of the structure

The Grenoble City Hall (GCH) is a reinforced concrete structure with a square patio of
two stories crowned with a tower at one side, which is the object of this study. The tower
has 11 stories above the patio building which corresponds to 13 stories from ground to top.
This building was completed in 1967 and is currently in use, operating as the town hall of
Grenoble, France. The tower is 52 m high from ground to top, 43 m long and 13 m wide
(Figure 3.5). The structural components are columns, 4 pillars (containing the staircases
and elevator shafts) and beams. The main hall, located at the ground story, is a floor with
double height (6.4 m) where the only vertical members are the four pillars. They support a
prestressed transfer slab on which the tower is built. The cross-section of the pillars decreases
after the transfer slab. The inter-story height is 3.2 m for the typical stories of the tower.
Every column starts in the prestressed transfer slab. The ten stories above the transfer slab
have an identical structural distribution. However, the column sections slightly decrease from
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the 6th story above the transfer slab. In the last story (11th from the transfer slab or 13th
from the ground), this distribution changes and the structural components are basically shear
walls. The building has also two basements with the same column distribution as the typical
stories of the tower. The foundations rely on deep piles anchored in a stiff layer of sand and
gravel [Michel et al., 2010b].

Previous works

The GCH building was the first building instrumented in France and has been monitored since
2004 by the French Accelerometric Network (RAP). The determination of its modal parame-
ters has been done by ambient vibration measurements in order to calibrate simplified lumped-
mass models and full 3D numerical models [Michel and Gueguen, 2006, Michel et al., 2010b]
to perform seismic analyses with moderate and strong motions. A modal identification carried
out by [Michel et al., 2010b] finds the first three vibration modes:

• the first flexural mode in the longitudinal direction at 1.15 Hz,

• the first flexural mode in the transverse direction at 1.22 Hz,

• the first torsional mode at 1.44 Hz.

In each direction (i.e., longitudinal and transverse), the identification of the beam-type be-
havior of the building is based on the computation of the ratios between the second frequency
and the first frequency f2/ f1 and the mode shapes. In [Michel and Gueguen, 2006], the GCH
building fundamental mode is said to look like a mode of a bending beam and the frequency
ratios for the longitudinal and transverse directions are 3.9 and 4.7 respectively. These ratio
values are associated, in the Timoshenko beam model [Boutin et al., 2005], with an interme-
diate behavior (i.e., neither pure shear nor pure bending). In this work, we aim to verify the
structural behavior of the GCH building by analyzing the macroscopic parameters provided
by the elastostatic analysis of the unit cell (a unique story) and the identification criterion
proposed by [Hans and Boutin, 2008]. This building has also been the subject of vulnerabil-
ity studies by [Desprez, 2010], who validated a 3D numerical model to analyze retrofitting
techniques in the pillars using fiber reinforced polymer. The [Desprez, 2010] numerical model
found again the first five modes measured in-situ [Michel, 2007]. This full numerical model is
used in this work as a reference model to verify the performance of the HBFEM model in the
framework of linear elastic analyses.
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Figure 3.5: The Grenoble City Hall tower block. Top left: General
view [Jacques Mossot, 2007]. Top right: Front side view of the tower block

[Michel et al., 2010b]. Bottom: typical story and ground story plan views

Scope of this study

The EBM and the HBFEM model are well suited to fully periodic or vertically regular build-
ings based on only frame-form (i.e., beams and columns) or tunnel-form (i.e., only shear walls
and slabs) structural systems and they can significantly reduce the needed computational
resources. The vertical irregularity of the GCH building (i.e., it is not fully periodic) and its
various structural components (i.e., shear walls, columns, beams and slabs) complexify the
construction of the equivalent beam models a little. Thus, our objective with the Grenoble
City Hall building study is to highlight that we can build a one-dimensional model of a com-
plex building structure by understanding its mechanical functioning from the homogenization
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analytical basis. In this section, we focus our analysis on the linear elastic framework.
We estimate the natural frequencies and mode shapes of the GCH building through equiva-
lent beam models and compare the results with those of full detailed numerical models. The
construction of the continuous models follows the hybrid strategy up to now presented and
summarized through the flow diagram in Figure 3.6. The first step is the static analysis of
a unique story of the building to find the macroscopic parameters of the continuous models.
Once the continuous beam models are completed, the dynamic analysis can be performed
(i.e., free vibration analysis).

Free vibration analysis 

Static analysis of a single story

Computation of the macroscopic parameters 

Shear deformation

 

Reticulated periodic structure

Construction of the Homogenized Beam Finite Element Model

Elementary sti ness matrix 

Elementary mass matrix

Eigenvalue problem solution

{
Construction of the numerical model of a single story

Story scale 

{ Global matrix assembly

Structure scale

Figure 3.6: Hybrid strategy for free vibration analysis with the HBFEM
model

This section is composed of three main parts. First of all, the full detailed numerical
model [Desprez, 2010] is introduced together with the obtained dynamic properties. As a
matter of information, in-situ findings [Michel, 2007] are also presented. Secondly, the con-
struction of the continuous model of the GCH building is explained. Two different schemes
are implemented to analyze the influence of the vertical irregularity of the building on the
results. For the first scheme, the EBM and the HBFEM model are constructed based on
only the quasi-periodic section of the GCH tower. For the second scheme, the full 13-story
GCH tower block is analyzed. Thus, the properties of the two typical stories, ground story
and basement are all included in the HBFEM model. Figure 3.7 illustrates the considered
sections on the GCH tower block. Note that the stories are numbered from the transfer slab.
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The HBFEM models are compared with numerical simulations. Finally, we discuss the GCH
building dynamic behavior, the implemented strategy and the results.

Figure 3.7: Quasi-periodic and non-periodic sections of the GCH tower block.

Numerical model of the GCH building

[Michel et al., 2010a, Desprez, 2010] present a detailed finite element model of the 13-story
tower (see Figure 3.9). The structure is modeled using multifiber beam elements in the finite
element code Cast3M [CEA, 2017]. The columns, beams and shear walls of the four pillars are
modeled as Timoshenko beam elements, whereas the slabs and last story walls are modeled
as shell elements. The model has a total of 12275 nodes and 73650 degrees of freedom. The
plan view and dimensions of the structural member cross-sections considered in the geometry
definition of the numerical model are shown in Figure 3.8 and Table 3.2. The main geometrical
features and the material properties are summarized:

Building height H = 52 m,
Basement heights lb1 = 3.47 m and lb2 = 4.68 m, hall height lh = 7.7 m,

Inter-story height lm = 3.2 m

Concrete properties: Ec = 32 GPa, νc = 0.2, ρc = 2400 kg/m3

Steel properties: Es = 200 GPa, νs = 0.3, ρs = 7800 kg/m3

The construction of the numerical model is based on the following assumptions:

• The connections between the structural elements are perfectly-rigid.

• A weak soil-structure interaction is considered. Then, the structure model is clamped
at the base.

• The frame elements (columns and beams) are modeled as Timoshenko beams. The
pillars are also modeled as frame elements with U-shape cross sections.
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• The bending stiffness of the floors is taken into account. They are modeled as Love-
Kirchhoff shell elements (DKT elements)

• The walls at the last story are modeled as shell elements.
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Figure 3.8: Sections considered in the numerical model (the stories are num-
bered from the transfer slab). Top left: column and beam sections for the
two typical stories. The cross-section of the columns slightly decrease from the
6th story. Top right: pillar sections. Bottom: plan view of the distribution

considered in the numerical model
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Figure 3.9: Full detailed numerical model (12275 nodes and 21278 elements)
of the Grenoble City Hall tower block [Desprez, 2010].

Property Basement Ground story Typical story 1 Typical story 2
Number of stories 2 1 5 5
Story height, lm (m) 4.08 a 7.7 3.2 3.2
Slab thickness (m) 0.14 0.16 0.14 0.14
Beam sections (cm) 45×35 300 × 65 b- 200 × 115 c 45×35 45×35
Column sections (cm) 40×50 ———– 40×50 30×40
Pillar sections R-shape R-shape U-shape U-shape

Table 3.2: Geometrical properties extracted from the detailed numerical
model. (a) Average of the two basement story heights = 0.5 × (3.47 + 4.68) m.
(b) 4 beams in the longitudinal direction. (c) 3 beams in the transverse direc-

tion.

The first six vibration modes are shown in Table 3.3. These frequencies are compared with
the frequencies obtained from in-situ measurements in Table 3.4. A very good correlation is
found for five vibration modes. The 2nd transverse mode (4.997 Hz) exhibited in the numerical
model was not identified in the in-situ measurements. The in-situ results are shown for general
information. The reference values to verify the EBM and the HBFEM model results are those
of the detailed numerical model.
The frequency ratios fi/ f1 for each direction are the following:

Longitudinal modes 1 ; 4.29
Transverse modes 1 ; 4.22
Torsional modes 1 ; 3.91
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These frequency ratios are different from the common values found in the literature for shear
beams (1 ; 3 ; 5) or Euler-Bernoulli beams (1 ; 6.25 ; 17.36). A hasty judgment of the struc-
ture behavior based on the mode shapes can be limited to say that the structure behaves
globally in bending and that no rotation of the floors is observed in the first longitudinal
mode. However, the first transverse mode exhibits some rotation of the floors with respect to
the horizontal. Note that the in-situ measurements and the numerical model show that the
longitudinal and transverse vibrations are uncoupled. Thus, in this work, both directions are
studied independently.

Mode 1 Mode 2 Mode 3
1st flexural longidutinal 1st flexural transverse 1st torsional

1.096 Hz 1.185 Hz 1.431 Hz

  

Mode 4 Mode 5 Mode 6
2nd flexural longidutinal 2nd flexural transverse 2nd torsional

4.703 Hz 4.997 Hz 5.598 Hz

  

Table 3.3: First vibration modes of the Grenoble City Hall from the full
detailed numerical model [Desprez, 2010]
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Modal frequencies [Hz]

In-situ [Michel, 2007] Numerical model [Desprez, 2010] Mode error [%]

1.16 1.10 1st flexural longitudinal 5.17
1.22 1.19 1st flexural transverse 2.46
1.45 1.43 1st torsional 1.38
4.50 4.70 2nd flexural longitudinal 4.44
— 5.00 2nd flexural transverse —

5.70 5.60 2nd torsional 1.75

Table 3.4: Comparison of the first modal frequencies of the Grenoble City
Hall building obtained with the ambient vibrations and the numerical model.

Construction of 1D models for the GCH building

One considers the GCH tower block as a structure with a quasi-periodic section above the
transfer slab (i.e., from 1st to 11th stories) and a non-periodic section beneath the transfer
slab (i.e., the ground and basement stories) (see Figure 3.7). Simultaneously, and according
to the definitions stated in Section 3.2.1 on page 82), the quasi-periodic section is composed
of two periodic substructures with a slight difference on the cross-section of the columns. The
first substructure has the geometric properties of the typical story from the 1st to the 5th
stories, and the second one has the properties from the 6th to the 11th stories. On the other
hand, the non-periodic section, under the transfer slab, has no periodic substructures as it
does not respect any of the homogenization conditions (e. g., more than five repeated stories,
same story height). Additionally, the 11th story is totally different from the rest of stories.
Herein, we only considered its mass and no stiffness contribution is added.

This particular configuration of the GCH tower block is suitable to test the performance
and detect the limits of the HBFEM model and the EBM. Therefore, the continuous models
of the GCH tower block are obtained under two different schemes to verify the influence on
the results of considering the periodic and non-periodic sections:

• A first scheme analyzes only the quasi-periodic section of the GCH tower (with the
two periodic substructures) assuming two consecutive homogenized parts; the first one
for the stories 1 to 5 above the transfer slab and the second one for the stories 6 to
11. Thus, an HBFEM model, named HBFEM-1, is created following the procedure in
Section 3.2.1. Additionally, two different EBMs are built based on the characteristics
of the two groups of typical stories. It is of interest to quantify the effects of the slight
absence of periodicity on the structure by using the EBMs. Each EBM corresponds
to a tower with eleven identical stories. The model EB-1 has the properties of the
lower stories (from the 1st to the 5th story) and the model EB-2 has the properties of
the upper stories (from the 6th to the 10th story). The results from HBFEM-1 and
the EBMs are compared to those of a new detailed numerical model, called DFEM-1,
where only the quasi-periodic section (from the 1st to the 11th stories) of the detailed
numerical model presented previously (Figure 3.9) is analyzed as shown in Figure 3.10.
The relevant geometrical properties for all three types of model, the HBFEM, EBMs
and the detailed numerical model, are:
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N = 11, H = 35.2 m, lm = 3.2 m

• A second scheme searches the response of the whole structure, with both quasi-periodic
and non-periodic sections. The non-periodic part represents a third of the entire GCH
tower block, which makes its study relevant. It comprises the ground and basement
stories that substantially differ from the typical stories by their inter-story height, shear
wall dimensions and slab thickness. In this scheme, each story is considered as an in-
dependent unit cell with its own macroscopic parameters. It implies that the HBFEM
model of the second scheme has three additional stories at the base with different el-
ementary matrices. Herein, only the HBFEM model is compared with the detailed
numerical model of the GCH tower block shown in Figure 3.9. The main features of the
two models are:

N = 14, H = 51.05 m, lb1 = 3.47 m, lb2 = 4.68 m, lh = 7.7 m, lm = 3.2 m

Analyzed models For all the models, the following assumptions apply: the connections between
the structural elements are perfectly rigid, the structure is clamped at the base and free at
the top end.
Table 3.5 summarizes the analyzed models.

Scheme Unit cell
properties

EBM HBFEM
model

Detailed
numerical model

1: Quasi-Periodic section
Typical story 1 EB-1

HBFEM-1 DFEM-1
Typical story 2 EB-2

2: Non-periodic section
+

quasi-periodic section

Basements
+ ground story

+ typical stories 1, 2
—— HBFEM-2 DFEM-2

Table 3.5: Analyzed models in the schemes 1 and 2

Scheme 1: Analysis of the GCH building quasi-periodic section

Numerical model: DFEM-1 Figure 3.10 displays the complete finite element mesh for
the 11th-story quasi-periodic section of the GCH tower block (above the transfer slab). The
geometrical distribution of the elements in the story is kept identical to the original numerical
model. The same material properties are used.

N = 11, H = 35.2 m, lm = 3.2 m
Concrete properties: Ec = 32 GPa, νc = 0.2, ρc = 2400 kg/m3

Steel properties: Es = 200 GPa, νs = 0.3, ρs = 7800 kg/m3
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Figure 3.10: Full detailed numerical model DFEM-1 of the 11th-story quasi-
periodic section of the Grenoble City Hall tower block. (9864 nodes and 17080

elements.)

Table 3.6 shows the first six computed mode shapes for the quasi-periodic section of the
GCH tower block. For the flexural modes, the colors refer to the vertical displacement (UZ).
The red regions go upwards and the blue regions go downwards. For the torsional modes,
it is the transverse displacement (UY) that is represented. The first three frequencies are
1.537 Hz, 1.551 Hz and 1.79 Hz for the 1st transverse, longitudinal and torsional modes. The
2nd transverse, longitudinal and torsional modes appear at 7.755 Hz, 8.068 Hz and 8.702 Hz.
The frequency ratios fi/ f1 in each direction are:

Longitudinal modes 1 ; 5.20
Transverse modes 1 ; 5.05
Torsional modes 1 ; 4.85

If compared with the original numerical model, the frequency ratios are still different from
shear or Euler-Bernoulli beams. Now, the transverse modes appear at a lower frequency than
the longitudinal modes but the global shape remains the same for both directions. The global
bending of the tower generated by the tension-compression of the vertical elements is still
observed as well as the rotation of the floors in the first transverse mode.
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Mode 1 Mode 2 Mode 3
1st flexural (transverse) 2nd flexural (longidutinal) 1st torsional

1.537 Hz 1.551 Hz 1.795 Hz

  Mode 4 Mode 5 Mode 6
3rd flexural (transverse) 4th flexural (longidutinal) 2nd torsional

7.755 Hz 8.068 Hz 8.702 Hz

 

  

Table 3.6: First vibration modes of the upper tower section of the Grenoble
City Hall building (full detailed numerical model DFEM-1)

Properties of the continuous models EB-1, EB-2 and HBFEM-1

Macroscopic parameters The macroscopic parameters, or unit cell properties, are
defined by the linear mass of the story Λ, the shear stiffness Ks, the global bending stiffness
Kg and the inner bending stiffness Ki. The linear mass Λ is the mass of a story divided by
the story height. The estimation of Kg and Ki is realized in EXCEL. A table of the element’s
cross-sections and the concrete properties (Elastic modulus Ec and mass density ρc) is created
to compute the global bending inertia Ig = Aid2

i and the inner bending inertia Ii. Then,
Kg= ∑ Eci Aid2

i and Ki= ∑ Eci Ii are quickly evaluated. The inertia of the reinforcing bars are
taken into account by means of the equivalent concrete area.
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The computation of Ks requires the numerical model of a single story to impose a shear
deformation of the cell and obtain Ks based on Ks = |∑ T|lm/∆U, where T is the shear force
in each vertical element (columns and pillars) generated by a differential horizontal displace-
ment ∆U between the bottom and the top of the story.

Story model for the computation of the shear stiffness Ks

To assess Ks, we need to impose the macroscopic shear deformation on a finite element
model of a single story with periodic boundary conditions. We perform this analysis using
two different FEM-based pieces of software, Cast3M and ETABS, with a double objective: to
verify the values for Ks and the periodic conditions identified by the homogenization, and to
provide two different modeling strategies, which are conditioned by the software environment,
to capture the shear deformation of the story’s FE model. On the one hand, the unit cell in
Cast3M can be modeled as a common story with the floor at the top level supported by the
vertical elements (see Figure 3.11), and the periodic boundary conditions can be assigned to
the rotations of the top and bottom nodes of every vertical element. Note that a multifiber
beam model which includes the steel reinforcement is used for this study. On the other
hand, ETABS does not allow us to impose periodic conditions, so we opted for modeling the
point with a bending moment equal to zero which is located at the mid-height of the vertical
elements when the rotations are periodic. In this model, the floor is at mid-level with half of
the vertical elements underneath and above the floor. Thus, in ETABS, we capture the shear
deformation of the story by imposing the differential horizontal displacement ∆U with free
nodal rotations at the ends of the half vertical elements (Figure 3.13).

 

Figure 3.11: Full detailed multifiber beam model of a single story in Cast3M

To generate the shear deformation of the story model in Cast3M, the boundary conditions
(as presented in Section 1.5.2) consist of (Figure 3.12):

• All the nodes are left free to rotate but the rotations must be equal at both ends of
every vertical element (θin+

= θin−
).

• The vertical displacements of all the nodes are restrained (vn+ = vn− = 0).

• The horizontal displacements u at the level n− are set to zero (un− = 0).
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• For all the nodes at the level n+, the horizontal displacements u are set equal to the
differential displacement ∆U (as the model is linear, this value does not influence the
result and we chose ∆U = 3.2 m (the height of the story) for convenience).

n
+

n-

Figure 3.12: Boundary conditions in the Cast3M story model (Transverse
direction)

For the ETABS story model, all the listed conditions are applicable but the periodic condi-
tion θin+

= θin−
. The end nodes of the model, which correspond to the middle of the vertical

elements, are simply set free to rotate (Figure 3.13).

n
+

n-

Figure 3.13: Boundary conditions in the ETABS story model (Transverse
direction)

Figures 3.15-3.14 present the unit cell’s shear deformation in the longitudinal and trans-
verse directions for the Cast3M and ETABS story models. The colors represent the vertical
displacements. Table 3.7 shows the estimated values of Ks for both story models. The differ-
ence between the models is small in both directions (< 14.4%). This comparison, although
used only for the verification process, ensured the quality of the Cast3M results which are
used herein for the rest of the computations. The possible reasons for the difference can be
the assumed boundary conditions, the modeling environment itself, the fact that the vertical
elements are discretized with multifiber beams in Cast3M, or the mesh refinement of the shell
elements used to model the floor etc... For example, Table 3.7 compares the Ks values for
different mesh densities for the floor (0.20, 0.30, 0.50, 0.70 and 0.95). Notice the mesh refine-
ment variation influences the Ks values (up to 14.5% difference with respect to the mean).
In the detailed numerical model (Figure 3.10), we set the mesh density to 0.95. Thus, as a
matter of coherence, we stick to the results provided by a density of 0.95 in the story model.
Moreover, the values provided for the mesh size 0.95 are close to the calculated mean of Ks

for both typical story groups and directions.
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Figure 3.14: Shear deformation of the unit cell in Cast3M. Top: Longitudinal
direction. Bottom: Transverse direction. The colors represent the vertical

displacements

Figure 3.15: Shear deformation of the unit cell in ETABS. Top: Longitudinal
direction. Bottom: Transverse direction. The colors represent the vertical

displacements.

Typical story Direction Ks (Cast3M)[MN] Ks (ETABS)[MN] |% difference|
1 Longitudinal 1086.92 1024.33 5.76

Transverse 1276.47 1459.93 14.37
2 Longitudinal 705.48 657.83 6.75

Transverse 979.37 1043.19 6.52

Table 3.7: Comparison of the shear stiffness Ks obtained with the story model
in Cast3M and in ETABS (897 nodes and 1320 elements).

Ks (Cast3M) [MN]
Mesh density (floor) 0.20 0.30 0.50 0.70 0.95

Mean (% var)
Number of nodes 13937 6287 2655 1463 897

1 Longitudinal 1186.63 1044.11 1079.19 1243.06 1086.92 1127.98 (7.4)
Transverse 1164.86 1165.15 1620.41 1257.64 1276.47 1296.91 (14.5)

2 Longitudinal 749.91 682.66 706.70 776.42 705.48 724.23 (5.24)
Transverse 899.59 891.04 1231.39 959.98 979.37 992.27 (14.00)

Table 3.8: Variation of the shear stiffness with respect to the mesh density
used to model the floor in Cast3M.

Table 3.9 summarizes the macroscopic parameters of the typical stories 1 and 2 to build
the EB-1, EB-2 and HBFEM-1 models.
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Macroscopic parameters
Typical story 1 Typical story 2

L T L T
Λ, linear mass (ton/m) 164 158
Ks, shear stiffness (MN) 1086.92 1276.47 705.48 979.37

Ki, inner bending stiffness (MN m2) 1.66×106 1.51×106 1.66×106 1.51×106

Kg, global bending stiffness (MN m2) 1.36×108 1.01×107 1.24×108 8.74×106

Table 3.9: Macroscopic parameters for the typical stories 1 and 2 in the
longitudinal (L) and transverse (T) directions.

The GCH building dynamic behavior

Once all the macroscopic parameters are estimated from the static analysis of a single story,
the macroscopic constants C and γ can be evaluated and the mechanism or the combination
of mechanisms (i.e., shear, inner bending and global bending) that govern the dynamic be-
havior of the GCH building for the first vibration modes can be identified. The macroscopic
constants’ expressions are recalled here:

C =
Kg

KsL2 Lk =
2H

π(2k − 1)
γ =

Ki

Kg
(3.11)

The scale ratio εk =
lm

Lk
=

π(2k − 1)
2N

with the mode number k=1 and the number of

stories N = 11 is 0.14. Then, the macroscopic constants for the typical story 1 are C =

249.76 = ε(x=−2.84) and γ = 0.012 = ε(y=2.24) in the longitudinal direction, which settle a
point in the inner bending and shear beam domain of the graph of Figure 1.7. The same
model is obtained for the typical story 2 (Table 3.10).

Unit cell properties N C γ Behavior
Typical story 1 11 249.76 0.012 Inner bending and shear
Typical story 2 11 350.02 0.013 Inner bending and shear

Table 3.10: Identified behaviors in the longitudinal direction.

In the transverse direction, the governing behavior is also described by an inner bending
and shear beam model (C = 15.76 = ε(x=−1.42) and γ = 0.15 = ε(y=0.97) for the typical
story 1)

Unit cell properties N C γ Behavior
Typical story 1 11 15.76 0.15 Inner bending and shear
Typical story 2 11 17.77 0.17 Inner bending and shear

Table 3.11: Identified behaviors in the transverse direction.

The frequency ratios fk/ f1 of the first modes given by the numerical model D-FEM1 (e.g.,
1 ; 5.20 in the longitudinal direction) agree well with the identified inner bending and shear
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beam model. There is a large interaction between the shear deformation of the unit cell
and the inner bending of the vertical elements that would not be possible to capture with
a Timoshenko beam model. As shown in Figure 1.19, the large ratio C > 1 would provide
a point in the shear beam model and a frequency ratio much closer to 3 which does not
correspond with the identified behavior.

Natural frequencies and mode shapes After the computation of the macroscopic pa-
rameters, the dynamics of the EBMs, EB-1 and EB-2, and the HBFEM-1 model can be
solved. The solution of the equation of motion Eq.(1.8) (Section 1.4.3) provides the results
for EB-1 and EB-2. The results of the HBFEM model are obtained from the solution of the
eigenproblem presented in Section 2.3.2 and the assembly procedure described in Section 3.2.1.

Tables 3.12 and 3.13 summarize the first two eigenfrequencies fi = ωi/2π obtained for the
EBMs and the HBFEM model in the longitudinal and transverse directions of the GCH tower
block. The relative difference ϵ fHBFEM on the eigenfrequencies between the HBFEM model and
the detailed numerical model is computed with:

ϵ fHBFEM = 100 × fHBFEM − fDFEM

fDFEM
(3.12)

Correlation between the mode shapes The mode shapes obtained with every model
are presented in Figure 3.16. The vertical axe corresponds to the normalized height and
the horizontal axe refers to the normalized displacement with respect to the maximum. In
order to verify the correlation between the corresponding mode shapes the modal assurance
criterion (MAC) defined in [Allemang, 1982] is adopted:

MAC(ϕA
i ϕB

i ) =
[((ϕA

i )
TϕB

i )]
2

[(ϕA
i )

TϕA
i ][(ϕ

B
i )

TϕB
i ]

(3.13)

where ϕA
i corresponds to the mode shape vector obtained with the continuous model and ϕB

i

is the mode shape vector obtained from the detailed numerical model for the same natural
frequency. As long as a high MAC value is found (i.e., larger than 80%), we consider that
the continuous model mode shape agrees well to the numerical mode shape. Even though the
second fundamental frequency differs from the DFEM-1 model in 15%, the MAC correlation
values are above 98% in both directions.

Mode EB-1 EB-2 HBFEM-1 ϵ fHBFEM−1 Ratio DFEM-1 Ratio

1 1.63 1.59 1.60 3.23% 1 1.55 1
2 9.24 9.32 9.29 15.12% 5.77 8.07 5.21

Table 3.12: Comparison of the first two modal frequencies in Hz for the
longitudinal direction with the quasi-periodic section numerical model (Fig-

ure 3.10).
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Mode EB-1 EB-2 HBFEM-1 ϵ fHBFEM−1 Ratio DFEM-1 Ratio

1 1.60 1.59 1.56 1.29% 1 1.54 1
2 8.87 8.99 8.82 13.65% 5.65 7.76 5.04

Table 3.13: Comparison of the first two modal frequencies in Hz for the
transverse direction with the quasi-periodic section numerical model (Fig-

ure 3.10).
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Figure 3.16: On the left, comparison between the mode shapes obtained
using the EB-1 (diamonds), EB-2 (triangles), HBFEM-1 model with the two
unit cell properties (gray circles) and the detailed numerical model DFEM-1
of Figure 3.10 (squares) for the longitudinal (top) and transverse (bottom)
directions. The mode shapes are normalized with respect to the maximum
displacement. On the right, correlation (MAC values) for the first vibration

mode (red) and the second vibration mode (blue).
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Comments on the results for scheme 1 Notice that the EBM results, for EB-1 and
EB-2, are quite similar despite the difference in the column cross-sections for both typical sto-
ries. This similarity is not surprising, because the identified behavior from both typical stories
corresponds to the inner bending and shear beam model. The values of Ki are controlled by
the shear walls whose geometry and material properties remain the same in the two typical
stories. The study of the upper part of the GCH tower block (above the transfer slab) vali-
dates the proposed strategy for analyzing a structure with different typical stories through the
substructure assembly procedure and widens the application domain of the HBFEM model.
Moreover, the modal frequencies obtained with the HBFEM model are near the results of the
EB-1 and EB-2. For the first modes, the EB-2, which is the softer model, gives the lower
frequencies but, surprisingly, this is not the case for the higher modes.
The comparison with the detailed numerical model DFEM-1 shows that the HBFEM-1 model
retrieves the first vibration modes in the longitudinal and transverse directions as well as
for the eigenfrequencies (less than 5 % of difference) as for the mode shapes. However, the
differences for the second vibration modes are much larger (around 15 %). Two main reasons
can explain these discrepancies. Firstly, the accuracy of the EBMs and the HBFEM model
directly depends on the value of the scale ratio ε. The larger ε is, the less accurate the EBMs
and the HBFEM are. The macroscopic length L, which is related to the vibration wavelength,
becomes smaller as the number of the analyzed mode increases and, as a consequence, the
scale ratio ε increases. If the third vibration mode is estimated, it is normal to obtain even
higher differences between the full detailed numerical model and the HBFEM model. Sec-
ondly, other mechanisms such as the shear acting on very thick vertical elements may emerge
at the leading order, which could be the case for the walls of the staircases and elevator shafts
of the GCH building. Let us focus on this last reason to investigate how we can improve the
results.
It is required to recall that one of the EBM hypotheses is that the structural elements behave
as Euler-Bernoulli beams, so the internal shear stiffness (i.e., GAs) of the elements is supposed
much larger than their bending stiffness. This hypothesis is not relevant while modeling very
thick elements because their shear deformation can become significant during bending at the
story and structure scales, especially for the higher modes which have a shorter wavelength.
For the local scale, the effect of the shear in the elements experiencing bending are automat-
ically taken into account by the method used for the calculation of the EBM shear stiffness
Ks from a finite element model of one story. For the global scale, [Chesnais, 2010] proposes
a modification of the EBM that accounts for the shear stiffness of the vertical elements. A
description of the upgraded EBM was already presented in Chapter 1.

The GCH building is a frame building with four pillars of shear walls. The largest shear
wall thickness1 in the longitudinal direction is 4.50 m. For the first vibration mode, the thick-
ness order is am/lm = O(ε−0.18

1 ) for N = 11. In the transverse direction, the largest thickness
is 5.40 m which corresponds to an order of magnitude of am/lm = O(ε−0.27

1 ). According to
the listed conditions in Section 1.4.5, the shear of the walls must be considered at the story

1Thickness refers to the element length in the direction of the analysis.
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scale in both directions, but it does not emerge at the structure scale. In other words, the
EBMs are still valid at the structure scale but, at the story scale, the shear of the walls must
be included in the calculation of Ks. In the detailed numerical model, the pillars, columns
and beams are modeled as Timoshenko beam elements. Hence, the computation of Ks, with
the imposed boundary conditions in the story model (see Figure 3.12 on page 98), takes into
account the shear of the walls and columns at the story scale. It seems that we modeled it
correctly, and the condition at the story scale is fulfilled. For the second vibration mode, ε is
bigger and the orders of magnitude become:

• in the longitudinal direction: am/lm = O(ε−0.40
2 ), C = O(ε−9.10

2 ) and γ = O(ε5.22
2 )

• in the transverse direction: am/lm = O(ε−0.62
2 ), C = O(ε−5.84

2 ) and γ = O(ε2.24
2 )

These values are obtained from the parameters of the typical story 1 but both typical stories
have the same behavior. For both directions, the influence of the shear of the walls increases
and the representative point on the domain graph moves in the inner bending zone. We
now assume that we need to take into account the shear of the walls at the structure scale.
For that, we have two options: 1) we utilize the upgraded EBM by [Chesnais, 2010] or 2)
as the shear of the cells can be neglected for the higher modes, we utilize what Chesnais
names the inner Timoshenko model. [Chesnais, 2010] demonstrates that the upgraded EBM
is a generalized continuous model that improves the results for shear wall structures. The
implementation of this model is out of the scope of this work, and we limit the analysis to the
specific description of the inner Timoshenko model (Equation(1.15)) in order to understand
the mechanical functioning of the structure and to complement the analysis performed with
the HBFEM model.

The macroscopic parameters of the inner Timoshenko model are the linear mass, the
inner bending stiffness Ki and the shear of the walls stiffness Km. The values to be used for
the GCH tower block are summarized in Table 3.14. As Ki and Km depend mainly on the
properties of the four pillars, they have the same values for both typical stories. The ratios
Cm =Ki/(KmL2), which measure the contrast between the stiffnesses of the inner bending
and the shear of the walls, are also calculated for the first two vibration modes. For example,
for k = 1 in the longitudinal direction, the order of Cm = O(ε3.19

1 ) < O(ε1) confirms that the
shear of the walls is negligible at the structure scale. The difference between the orders of Cm

in each direction also reveals that the participation of the shear of the walls at the structure
scale is much more important in the transverse direction.
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Direction Ki Km
L Cm

k=1 k=2 k=1 k=2

Longitudinal 1662201.61 1658006.11 22.41 7.47 0.002=O(ε3.19
1 ) 0.018=O(ε4.74

2 )

Transverse 1514147.01 164724.74 22.41 7.47 0.018=O(ε2.06
1 ) 0.165=O(ε2.13

2 )

Table 3.14: Macroscopic parameters for the inner Timoshenko model with
N = 11 stories.

The results obtained with the HBFEM-1 model for the first vibration mode and with
the inner Timoshenko model (subscript ITIMO) with the macroscopic parameters given in
Table 3.14 for the second mode is presented in Tables 3.15 and 3.16. Notice that the errors
are highly reduced and now lower than 1% in both longitudinal and transverse directions for
the second vibration mode.

Computation of the 2nd mode with the ITIMO model (Km)

Mode HBFEM-1 & ITIMO Ratio DFEM-1 Ratio ϵ fX

1 1.60 1 1.55 1 3.87%
2 8.01 5.04 8.07 5.21 -0.74%

Table 3.15: Comparison of the first two modal frequencies in Hz for the
longitudinal direction obtained with the HBFEM-1 model (mode 1), the inner
Timoshenko model (mode 2) and with the quasi-periodic section numerical

model (Figure 3.10).

Mode HBFEM-1 & ITIMO Ratio DFEM-1 Ratio ϵ fX

1 1.56 1 1.54 1 1.29%
2 7.71 4.94 7.76 5.04 -0.64%

Table 3.16: Comparison of the first two modal frequencies in Hz for the
transverse direction obtained with the HBFEM-1 model (mode 1), the inner
Timoshenko model (mode 2) and with the quasi-periodic section numerical

model (Figure 3.10).

Alternative for scheme 1 We have seen that, in order to obtain the dynamic proper-
ties (i.e., eigenfrequencies and mode shapes) of the GCH tower quasi-periodic section, two
different models were used for the first and second vibration modes in each direction : the
HBFEM model and the inner Timoshenko model, respectively. However, since the HBFEM
model is a generalization of the Timoshenko beam model, we can still use it for both vibration
modes if the appropriate macroscopic parameters are included. Let us represent the structural
behavior in terms of the macroscopic constants C and γ. For the first vibration mode, the
inner bending and the shear of the cell govern the dynamic behavior with C > O(ε−1) and
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γ < O(ε) (in agreement with the values in Tables 3.10 and 3.11). The shear of the walls
Km does not participate at the structure scale. Therefore, the values for the macroscopic
parameters Ks, Kiand Kg are the same as in Table 3.9. For the second mode, the shear of the
walls emerges at the structure scale, but the shear of the cell becomes negligible compared
to the inner bending. The HBFEM model needs to degenerate into the inner Timoshenko
model with Cm > O(ε) and γ < O(ε). To do so, new values of the macroscopic parameters
Ks’, Ki’ and Kg’ are introduced : Ks’ = Km of Table 3.14 and Kg’ = Ki of Table 3.9. The
new value Ki’ must respect γ < O(ε), so Ki’= γKg’= γKi. The modified HBFEM model
using this change in the macroscopic parameters encounters the numerical solution with er-
rors less than 1% for the second vibration mode in both directions. Tables 3.17 and 3.18
summarize these final results. The frequency values, 1.87 Hz and 1.85 Hz in each direction
(L and T), for the first vibration mode using the modified HBFEM model are not presented
in these tables. We recall that the modified HBFEM model does not represent the inner
bending and shear of the cell mechanisms associated with the first vibration mode but the in-
ner bending and shear of the walls mechanisms which appear from the second vibration mode.

Computation of the 2nd mode with the modified HBFEM model (Km)

Mode modified HBFEM-1 Ratio DFEM-1 Ratio ϵ fHBFEM−1

1 1.59 1 1.55 1 3.87%
2 8.09 5.09 8.07 5.21 0.25%

Table 3.17: Comparison of the first two modal frequencies in Hz for the lon-
gitudinal direction obtained with the HBFEM-1 model (mode 1), the modified
HBFEM model (mode 2) and with the quasi-periodic section numerical model

(Figure 3.10).

Mode modified HBFEM-1 Ratio DFEM-1 Ratio ϵ fHBFEM−1

1 1.56 1 1.54 1 1.29%
2 7.78 4.99 7.76 5.04 0.26%

Table 3.18: Comparison of the first two modal frequencies in Hz for the
transverse direction obtained with the HBFEM-1 model (mode 1), the mod-
ified HBFEM model (mode 2) and with the quasi-periodic section numerical

model (Figure 3.10).

As stated earlier, the construction of a continuous model for the dynamic analysis of buildings
where the shear of the walls does not emerge at the structure scale does not require to change
the macroscopic parameter values in the HBFEM model, neither to use the upgraded EBM by
[Chesnais, 2010]. Nevertheless, the selection of the continuous model must be the result of an
in-depth analysis of the building mechanical functioning based on the identification criteria.
It is always recommended to identify the structural governing mechanism(s) for the desired
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vibration mode to choose a continuous model representing its global behavior correctly. On
the one hand, we have seen that the use of specific models can lead to slightly better results
than the generalized ones with less calculations. On the other hand, a more generalized model
as the EBM or its upgraded version could for the analysis of every vibration mode. The vali-
dation of the EBM and the HBFEM model here presented fulfills the required steps towards
the improvement of the HBFEM model based on the upgraded EBM.

Scheme 2: Analysis of the entire GCH building (non-periodic + quasi-periodic
sections)

In the first scheme, the modal response of the quasi-periodic section is well reproduced, and
the mechanical functioning of the GCH structure is understood through the elastostatic anal-
ysis of a single story. The implemented strategy is satisfactory, and the overall results agree
well with those of the detailed numerical model. Moreover, the structure quasi-periodic sec-
tion analysis allowed verifying that the EBM and the HBFEM model limits are not related
to the slight absence of periodicity because of the two different typical stories but to the role
of the shear walls on the structure behavior. Hence, it is still an open question to know the
limits of the HBFEM model concerning the non-respect of periodicity. Thus, hereafter, the
entire GCH tower block is analyzed. A new HBFEM model is built with the macroscopic
properties of all the existing stories (HBFEM-2) and compared with the complete detailed
model presented in Figure 3.9 (DFEM-2).

Properties of the HBFEM-2 model

Macroscopic parameters The static analysis of the ground story and the basement pro-
vides the macroscopic parameters given in Table 3.19. In addition to these properties, the
macroscopic parameters of the typical stories 1 and 2 (Table 3.9) are needed to build the
HBFEM-2 model.

Macroscopic parameters
Ground story Basement
L T L T

Λ, linear mass (ton/m) 263.37 197.64
Ks, shear stiffness (MN) 3482.47 34001.66 1391.36 1731.45

Ki, inner bending stiffness (MN m2) 5.26×106 4.71×106 5.26×106 4.71×106

Kg, global bending stiffness (MN m2) 2.62×108 1.68×107 2.94×108 2.02×107

Table 3.19: Ground and basement story macroscopic parameters in the lon-
gitudinal (L) and transverse directions (T).

Note that while the inner bending and global bending stiffnesses keep the same order of
magnitude for both ground and basement stories, the shear stiffness Ks differs significantly
in both directions. The difference comes from the large bending stiffness of the transfer slab
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at the ground story, which controls the story shear deformation. Assuming that the whole
structure is made by the repetition of the ground story, the macroscopic constants C and γ

for the ground story are 68.34 and 0.02 in the longitudinal direction, and 0.45 and 0.28 in
the transverse direction, respectively. Based on these values, the behavior of the structure in
the longitudinal direction combines the inner bending and shear mechanisms, which agrees
with the identified behavior of the typical stories, whereas, in the transverse direction, the
behavior is governed by all the three mechanisms Ks, Ki, and Kg.

Natural frequencies and mode shapes The solution of the eigenvalue problem provides
the first natural frequencies in each direction as presented in Tables 3.20 and 3.21. Inter-
estingly, the results are much better than expected. The errors with respect to the detailed
numerical model DFEM-2 keep the same order of magnitude as the errors obtained for the
GCH quasi-periodic section (see Tables 3.12-3.13). As analyzed earlier, the high errors of the
second mode are associated with the inner shear mechanism of the shear walls that emerges
at the structure scale which is not included in the HBFEM-2 model. This errors are smaller in
th HBFEM-2 than in the HBFEM-1 because the addition of the ground and basement stories
increases the slenderness of the building that descreases the influence of the inner shear mech-
anism of the walls. The initial question to find the limits of the model concerning periodicity
is still open. Even when both sections, quasi-periodic and non-periodic, are introduced in the
HBFEM model, the overall results are satisfactory with differences no higher than 6% for the
first vibration mode and slightly higher than 10% for the second vibration mode. Figure 3.17
displays the first two mode shapes in the longitudinal and transverse directions. Although a
difference between the natural frequencies is observed, the mode shapes of the HBFEM-2 and
DFEM-2 are in pretty good agreement as shown by the MAC correlation (larger than 98%)
for both directions.

Mode HBFEM-2 Ratio DFEM-2 Ratio ϵ fHBFEM−2

1 1.16 1 1.10 1 5.45 %
2 5.31 4.58 4.71 4.23 12.74%

Table 3.20: Comparison of the first two modal frequencies in Hz for the
longitudinal direction with the detailed numerical model (Figure 3.9).

Mode HBFEM-2 Ratio DFEM-2 Ratio ϵ fHBFEM−2

1 1.22 1 1.19 1 2.52%
2 5.47 4.48 5.00 4.21 9.40%

Table 3.21: Comparison of the first two modal frequencies in Hz for the
transverse direction with the detailed numerical model (Figure 3.9).
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Figure 3.17: On the left, comparison of the first two mode shapes obtained
with the HBFEM-2 model with the four unit cell properties (gray circles) and
the detailed numerical model DFEM-2 of Figure 3.9 (squares) for the longitudi-
nal (top) and transverse (bottom) directions. The mode shapes are normalized
with respect to the maximum displacement. On the right, correlation (MAC
value) for the first vibration mode (red) and the second vibration mode (blue).

3.2.3 Discussion about the results and the implemented methodology

The multiscale procedure for constructing the continuous models presented in this section
allows understanding the GCH tower block’s mechanical functioning. The contribution of
each mechanism (i.e., shear of the cell, inner bending and global bending) is taken into account
in each of the used continuous models and identified from the static analysis of a single story
of the quasi-periodic section. The identification criterion evidences that the inner bending
and shear mechanisms control the GCH behavior. This result agrees with the mode shapes
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and the frequency ratios (1 ; 4.29 for the longitudinal direction and 1 ; 4.22 for the transverse
direction) obtained from the full detailed numerical model. The numerical model clearly shows
the bending deformation of the floors associated with the shear of the cell and the bending of
the vertical elements at the structure scale.
We evaluated the performance of the continuous models (i.e., the EB-1, EB-2 (or EBMs) and
the HBFEM model) to analyze non fully periodic structures. However, when only the quasi-
periodic part is evaluated, the EBMs and HBFEM results get closer to the numerical ones
(less than 4 % difference in the longitudinal direction for the 11-story model of scheme 1).
The slight variation in the frequencies and mode shapes between the EBMs and the HBFEM
model shows that the cross-section reduction of the columns at the mid-height of the structure
does not influence the structure behavior. This could be explained because the global bending
of the pillars and the bending of the floors associated with the shear of the cell control the
dynamics of the structure. The first vibration mode shapes are well recovered for the two
studied schemes. The HBFEM model retrieves the EBM results with additional versatility
for advanced numerical implementations. The HBFEM model can take into account the
various typical stories of a building which can be a significant advantage for analyzing high-
rise buildings. The HBFEM model highly reduces the computational cost compared to the
detailed numerical model. Although one part of the continuous model’s construction requires
the static analysis of a single story numerical model, it still represents a significant saving
of computational resources. The single-story model of the GCH comprises 897 nodes (5382
DoFs) instead of the 9864 nodes (59184 DoFs) of the full numerical model with 11 stories.

3.3 Conclusion and perspectives

3.3.1 Main results

The objective of this chapter is to validate the Homogenized beam finite element (HBFEM)
model for the transverse dynamic analysis of real structures in the elastic range.

We start by performing a transient analysis using the HBFEM model. We present the
numerical time-stepping procedure used and we perform the dynamic analysis of a realistic
steel frame structure using real recorded ground motions. The seismic responses computed
with the HBFEM and the detailed FEM models coincide very well.

The second part of this chapter introduces the methodology for the analysis of structures
with vertical irregularity. The Grenoble City Hall (GCH) building is used as a case study.
The full detailed numerical model calibrated with in-situ measurements by [Desprez, 2010] is
used as a reference. This model is also slightly modified to include only the quasi-periodic
section of the GCH tower block. The analysis of the 1-D model based on the HBFEM formu-
lation aims at verifying, in the harmonic regime, the vibration frequencies and mode shapes
of the structure. The construction of the HBFEM model for the GCH building, adopting
the analytical EBM principles, requires the computation of the macroscopic parameters: the
linear mass Λ, the shear stiffness of the cell Ks, the global bending stiffness Kg, and the
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inner bending stiffness Ki. We then perform the static analysis of each typical story. The
computation of the shear stiffness of the cell Ks is very delicate and requires the construction
of a numerical model of a single story of the periodic structure.
This numerical model is built using two different pieces of software, ETABS and Cast3M, to
validate the numerical results for Ks. The modeling method in each code requires different
strategies to impose on the story model the boundary conditions identified by the homoge-
nization method. As ETABS does not allow to set periodic boundary conditions, we model
the story with the floor at the mid-height with half of the vertical elements beneath the floor
and the other half over the floor. In Cast3M, the story can be modelled with the slab at the
top level. Although we use different unit cell models in each code, the obtained values for Ks

in ETABS and Cast3M are very close and allow us to validate the proposed procedures. The
Ks obtained with Cast3M is taken to perform further computations.
Once all the macroscopic parameters are determined, the mechanisms that govern the dynamic
behavior are obtained based on the identification criterion proposed by [Hans and Boutin, 2008].
The leading mechanisms for the GCH structure correspond to a combination of the inner
bending and the shear of the cell in both longitudinal and transverse directions. The eigen-
frequencies and mode shapes are estimated with the HBFEM model and compared with the
results of the full detailed numerical model. A good agreement between both models is ob-
tained up to the second flexural mode in each direction even when the non-periodic part of
the structure is included in the analysis.
The performed mesh refinement test over the GCH single story numerical model shows that
the deformation of the floors highly influences the shear stiffness values. Thus, to allow com-
parisons, the same mesh density was used in both the story model and the complete model
of the structure.

Although, the EBMs are built for single frame structures where the elements behave
as Euler-Bernoulli beams and their thickness is neglected, the numerical models presented
consider the real geometry. Thus, the shear contribution of the walls is taken into account in
both the complete numerical models and in the calculation of Ks with the single story models.

3.3.2 Limitations and future works

Soil-structure interaction

The full numerical model of the GCH building assumes totally fixed boundary conditions at
the base of the structure. The good correlation encountered between the frequencies and mode
shapes of the numerical model and of the in-situ measurements supports this assumption for
the GCH building. However, buildings founded on soft soils may exhibit other mechanisms
such as rocking which are totally neglected with the fixed end condition assumptions. In such
a case, it could be necessary to take into account the soil properties in the HBFEM model
and replace the fixed condition by a FEM-based description of the soil.
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Maximum stiffness contrast between two periodic substructures

Considering high ratios between the stiffnesses of two consecutive periodic substructures may
lead to a loss of accuracy of the HBFEM model. The order of this ratio could be identified
to estimate the validity domain of the HBFEM model.

Encountered types of behavior in regular concrete structures

The existence of various structural elements such as walls and columns in current RC struc-
tures changes the stiffness distribution along the story of the structure generating high con-
trasts between vertical and horizontal elements. Thus, the combination of new mechanisms
such as the inner bending may control the structural behavior. In such a case, the structure
response cannot be described by the Timoshenko beam model.
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Chapter 4

Towards a new damage indicator
using the Equivalent Beam Model and
multifiber beam elements

In the previous chapters, our analyses are focused on the description of the structural behavior
at the global scale considering a 1-D model: dynamic properties such as eigenfrequencies and
eigenmodes have been determined as well as story displacements and rotations through time
history analyses in the elastic framework. These are the first steps of earthquake engineering
to estimate damage on buildings subjected to seismic excitation. Besides, the assessment of
the effects of the forces acting on the structural elements is crucial. Hence, in this chapter,
our interest lies in describing the response at the element (or intermediate) and material (or
local) scales. Our first objective is to relate the structural dynamic behavior to the mechanical
functioning in order to compute the strains (nodal rotation, deformation) and the internal
forces (shear forces, bending moments) of each element.

Thus, in the first part of this chapter, we start by describing the process to go from
the structure description, given by the driving kinematic variables - the displacement u and
the story rotation α-, to the element description, finding the hidden kinematic variables -
mainly the nodal rotations - needed for the element dynamics. To do that, we introduce the
second part of the hybrid analysis, the first part of which was presented in Chapter 1. We
keep focusing on the elasto-static analysis of a single story and the identification criterion
of the structural dynamic behavior. Once the element boundary conditions are known, the
estimation of the internal forces is performed by solving the classical equilibrium equations
of the Euler Bernoulli beam. The study cases are single-frame and multiple-frame structures.
Finally, the analytical results are compared with the results obtained from analyzing a fully
detailed numerical model of the whole structure. The second part presents the strategy to
capture the non-linear effects. The numerical model used for a single story is upgraded by
introducing non-linear constitutive laws to the structural materials. The finite element method
based on multifiber beam elements is used to capture the non-linear behavior of the structural
elements. The evolution of the story macro deformation due to each of the main structural
mechanisms (shear, inner bending, and global bending) is estimated and integrated into the
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multifiber beam elements

analysis of the Equivalent Beam Model (EBM) for single frame structures. Herein, a non-
linear transient analysis is performed to validate the implemented procedure by comparing
the results with fully numerical simulations. So, the coupling between the HBFEM and the
multifiber beam elements (MFEM) integrated into the story analysis is used to describe the
structural behavior at both global and local scales and to identify the governing mechanism(s).

The last part of this work focuses on how the proposed modeling approach could be used
to develop a wide range of damage indicators. Several studies have been performed to define
damage indices for building structures, and there are various methods for computing those
indices. However, most of the indices depend on the material (masonry, reinforced concrete...)
and geometric features ("low-rise", "high-rise", "slender") of the structure. For some cases,
these indices fail to take into account the variation of the behavior from one structure to
the other even in the same "category" and the influence of the type of deformation (e.g.,
shear, bending, the combination of both...) on the failure mechanism. So the applicability
of these indices is reduced to the specific typologies that serve on their construction. This
limitation has not been straightforwardly solved yet, and therefore, it is currently the subject
of discussion in the last part of this research. The analysis that we perform at the end of
this chapter provides some insights on the formulation of a robust damage indicator based on
the usual global indicators such as ductility, top roof displacement, inter-story drift. It could
even be adapted to cyclic loading-based or energy-based indicators. With this approach, the
damage is directly related to the structural behavior and not only to the general material
or geometry presented by current seismic design codes. In this context, the last part of this
chapter is dedicated to proposing a new form for a damage indicator based on the identification
criterion presented in Chapter 1. An exhaustive parametric study identifies that the relevancy
of the widely used global indices such as the top roof displacement and inter-story drift can
be directly associated with the governing mechanism(s).

4.1 Continuation of the hybrid analysis: story and element
scales

Once, the global response of the structure is determined in terms of the macro kinematic
variables u and α, it is possible to apply the macroscopic deformation on a story model in
order to compute the internal forces of the structural elements.

The studies presented in Chapter 1 conclude that the homogenized models and the iden-
tification criterion can be generalized to a large number of periodic structures (multiframe
structures or buildings). Nevertheless, the implementation of the HPDM method on more
complex structures quickly becomes a tedious task. We therefore propose here the extension
of the procedure which substitutes a part of the analytical expressions describing the internal
kinematics of the unit cell for an entirely numerical analysis which makes it possible to: 1)
construct the equivalent beam model describing the global behavior, called here analysis at
the global (or building or structure) scale (denoted G), and 2) return to the intermediate (or
story scale) in order to calculate the deformations and the forces of the structural elements
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(denoted I). This procedure will henceforth be called Hybrid intermediate analysis. To recon-
struct the parameters that depend on the geometry of the structure, this procedure is based
on a finite element model of the typical story on which static calculations are performed. This
type of modeling is valid for every structure which respects the homogenization assumptions:
the conditions of periodicity, separation of scales and "overall deformation". In this section,
the procedure for implementing the different static analyzes of the story is detailed using the
diagram in Figure 4.1. The analysis at the global scale was presented in Chapter 1. The
objective is to determine the response of each element in terms of internal efforts (axial force
N, shear force T and bending moment M) as a function of the deformation at the structure
scale (or global scale).

 +

Figure 4.1: Stages of the proposed hybrid analysis

4.1.1 Computation of the nodal rotation

The estimation of the internal forces and deformations are led by the structural deformation
obtained from the global scale analysis. That means that the global kinematic variables u
and α are known at this point and the hidden kinematic variables need to be estimated to find
the element description. For example, the internal kinematics within the unit cell of single
frame structures is driven by the nodal rotation θ which can be calculated from the transverse
displacement u and the macroscopic rotation α using the internal equilibrium equation given
by the HPDM (Equation (4.1)). This equation depends on the static bending stiffnesses kp

and km of the horizontal and vertical elements defined in Chapter 1 on page 14.

kp(α − θ) + km(u′ − θ) = 0 ⇒ θ = Ks

(
α

km
+

u′

kp

)
(4.1)

(primes stands for the differentiation with respect to x)

4.1.2 Hybrid analysis : Part II

For single frame structures, the nodal rotation θ can be determined from Equation (4.1).
However, the number of hidden kinematic variables increases for multiple frame structures
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with complex analytical expressions. For these structures, we propose to perform a static
analysis of the story FE model subjected to the macroscopic deformation (I.i) (Figure 4.1) to
compute the cell element deformation. The macroscopic deformation superposes effects from
two different origins: the variation of the transverse displacement u between the bottom and
the top of the story and the story rotation α. Therefore two loading conditions are applied
to the story model. The first condition imposes a unit differential transverse displacement
∆U=1 between the bottom and top of the story. Vertical displacements are blocked, and the
nodal rotation is periodic at both ends, as presented in Chapter 1 for condition B (page 1.10).
The second condition imposes a unit macroscopic rotation α=1, which corresponds to the
vertical displacement difference ∆V between walls on the opposite sides. Here, the ends of
the other vertical elements are left free for the vertical displacements and the periodicity of
the nodal rotation between the bottom and the top of each vertical element is again ensured
(See Figure 4.2).

n
+

n-

Figure 4.2: Boundary conditions associated with global bending deformation
of the story model

The rotations at each node θn are recovered for both conditions. They are later multiplied
by the values of lmu′ and α given by the analysis at the global scale and summed up (I. ii).
The local kinematics and the boundary conditions of the elements being identified, the efforts
(i.e. axial force, shear force and bending moment) in the elements are directly estimated from
the constitutive and balance equations of the classical Euler-Bernoulli beam formulation in
the longitudinal and transverse directions (I. iii).

Herein, the nodal displacement u is assumed to be equal to the average displacement U
at the level n as we consider that the relative displacement between the different nodes at the
same level is very small.

4.1.3 Computation of the internal forces

Let’s now focus on the computation of the shear forces and bending moments of the elements.
Figure 4.3 represents the notation for the deformation of an element b in the structure.
The variables uO(b), uE(b) denote the transverse displacements, vO(b), vE(b) the longitudinal
displacements and θO(b), θE(b) the rotations. The variables N, T and M represent the axial
force, shear force and bending moment, respectively. The subscript O and E state for Origin
and End, respectively.
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Figure 4.3: Notation at the element scale: nodal description of the kinematics
and the internal forces: axial force N, shear force T and bending moment M.

The forces at the endpoints of an element are deduced from the Euler-Bernoulli beam con-
stitutive laws and local balance equations at the location s for the longitudinal and transverse
vibrations:

Element constitutive laws and balance equations:

Longitudinal N(s) = EA
dv(s)

ds
N′(s) = −ρAω2v(s) (4.2)

Transverse T′(s) = −ρAω2u(s) M(s) = EIb
d2u(s)

ds2 M′(s) = −T(s) (4.3)

where E is the material elastic modulus, ρ is the material mass density, A is the element cross-
section area, Ib the element second moment of area and ω is the vibration angular frequency.
The nodal forces and bending moments for the element b are obtained through the integration
of the constitutive and balance equations (4.2) and (4.3) using the nodal kinematic variables
ui, vi and θi at the endpoints (i = O(b), E(b)) as boundary conditions.

Nodal forces and bending moment at O(b):

for vibrations



N(vO, vE) =
EA
lL

vE − vO cos(l/lL)

sin(l/lL)

T(uO, uE, θO, θE) =
EIb

l3
T

uO(cosh(l/lT)sin(l/lT) + sinh(l/lT)cos(l/lT))

cos(l/lT)cosh(l/lT)− 1

−EIb

l3
T

uE(sin(l/lT) + sinh(l/lT))

cos(l/lT)cosh(l/lT)− 1

+
EIb

l2
T

θOsin(l/lT)sinh(l/lT)− θE(cos(l/lT)− cosh(l/lT)

cos(l/lT)cosh(l/lT)− 1

M(uO, uE, θO, θE) =
−EIb

l2
T

uOsin(l/lT)sinh(l/lT) + uE(cos(l/lT)− cosh(l/lT))

1 − cos(l/lT)cosh(l/lT)

−EIb

lT

θO(cosh(l/lT)sin(l/lT)− sinh(l/lT)cos(l/lT))

1 − cos(l/lT)cosh(l/lT)

+
EIb

lT

θE(sin(l/lT)− sinh(l/lT))

1 − cos(l/lT)cosh(l/lT)
(4.4)
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where l is the element length, lL = (E/(ρω2))0.5 is the characteristic length associated with
the longitudinal vibrations, and lT = (EIb/(ρAω2))0.25 is the characteristic length associated
with the transverse vibrations. The compression wavelength and the bending wavelength are
given by 2πlL and 2πlT respectively.

Thanks to the separation of scales, the vibration of the overall structure is associated with
a quasi-static behavior at the local scale: l << lL and l << lT for the considered frequency.
Thus, the solution at the element scale can be deduced from a static analysis. So, when l/lT

tends to zero in Equation 4.4,
the nodal forces and bending moment on the element are:

Nodal forces and bending moment at O(b):

for quasi-static



N(vO, vE) =
EA

l
(vE − vO)

T(uO, uE, θO, θE) =
12EIb

l3 (uO − uE) +
6EIb

l2 (θO + θE)

M(uO, uE, θO, θE) =
6EIb

l2 (uE − uO)−
2EIb

l
(2θO + θE)

(4.5)

4.1.4 Verification of the hybrid procedure

In order to investigate the efficiency of the proposed hybrid procedure for the computation
of the internal forces, single and triple frame structures made of interconnected beams are
taken as examples to present the results at both the structure and element scales. Thus,
this section reports the results obtained from the free transverse vibration analysis using the
HBFEM (i.e., the finite element formulation including all three mechanisms: shear, global
bending and inner bending).

All the treated structures have N = 10 stories and the material properties are given by an
elastic modulus E = 30 GPa, Poisson’s ratio ν = 0.2 , and mass density ρ = 2300 kg/m3, rep-
resentative of concrete. The structure spans and walls lengths are identical lm = lp = 3000 mm.
As it has been done up to now, the verification consists in comparing the element forces (N, T
and M) obtained from two different methods: 1) the complete hybrid analysis: the HBFEM is
used to study the dynamic behavior of the structure at the global scale and the macroscopic
properties are obtained thanks to a static numerical model of a single story, and 2) a full
numerical analysis with a FEM model of the entire structure. This numerical model is built
in Cast3M [CEA, 2017] and consists of a 2D model, where the structural elements are Euler-
Bernoulli beams discretized with a fine mesh density. The nodes at the base of the structures
are fixed and the nodes at the top end are free. In addition, the verification of the quasi static
regime of elements is done by comparing the shear force and bending moments computed with
the E-B dynamic and quasi-static equations (Equations (4.4) and(4.5), respectively).

Table 4.1 lists the treated structures. Only the thickness of the elements am and ap changes
from one case to another. The first seven correspond to structures made of single frames (two
walls and one floor per story, nw = 2). The next seven are made of three frames (four
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walls and three floors per story, nw = 4) with identical walls that have the same geometrical
properties as the single frame structures. For the last five structures, the thicknesses of the
external and internal walls differ but the floor thickness is kept constant. Although, the
chosen thicknesses for these structures are not realistic, we can generate the different types of
governing mechanisms: shear, inner bending, and global bending.

Case ame ami ap nw

0 50 50 50 2
1 74.02 74.02 74.02 2
2 50 50 200 2
3 500 500 500 2
4 500 500 150 2
5 471 471 74 2
6 500 500 20 2
7 50 50 50 4
8 74.02 74.02 74.02 4
9 50 50 200 4
10 500 500 500 4
11 500 500 150 4
12 471 471 74 4
13 500 500 20 4
14 74.02 200 74.02 4
15 50 200 200 4
16 500 200 500 4
17 500 200 150 4
18 471 200 74 4

Table 4.1: List of the studied cases with different thicknesses for external and
internal walls ame and ami, respectively. nw are the number of walls, and ap

the thickness of the floors. ap and am are given in mm

The equivalent beam properties (macroscopic parameters): shear stiffness, inner bending
stiffness and global bending stiffness are computed from the static analysis of one story, and
reported on Table 4.3. The numerical model of a single story is built in order to find the
shear stiffness value and the nodal rotations. This procedure is done for both the single and
triple frame structures. Figures 4.4 and 4.5 show the computed shear force and the bending
moment at the bottom end of the elements with respect to the structure height for the first
two modes of a single frame (Case 0) and a triple frame structure (Case 12), respectively. For
this analysis we compute the following variables for comparing the analytical and numerical
results:
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ua Transverse displacement from the HBFEM model (Normalized-unitless)
un Transverse displacement from the detailed FEM model (Normalized-unitless)
αa Macroscopic rotation from the HBFEM model
αn Macroscopic rotation from the detailed FEM model
θa Nodal rotation at the story scale from the HBFEM model and the hybrid procedure
θn Nodal rotation at the story scale from the detailed FEM model
Tad Shear force in the walls modelled as Euler-Bernoulli beams

for vibrations (Equation 4.4) with the boundary conditions θa and ua

Tas Shear force in the walls modelled as Euler-Bernoulli beams
for quasi-static states (Equation 4.5) with the boundary conditions θa and ua

Ta+n Shear force in the walls modelled as Euler-Bernoulli beams with the boundary
conditions θn and un

Tn Shear force from the detailed FEM model
Mad Bending moment at the bottom of the walls modelled as Euler-Bernoulli beams

for vibrations (Equation 4.4) with the boundary conditions θa and ua

Mas Bending moment at the bottom of the walls modelled as Euler-Bernoulli beams
for quasi-static states (Equation 4.5) with the boundary conditions θa and ua

Mn Bending moment at the bottom of the walls from the detailed FEM model

Table 4.2: List of the computed kinematic variables mm-rad, shear forces in
KN, and bending moment in KN mm

Table 4.4 compares analytical and numerical results for the fundamental frequency, the
displacement at the first level (x = 3m), and internal forces of the external vertical elements
at the base. The overall observation of this analysis is that for most of the treated cases,
the analytical results agree well with the numerical results. The errors on the fundamental
frequency do not exceed 10% for most of the cases. Only when there is a high stiffness contrast
between the walls and floors large errors are obtained (Cases 6,13, and 16). Deformed shapes
are also in good agreement for most cases, although significant differences (more than 20 %)
can be observed for the first story displacement value (of Table 4.4). Internal forces values are
then affected by the displacement discrepancies on the elements at the base of the structure.
This is a classical problem of the homogenized models where the periodicity is not assured.
It could be remarked that the accuracy of the analytical results is highly dependent on the
type of mechanism that governs the dynamic behavior of the structure (i.e., shear beam, inner
bending beam, global bending beam). Thus, excluding very contrasted structures, small error
values are encountered for inner bending beam structures, while for structures where the shear
mechanism governs, the errors are more significant.
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Figure 4.4: Shear force (top) and bending moment (bottom) of the walls for
the first two eigenmodes. Single frame structure (Case 0).
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Figure 4.5: Shear force (top) and bending moment (bottom) of the external
and internal walls for the first two eigenmodes. Triple frame structure (Case

12).
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Observations for each governing mechanism(s)

• Shear and global bending beam-like structures (slender Timoshenko) show outstanding
results at the three different scales. Only minor differences in the displacement values
of the first story are present. Smaller values are obtained if compared with numerical
results. We attribute this error to border effects.

• For inner bending and shear beam-like structures, modes frequency ratios are set in (1 ,
4, 10). Macroscopic rotation does not meet the numerical results leading to high errors
in the global bending moment values. The maximum shear force is obtained for ele-
ments at the base of the structure. For the internal ones, the shear force graph describes
an asymmetrical vertical bell-shaped distribution where the highest shear force is con-
centrated near the mid-height and decreases slowly for upper stories and more rapidly
for lower stories. Thus, the elements at the base have the minimum shear force. The
bending moment at the bottom of the external elements follows an exponential trending
line with a negative slope. As a result, bending moment values decrease markedly, and
it stabilizes for the last stories. For internal walls, the decrease of bending moment
values is less significant than for external walls.

• For shear beam-like structures, modes frequency ratios are set in (1, 3 ,5 ) . The
macroscopic rotation does not meet the numerical results, leading to high global bending
moment values errors. Nodal rotation values for the first vibration mode are larger before
the structure mid-height and decrease for higher stories. Lower values are then found
around the top of the structure. In shear beam-like multiple frame structures of identical
walls, both external and internal walls have different shear force magnitudes. Internal
walls withstand higher shear forces with lower nodal rotation values than external ones
(See cases 7, 8, and 9). This difference decreases as the slab thickness increases. The
same conclusions are obtained for the magnitude of bending moments.

• The results for structures with thicker internal walls than external ones barely meet
the numerical results (See cases 14 and 15). Nodal rotation values are close to nu-
merical results only for the internal walls when the slab is thicker than the external
walls (Case 15). Conversely, when the slab has the same thickness as the external walls
(Case 14), nodal rotation values are close to numerical results for both internal and
external walls. Internal walls in this type of structure withstand higher shear forces and
bending moments. Analytical results show that shear forces and bending moments are
broadly underestimated and overestimated for external and internal walls, respectively.
However, modal shapes in displacement and macroscopic rotation do not seem to have
significant errors (max. 9%). Moreover, frequency ratios show clearly a shear-type be-
havior (i.e., fi/f1 = 1, 3-3.3, 5-6.3) with relative errors below 6% in the three first modes.
The macroscopic rotation shows significant differences with numerical results, so global
bending moments do not follow numerical values.
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4.1.5 Conclusions of the return to the element scale

The proposed procedure called here hybrid analysis part II verifies that it is possible to return
to the element scale description once the macro-deformation of a multiple-frame structure is
determined. From the static analysis of a single story, the solution of the internal equilibrium
was found. The hidden kinematic variable at the global scale θ was estimated and allowed
the estimation of the internal forces of the structural members.
Comparing the results issued from the hybrid analysis and those from the fully detailed
numerical model show a good agreement. However, the relative error between the shear forces
and bending moments values given by the analytical forms and the detailed numerical model
is more significant for the elements at the bottom and top of the structure. The analytical
results seem to be disturbed by the boundary effects at the first and last stories (edge effects).
We have verified whether the origin of such differences is related to the procedure of the
hybrid analysis (Part II) or the kinematic variable values u and α by substituting directly
the analytical by the numerical kinematic variables within the hybrid analysis to obtain the
internal forces (i.e., variables with the subscript n + a). It means that both analytical and
numerical values for u and α were used to estimate the shear force and bending moment
from the solution of the E-B element equations. The results show that numerical values
of u and α using the theoretical solution of E-B beams can reproduce the same results as
those obtained with the detailed numerical model. Besides, these results indicate that the
discrepancies between analytical and numerical results have their origin neither in the element
formulation (E-B equations) nor in the hybrid analysis procedure. Thus, the source of the
error can be mainly attributed to the analytical values for u and α. Besides, we observe that
when the macroscopic rotation α is less relevant (minimal values), as it occurs in shear and
inner bending type structures, we found less agreement between the analytical and the fully
detailed numerical model. However, when α recovers its importance in global bending type
structures, the accuracy increases. Thus, a way to overpass this problem could be to neglect
the value of α when computing the forces in the element for the structures governed by the
inner bending and shear mechanism(s).

Even though some slight differences are encountered between the HBFEM results and
those of the fully detailed numerical model (less than 10% relative errors), the proposed
hybrid procedure offers two major advantages: (a) with the static analysis of a single story, few
numerical resources are needed if compared with fully detailed finite element models, and, (b)
the passage between the description at the structure scale and the element scale is performed
using mainly analytical equations. Moreover, in the element quasi-static state, thanks to
the scale separation, the Euler-Bernoulli static beam equations are enough to compute the
members’ internal forces.
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4.2 Introducing non-linear behavior into the Equivalent Beam
Model

Beyond the elasticity range, the expressions of the shear stiffness Ks, the inner bending stiff-
ness Ki, and the global bending stiffness Kg given in Section 1.4.2 are not valid. We recall
that, in the elastic range, these stiffnesses can be computed from the elasto-static properties of
a single story. However, in the inelastic range, their values are conditioned by their evolution
as a function of the global deformation as stated by the constitutive laws specified in Section
1.4.3. The evolution of each stiffness is then governed by two main aspects: the non-linear
constitutive laws of the materials and the story deformation governed by the three macro
mechanisms (i.e., shear, inner bending, and global bending). For this, three different FEM
models of a single story are required. The cross section of the finite elements in the story are
discretized with four-node quadrilateral elements. Then, a constitutive law for each material
is defined.

In the first part of this section, we give a brief introduction to the multifiber beam element,
and we present the material constitutive models for structural members used as case study.
These uni-axial stress-strain relationships are based on theoretical and empirical models al-
ready available in the literature. In the second part, we focus our analyses at the intermediate
scale (story scale). We deal with the macro deformation of the story for the three mecha-
nisms. Herein, the challenge is to define the most appropriate boundary conditions used in
each of the three numerical models (FEM-MFEM based). In the last part, we rebuild the 1D
model -HBFEM model- based on the information from the local and intermediate scales and
we perform a non-linear analysis of a structure. The nonlinear solution of a structure through
the HBFEM model is found taking into account that:

• The stiffness matrix K varies because the macroscopic parameters, -initially defined
for the elastic range- Ki, Kg, and Ks are now time dependent and space dependent
variables. The time-varying factor comes directly from the time variation of the dynamic
load demand and the space variability comes from the fact that each unit cell deforms
differently.

• The solution of the global equilibrium yields the displacement of the structural degrees
of freedom.

Non-local elasticity: According to this theory, the stress at a reference point x in the body
depends not only on the strains at x but also on strains at all other points of the body.

4.2.1 Coupling of the HBFEM and multifiber beam element method (MFEM)

Multifiber beam element principles

Composite and heterogeneous structures and materials may require multiple modeling strate-
gies to capture effects at different scales. Heterogeneity and mechanical complexity are critical
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features of reinforced concrete structures that make multiscale analysis necessary . It is clear
that there is an extended variety of numerical and computational tools available that allow full
3D modeling of buildings. However, these sophisticated models require high computational
costs due to a large number of degrees of freedom and limit large scale analysis. Thus, a
simplified multiscale analysis will be performed based on the coupling of the HBFEM model
and a Multifiber Finite Element Model (MFEM).

MFEM has been reported as a proper tool for studies on degradation of reinforced concrete
(RC) structures (i.e. material level), showing high agreement between numerical and experi-
mental analysis with a reasonable computational cost. This formalism allows the introduction
of fine nonlinear mechanisms (e.g. crack induced damage, plasticity, unilateral effect, ...) in
a simple way. Thus, MFEM is proposed as a practical tool to evaluate progressive damages
at local scale.

Multifiber beam elements have been developed since more than three decades ago [chan1982;
Scordelis, 1984; Spacone et al., 1996]. They are based on the cross-section discretization in a
series of longitudinal layers (for a 2-D beam) or fibers (for a 3-D beam). Figure 4.6 summa-
rizes the principles of this method. Working at section level with simple uniaxial constitutive
models (e.g., strain-stress relationships), the 3-D behavior under axial and bending forces is
obtained through integration of fiber response over the cross-section.

Figure 4.6: Principle of the multifiber beam element [CAPDEVIELLE, 2016]

4.2.2 Local scale: Constitutive laws for concrete and reinforcing steel

Reinforced concrete structures subjected to seismic loads may respond in the nonlinear range
causing various phenomena in the constituent materials such as cracking in concrete or plas-
ticity of rebars. Multiple non-linear models for both concrete and steel can be found in the
literature that account for such phenomena and can be integrated during the analysis.

Concrete behavior: La Borderie’s model

The model proposed by La Borderie [La Borderie, 1991] is used in this study to describe the
nonlinear behavior of concrete. This model has been widely used for the analysis of reinforced
concrete structures under cyclic and dynamic loads (e.g. [Desprez, 2010], [Arruda and Castro, 2021b]).
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The main effects taken into account by this concrete constitutive law are the asymmetry be-
tween the softening behaviours in tension and in compression, the permanent strains and the
so-called unilateral effect which is crucial when dealing with cyclic loadings.

Figure 4.7: Stress-strain relationship for concrete- La Borderie damage model
[Ile et al., 2008]

Parameters description Constitutive parameters β1 and β2 control the permanent strains
associated with tension and compression, respectively. A1, B1 are the parameters that define
the behavior in traction, and A2, B2 in compression. Y01 and Y02 determine the energy
released in tension and compression, respectively.

The parameters used for the damage model are similar to the ones presented in [Desprez, 2010]
and are listed in Table 4.5.

Parameter Description Common appropriate values
E0 initial Young modulus 32 000 MPa
ν Poisson coefficient 0.2

A1 curvature control 6000 MPa−1

A2 5 MPa−1

B1 1
B2 1.6
β1 material constant in tension 1 MPa
β2 material constant in compression -40 MPa
Y01 initial elastic threshold in tension 2.7 ×10−4 MPa
Y02 initial elastic threshold in compression 2.5 ×10−2 MPa
σf crack closure stress -3 MPa

Table 4.5: R/C elements: material parameters for concrete
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Reinforcing steel behavior: modified Giuffrè-Menegotto-Pinto

The reinforcing steel stress-strain relationship is described by the modified model Giuffrè-
Menegotto-Pinto [Giuffrè, 1970, Menegotto and Pinto, 1977] widely used in nonlinear model-
ing of reinforced concrete elements [Grange et al., 2009, Desprez, 2010, Almeida et al., 2017].
This modified model describes a one-dimensional constitutive law that takes into account
the kinematic hardening (Bauschinger effect), and the post-elastic buckling rules proposed by
[Monti and Nuti, 1992]. The effects of the isotropic hardening can also be included in this
model following the rules proposed by [Filippou et al., 1983]. Nevertheless, this latter aspect
is not considered in the model used in this study. This model is characterized by a good
balance between simplicity and accuracy proved by experimental results of cyclic tests on
steel bars.

Parameters description The adopted model then consists of four controlling curves that
describe the elastic, post-yield, hardening behaviour and the buckling of the steel as repre-
sented in 4.8. The buckling effect is integrated by means of the slenderness of the reinforcing
bar L/D given by the ratio between the spacing of the stirrups L and the bar diameter D.

Figure 4.8: Stress-strain relationship for steel- Giuffrè-Menegotto-Pinto in-
cluding buckling stiffness softening

As presented in [Fragiadakis et al., 2008], The curved segments are defined by the following
equations:

σ∗ = bε∗ +
(1 − b)ε∗

(1 + ε∗R)1/R (4.6)

where the normalised strain and stress are obtained by:

ε∗ =
ε − εr

ε0 − εr
(4.7)

σ∗ =
σ − σr

σ0 − σr
(4.8)
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and
R = R0 −

A1ξ

A2 + ξ
, ξ = εr − εy (4.9)

The hardening ratio for post-yield softening segments in compression is defined as:

bh = 0.003((L/D)∗ − L/D) (4.10)

This steel model is characterized by the following six (time-invariant) parameters:

Parameter Description Common values
R0 initial value of the cyclic curvature parameter 20
A1 curvature control 18.5
A2 curvature control 0.15
A 0.006
A6 to update elastic modulus when reversal from compression 620-1000

(L/D)∗ ratio to account for the buckling effect 5

Table 4.6: R/C elements: material parameters for steel

This model can be integrated in the Cast3M software [CEA, 2017] with the option:
ACIER_UNI.

4.2.3 Intermediate scale: Prescribing the macrodeformation to a single
story

The non-linearity is expressed in terms of stiffness degradation. The evolution of the three
macroscopic parameters Ki, Kg, and Ks is estimated numerically by prescribing the macrode-
formation related to each mechanism to a single story of the structure. The macrodeformation
is guided by the kinematic variables appearing at the global scale u and α and the EBM con-
stitutive laws in Equations 2.1 (§Section 1.4.3 on page 13). In this section, we compute the
force - deformation relationships for each mechanism (shear, inner bending, global bending)
based on a single frame story in order to represent the secant stiffness degradation.

Shear stiffness evolution

As aforementioned, one method to impose the shear distortion of the unit cell FE model is
by applying a differential displacement ∆U between the top and the bottom nodes. It is also
possible by imposing a force T at the top nodes. However, the expected shear deformation is
only obtained under specific boundary conditions. Thus, the shear stiffness can be estimated
with the following equation:

nw

∑
j=1

Tj = −K
∆U
lm

(4.11)

As performed in Chapter 1, we impose boundary conditions at the nodes according to the
condition B (see page 29) which is recalled in Figure 4.9. For each vertical element:



132
Chapter 4. Towards a new damage indicator using the Equivalent Beam Model and

multifiber beam elements

• the rotations of the top and bottom ends are set to be equal,

• the vertical displacements are blocked,

• the differential horizontal displacement ∆U is imposed between the bottom and top of
each vertical element.

n
+

n-

Figure 4.9: Boundary conditions associated with shear deformed model

The non-linear evolution of the shear deformation is displayed in Figure 4.13. In the elastic
range, we compare the stiffness computed from the analytical formula given in Equation(1.2)
(clear gray slope) to verify the coherence with the numerical model. The displacements at
the iteration j are plotted on the structure in Figure 4.11.
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Figure 4.10: Comparison of shear stiffness evolution obtained with the nu-
merical model and the analytical equation for Ks (Equation(1.2))
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Figure 4.11: Shear deformation on a single frame story using boundary con-
ditions of Figure 4.9

Inner bending stiffness evolution

Now, we are interested in estimating the evolution of the inner bending stiffness Ki as a
function of the cell deformation. We know that the inner bending mechanism is controlled
by the bending of the vertical elements which are synchronized by the horizontal ones. As
the local bending stiffness of the vertical elements acts in the inner bending deformation,
the bending stiffness of the horizontal elements should be neglected. Then, the macroscopic
deformation associated with the inner bending mechanism can be modelled in the cell by
imposing a differential rotation ∆θ and the associated boundary conditions on the internal
kinematic variables. The sum of the bending moments on the vertical elements is proportional
the inner bending stiffness and the differential rotation. Thus, Ki can be found from the
following equation:

nw

∑
j=1

Mj = −Ki
∆θ

lm
, Ki =

nw

∑
j=1

ki j (4.12)

In order to impose the inner bending deformation in the cell, we need to apply a nodal
rotation difference on the vertical elements and capture the resulting bending moment. At this
condition, the internal bending moment is constant all along each vertical element. Figure 4.12
illustrates the required boundary conditions.

n
+

n-

Figure 4.12: Boundary conditions associated with inner bending deformed
model
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The non-linear evolution of the shear deformation is represented in Figure 4.13. As per-
formed for Ks, we compare the stiffness computed from the analytical formula for Ki given
in Equation(1.2) (clear gray slope) to verify the coherence with the numerical model for an
elastic response. A refinement of the fibers section is required to obtain the complete curve of
the evolution of the total bending moment on the vertical elements with respect to the nodal
rotation difference applied at the top node of the vertical elements.
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Figure 4.13: Total bending moment of the vertical elements as a function of
the imposed nodal rotation difference

The kinematics at the iteration j are plotted on the structure in Figure 4.14.
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Figure 4.14: Inner bending deformation on a single frame story using bound-
ary conditions of Figure 4.12
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Global bending stiffness evolution

At the structure scale, the traction-compression on vertical elements occurs when the global
bending mechanism governs. The global bending stiffness depends on the macroscopic rotation
α. The rotation of the story around the symmetry axis involves the differential vertical
displacement ∆V at the left and right side of the structure. The coupled axial force N acting
on the vertical elements originates from this rotation α. The constitutive law for the global

bending moment M = Kg
dα

dx
at a location n can also be expressed as a function of the

geometrical features and the axial force N as follows:

nw

∑
j=1

Njdj = −Kg
∆V

lm0.5lpt
, M =

nw

∑
j=1

Njdj, ∆α =
∆V

0.5lpt
(4.13)

For the boundary conditions to impose to the single story model, we consider that:

• the rotations of the top and bottom ends are set to be equal,

• the horizontal displacements are blocked,

• the differential vertical displacement ∆V is imposed between the external vertical ele-
ments.

n
+

n-

Figure 4.15: Boundary conditions associated with global bending deformed
model

Figures 4.16 and 4.17 present the global bending moment - macroscopic rotation distortion
relationship and the global bending deformation on a single frame story using boundary
conditions of Figure 4.15, respectively.
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Figure 4.16: Global bending moment - macroscopic rotation distortion rela-
tionship
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Figure 4.17: Global bending deformation on a single frame story using bound-
ary conditions of Figure 4.15

4.2.4 Global scale: Implementation of the Newmark method for non-linear
analysis

"Any nonlinear model can be represented as a linear model with time-varying characteristics"
(Young, 1984).

Chapter 3 presents the time-stepping procedure used to obtain the solution of the lin-
ear elastic HBFEM model, employing the Newmark method. To tackle the solution of the
non-linear system, a step-by-step integration is performed, which incorporates an iterative
procedure to consider the variation of the stiffness matrix K at each time step. This iterative
process converges to a state that satisfies the specified tolerance for the material constitutive
relations.
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In Figure 4.18, the non-linear analysis procedure proposed by this study is illustrated.
The analysis commences with the construction of the numerical model at the story scale.
Here, the non-linear constitutive laws are calculated based on the deformation imposed by
each mechanism, such as shear, inner bending, and global bending. This procedure enables
the determination of macroscopic parameter relationships for each story, which, in turn, are
employed to define the stiffness matrix at the structure scale as a function of the global
kinematics.

Herein, it is required to find the solution E for:

MË(t) + CĖ(t) + R(E(t)) = f(t) (4.14)

where M is the time-invariant mass matrix (d × d), C is the damping matrix (d × d), and R is
the resisting forces at time t that can be written as R = K(t)E(t) where the stiffness matrix
K(t) varies with time. As in the linear scheme, f(t) is the time dependent excitation force of
size d represented by the base acceleration converted into the applied inertia load −MLüg(t)
(d × Np) where L is the influence vector and üg the base acceleration. d refers to the number
of degrees of freedom, and Np to the length of data points of the dynamic force.

In this work, the construction of the damping matrix is based on the following hypotheses:

• A constant-damping assumption. That means that C is a constant in the term CĖ.

• A Rayleigh damping model with invariant coefficients ak (k = 1, 2) and invariant damp-
ing ratio ξ.
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Figure 4.18: Non-linear analysis procedure

We corroborate the ability of the HBFEM model in reproducing the structure behav-
ior by the comparison of the top-roof displacement time-histories of a 10-story frame rein-
forced concrete structure. The material and geometrical properties are given in Table 4.7 and
Figure 4.19. The material non-linearity follows the constitutive laws of concrete and steel
previously described.
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Property Columns Floor beams
Length (m) 3 5
Cross-sectional area A (m2) 0.70 ×0.70 0.70 ×0.50
Young’s modulus E (GPa) 30 30
Density ρ (kg/m3) 2300 2300
Damping ratio ξ (%) 5 5

Table 4.7: Geometry and material properties of the 10-story reinforced con-
crete structure taken as case study.
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Figure 4.19: Elevation of the studied RC frame structure (all dimensions are
in m).

The response of the structure is now obtained by using the non-linear numerical solution
of the HBFEM model. The response to a moderate intensity solicitation of 0.5 g (Figure 4.20)
is obtained. The results show that there is a coherence between the top roof displacement
histories of the HBFEM model and the detailed numerical model. Although, the maximum
displacement difference is about 15%, the results are encouraging and evidence the ability of
the proposed strategy to reproduce the structure behavior.
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Figure 4.20: HBFEM model validation, roof displacement time-history.

Indeed, in the non-linear range, the periodicity on the structure is almost lost because
each unit cell enters to a different damage state. However, if the analyses are limited at low
intensity dynamic forces, that is, with light incursion into the non-linear range, we should
be able to capture the global non-linear response of the structure. The developments here
presented are primary steps to the integration of non-linearity on the HBFEM model by the
non-linear static analysis of a single unit cell. Further developments on this approach will be
explored in future studies.

4.3 About the need for a new damage indicator

Earthquake engineers are often confronted with evaluating the state of damage of structures
subjected to earthquake events or even, during the design stage, to assign a level of the
expected damage in new structures for a given earthquake. Civil infrastructure is likely to
experience damage because of different reasons. On the one hand, most of the structures were
designed and built before the appearance of the actual knowledge in earthquake engineering
and most recent earthquake codes, which have evolved substantially in the last two decades,
and on the other hand, because civil infrastructures degrade naturally over time (aging effects).
Seismic vulnerability assessment makes it possible to decide whether a structure needs to be
reinforced or not and reduces the probability that potential and irreparable damages occur in
future earthquake events. This probability of damage is one of the keys to decision-making and
requires the definition of damage indicators. These damage indices are then useful tools for
quantitatively expressing the level of damage in civil structures. Kinematic parameters such as
story drift ratio, top roof displacement have been adopted as engineering demand parameters
(EDP) to quantify the level of demand, performance or damage of civil engineering structures.
In this work, we search to quantify the damage state of a structure or its structural components
with respect to the ultimate resistance based on easy-readable . [Desprez, 2010] vulnerability
studies have confirmed that the comparison between global and local indicators could lead to
discrepancies and hinders the consistency of the evaluation especially for retrofitted buildings.
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Reinforcement of a structure can modify its dynamic behavior and causes it to no longer stick
to the original typology, without however finding a place in a new typology. Therefore, a
proposal for the construction of a robust damage indicator able to evolve according to the
structural behavior is presented in this part.

4.3.1 Main characteristics of damage indicators

Numerous damage measures have already been proposed in the literature [Mihai, 2013]. These
damage indices can generally be classified into the following main categories:

• Local damage indices – define the damage state of an element within the structure.

• Global damage indices – take into account the damage state of the whole structure by
combining local damage indices.

Other general categories classify damage indices into modal based and non-modal approaches.
On the one hand, modal-based damage indexes are those parameters obtained from free
vibration analysis or frequency domain experimental data such as period, frequency, mode
shapes, or modal damping. This type of damage index offers practicality because it can be
obtained from quick analysis. On the other hand, non-modal parameters based on damage
indices are defined using a damage parameter such as ductility, which can be expressed in
terms of curvature, rotation or displacement, inter-story drift, and energy, or a combination of
a few of those parameters. The ductility and the inter-story drift are the most commonly used
non-modal damage parameters. Damage indices can also have a non-cumulative or cumulative
nature. For example, inter-story drift, top roof displacement, strain, and modal frequency
are non-cumulative indices, whereas mainly energy-based parameters can have cumulative
characteristics. Whether the index is cumulative or not, it can be formed by combining global
or local indicators such as drift (FEMA 356 (ASCE,2000)), displacement, rotation, curvature,
stiffness, frequency, or energy.

Global damage indicators Global damage indices are calculated by weighting the local
indices or by comparing the modal properties of the structure before and after the seismic
action [Mihai, 2013]. We list here the main non-cumulative most common damage indices:
Drift : In a discrete model, it is the ratio of displacement difference between consecutive levels,
divided by floor height; in a continuous system can be approximated by the spatial derivative
of displacement along height.

Local damage indicators These indicators can have a cumulative nature if the loads are
cyclic and depend on the motion and the number of loading–unloading cycles, but can also
be of non-cumulative nature if no cyclic loading occurs [Mihai, 2013]. Commonly used local
damage indices are strain or stress values to quantify damage in concrete and yielding of the
steel bars.
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The development of the ductility concept led to the development of the first damage
models. Newmark and Rosenblueth, proposed in 1971 the ductility factor as a mean to assess
damage. The factor can be expressed either as the rate between the maximum value (subscript
m) and the yielding value (subscript y) of curvature – Φ , rotation – θ or displacement – u.
From then, various damage indices have been proposed based on the ductility of kinematic
variables change rates such as the well-known drift index as summarized in Table 4.8. The
main vulnerability assessment methodologies like Hazus (ATC40, 1996) and Risk-UE LM2
(Risk-UE, 2003) are based on the inter-story drift and the top displacement, respectively,
which are global non-cumulative damage indicators.

Ductility ratio (Newmark and Rosenblueth (1971)) µr(Φ) = Φm
Φy

(4.8.1a)

µr(θ) =
θm

θy
(4.8.1b)

µr(u) =
um

uy
(4.8.1c)

Damage index (stiffness) (Lybas (1977)) (Roufail (1981)) ID =
k0

km
(4.8.2)

Flexural damage stiffness (Banon et al. (1981)) FDR =
MuΦm

MmΦu
(4.8.3)

Damage index (Bracci et al. (1989)) ID =
Φm − Mu/km

Φu − Mu/ku
(4.8.4)

Drift (FEMA 356 (ASCE,2000)) s =
∆u
lm

=
un+1 − un

lm
(4.8.5)

Table 4.8: Non-cumulative damage indices

4.3.2 Discrepancies between damage indicators

Example of the Grenoble City Hall

The retrofitting study performed by [Desprez, 2010, Desprez et al., 2015] on the City Hall
Building of Grenoble (GCH), France reveals high discrepancies between global and local dam-
age indicators. Although regions at the base and after the transfer slab were reinforced with
fiber-reinforced polymers, results show a significant increment of the top roof displacement
and the inter-story drift despite reducing damage on steel bars. The initial and the final
(reinforced) state of the structure are compared in terms of drift, displacement, and strain
along the structure height as presented in Figure 4.21. It is observed that the plastification
zone moves to the immediate higher stories of the reinforced region. In this example, moving
the initial plastic hinge location change the vibratory behavior of the structure. The lower
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contribution of second bending mode and higher contribution of the first one lead to increase
top displacement and reducing curvature, that is directly linked to strains.

Figure 4.21: Numerical simulation results before and after the proposed re-
inforcement strategy of the Grenoble City Hall building [Desprez, 2010].

4.3.3 Strategy for the definition of a new damage indicator

Up to now, we have designed and verified all the required tools that we need to capture
the effects at both global and local scales by performing the coupling between two robust
methodologies: the homogenized finite element (HBFEM) model as a result of the HPDM
and, the multifiber beam elements. The lecture of information at both scales allows us to carry
out a large study to find the correlation between the different damages indicators associated
with each type of governing mechanism(s). Thus, from now, we are interested in evaluating
the non-linear response of structures by recovering simultaneously:

• the main dynamic description parameters (i.e., displacement, first derivative of displace-
ment (drift), second derivative of displacement (curvature) and frequencies).

• the internal forces, moments and strain on the elements.

The new indicator should be typology independent, have great adaptability, and be based
on the nature of the structure. For this purpose, we propose estimating the damage states in
terms of the primary kinematic variables: displacement, drift, and curvature. The capacity
curve of the structure and the correlation between the kinematics and damage levels for each
governing mechanism provide critical points for identifying the most suitable indicator.

Form of the Behavior Response based Damage Indicator (BRDI)

The proposed damage indicator depends on two types of functions:
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• the adaptive functions fwx : determined by the stiffness ratios C and γ, they adapt as
a function of the governing type mechanism(s) and the analyzed vibration mode. The
adaptive functions are multipliers of the ductility function.

• ductility function g. It establishes the relationship between the kinematic variable
displacement U, drift δU, and curvature ϕ and their yielding threshold, respectively.

DI = fwi(C, γ)g(U, Uy) + fwj(C, γ)g(δU, δUy) + fwk(C, γ)g(ϕU, ϕUy) (4.15)

4.4 Conclusions and perspectives

In the first part of this chapter, we extended the hybrid analysis procedure proposed in Chap-
ter 1, called here hybrid analysis part II, which verifies that it is possible to return to the
element scale description once the macro-deformation of a multiple-frame structure is deter-
mined. From the static analysis of a single story, the solution of the internal equilibrium was
found. The hidden kinematic variable at the global scale θ was estimated and allowed the
estimation of the internal forces of the structural members. The comparisons of the results
issued from the hybrid analysis and those from the fully detailed numerical model show a
good agreement. However, some discrepancies were encountered on the elements located at
the bottom and top of the structure. These errors could be associated with the discrepancy
between the real boundary conditions at the first and last stories and the periodicity assump-
tions (edge effects). We have verified whether the origin of the encountered differences was
related to the procedure of the hybrid analysis (Part II) or the kinematic variable values u
and α by substituting directly the analytical by the numerical kinematic variables within the
hybrid analysis to obtain the internal forces. However, the results obtained retrieve the exact
values provided by the fully detailed numerical model, so the errors are mostly linked to the
values of the transverse displacement, u and the macroscopic rotation α at first and last stories.

The validation of the homogenized beam finite element (HBFEM) model in linear and
nonlinear dynamic analyses for reticulated symmetric structures and the understanding of
the structure mechanical functioning thanks to the developed procedure could provide an al-
ternative and sophisticated tool for performing extensive numerical simulations in earthquake
engineering studies with a low computational cost.

The analyses that we perform at the end of this chapter provides some insights on the
formulation of a robust damage indicator based on the usual global indicators such as ductility,
top roof displacement, inter-story drift. It could even be adapted to cyclic loading-based or
energy-based indicators. With this approach, the damage could be directly related to the
structural behavior and not only to the general material or geometry presented by current
seismic design codes. We propose a new form for a damage indicator based on the identification
criterion presented in Chapter 1. An exhaustive parametric study could identify the relevancy
of the widely used global indices such as the top roof displacement and inter-story drift on
the governing mechanism(s).
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General conclusions

Chapter 1 introduces the beam models issued from the homogenization method of periodic
discrete media (HPDM) implemented on frame structures. First, we start describing the
generic beam model of [Boutin and Hans, 2003, Hans and Boutin, 2008] and here called the
Equivalent Beam Model (EBM) that forms the basis of this study. Then, we provide a nu-
merical procedure named hybrid analysis that enables the application of the EBM to complex
reticulated structures. The idea is to numerically solve the unit cell’s kinematics by realizing
a static analysis with appropriate boundary conditions. Once the macroscopic parameters are
calculated, the dynamic analysis can be performed with the EBM.

We implement this strategy on several fictitious structures and reproduce the results given
in the literature. These previous results are restricted to very simple cases: single and double
frame structures. In this work, the EBM is applied to a great variety of multiple frame struc-
tures. The comparisons with numerical models built in the Cast3M FEM software concludes
that the analytical results are encouraging, and more complex structures could be modeled.
Only for some highly contrasted structures, whose behavior is governed by the deformation of
a small part, an adaptation of the models is required. The numerical results also showed that
a specific model including only the governing mechanism(s) could give better results than the
general EBM.

We propose a strategy called Hybrid analysis to study multi-frame structures. We see
that the type of boundary conditions used in the one-story model can strongly influence
the accuracy of the results. It is verified that the adopted boundary conditions (Condition
B: macroscopic shear deformation, periodic nodal rotations, and restriction of the vertical
displacement of every vertical element) in the numerical model of the story give very close
results between the numerical calculations and the analytical formula for both shear of the
cell stiffness and frequencies.

The performed parametric study also highlights that the natural frequencies and mode
shapes can provide rapid insight into a structure functioning. The natural frequencies and
the mode shapes are dynamic properties that can be obtained easily experimentally. From
the engineering point of view, the relation between the frequencies is a feature of the different
models, which could represent valuable guidance for the quick identification of the best model
to implement.

In Chapter 2, we detail the formulation of a new enriched beam finite element that ac-
curately describes the transverse dynamics of periodic reticulated structures. The proposed
homogenized beam finite element (HBFEM) formulation is derived from the Equivalent Beam
Model. Elementary stiffness and mass matrices are derived from virtual power formulation
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principles. Interpolation functions are used to approximate the kinematic variables that de-
scribe the transverse dynamics of the structure. Particular attention is paid to the validation
of the HBFEM model by means of an extensive parametric study. The results show that the
proposed 1D FEM model retrieves the EBM solutions for modal analysis. A detailed analysis
is also conducted to define the finite element size. It is observed that the finite element size
should be chosen according to the wavelength or the number of considered modes. It is shown
that three finite elements are enough to fully describe the dynamic behavior up to the third
transverse vibration mode. This last statement is convenient to reduce the number of degrees
of freedom of the model and the computational time. The parametric study also evidences
that the source of the differences between the HBFEM model and the EBM results is also
linked to the governing response mechanism of the structure. It is noticed that the EBM and
HBFEM model are a little less accurate when analyzing structures controlled by the shear
mechanism or the combination of global bending and shear mechanisms.

In Chapter 3, we validate the homogenized beam finite element model (HBFEM) for
the transient analysis of the transverse dynamics of real structures in the elastic range. We
introduce the used numerical time-stepping procedure, and we perform the dynamic analysis
on a realistic steel frame structure using natural recorded ground motions. The seismic
responses computed with the HBFEM and the detailed FEM model agree well.

We introduce the methodology for the analysis of structures with vertical irregularity. The
Grenoble City Hall (GCH) building is used as a case study. The full detailed numerical model
calibrated with in-situ measurements by [Desprez, 2010] was used as a reference. This model is
also slightly modified to include only the quasi-periodic section of the GCH tower block. The
construction of the 1D model based on the HBFEM formulation aimed at retrieving, in the
harmonic regime, the vibration frequencies and modes of the structure. The HBFEM model
for the GCH building, adopting the hybrid analysis principles, required the computation of
the macroscopic parameters: the linear mass Λ, the shear of the cell stiffness Ks, the global
bending stiffness Kg, and the inner bending stiffness Ki. We perform the static analysis for
each of the typical stories. The computation of the shear stiffness Ks, being very delicate,
requires the construction of a numerical model of a single story of the periodic structure.

We identify that the leading mechanism for the GCH structure corresponds to a combi-
nation of the inner bending and the shear of the story in both longitudinal and transverse
directions. Such a mechanism, integrated into the HBFEM model, is not included in usual
beam models that may not be capable of reproducing the GCH building dynamic response.

In summary, the HBFEM model is an enriched but simplified and fast-performance model
to study the transverse dynamics within the low-frequency range of all the reticulated frame
structures that respect the conditions given by the homogenization. The HBFEM model
includes three functioning mechanisms: shear, inner bending, and global bending. The model
is validated for modal analyses and time history analyses in the linear elastic range of real
structures. A strategy to extend its applicability to the nonlinear framework is proposed.
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In Chapter 4, we aim to assess the vulnerability of structures by studying also the struc-
tural elements at the local scale.

Each of the three mechanisms: shear, local bending, and global bending are linked to
the unit cell description by an internal kinematics that explicitly gives access to the forces
acting on the elements. Thus, while the structure remains in the elastic domain, at each level
and each instant, the deformation of the structure being known by integration of the EBM,
the contributions of each of the three mechanisms are also found, which solves the internal
kinematics and allows obtaining the local forces. This strategy is tested on twenty single or
triple-frame structures and validated by comparison with detailed numerical models. The
variations that appear mainly at the ends of the structure are due to loss of periodicity at the
edges, currently not considered in the EBM model.

The second part of Chapter 4 aims to build new damage indicators. The literature already
offers a large number of them, but they are often used interchangeably regardless of the
mechanism(s) that govern the behavior of the structure, which limits their relevance.

In the same idea of reducing the computational cost, the homogenization principles used
to build the EBM model are assumed. The numerical model of a single cell is built using
multi-fiber beam elements and nonlinear constitutive laws for the materials (i.e., concrete and
steel). Assuming that the kinematics in the nonlinear regime remains controlled by all three
mechanisms, the nonlinear evolution of the macroscopic parameters is determined by a non-
linear static analysis at the cell level. The nonlinear evolution of the macroscopic parameters
is then used in a temporal calculation performed at the structure scale: at each time step, the
evolution of the local kinematics leads to reevaluating the macroscopic parameters. Therefore
the structure model allows determining the force and strain increments to move to the next
time step. A first numerical example shows very encouraging results in using this approach.

The analyses that we perform at the end of this chapter provide some insights on the
formulation of a robust damage indicator based on the usual global indicators such as ductility,
top roof displacement, inter-story drift. It could even be adapted to cyclic loading-based or
energy-based indicators. With this approach, the damage could be directly related to the
structural behavior and not only to the general material or geometry presented by current
seismic design codes. We propose a new form for a damage indicator based on the identification
criterion presented in Chapter 1. An exhaustive parametric study could identify the relevancy
of the widely used global indices such as the top roof displacement and inter-story drift on
the governing mechanism(s).

The procedure proposed in this work for the seismic response evaluation of buildings has
shown promising results. A new enriched finite element formulation for buildings was success-
fully developed and validated. This 1D model enlarges the capabilities for assessing existing
structures, designing new structures, and performing parametric studies for the research.
However, we recognize that we leave many questions still open, which can be solved in future
works.

For the perspectives of this study, we can list the following:
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Although the EBM and the hybrid analysis retrieve the numerical results for the multiple
frame structures treated in this work, it is necessary to analyze the influence of other elements
in the cell of common civil engineering infrastructures such as braces or filled areas (e.g.„
frames filled with masonry walls). In addition, there is the necessity to study asymmetric
structures where new kinematic variables, and indeed new mechanisms, can appear due to
torsion.

The full numerical model of the GCH building is assumed totally fixed boundary conditions
at the base of the structure. The excellent correlation encountered between the numerical
model’s frequencies and mode shapes and the in-situ measurements supports this assumption
for the GCH building and the performed analyses in this work. However, buildings founded
on soft soils may exhibit other mechanisms such as rocking, which are neglected with fixed
end condition assumptions. In such a case, it could be necessary to take into account the soil
properties in the HBFEM model and replace the fixed condition with a FEM-based description
of the soil.

Considering high ratios between the stiffness of two consecutive periodic substructures may
lead to a loss of accuracy of the HBFEM model. The order of this ratio could be identified
to estimate the validity domain of the HBFEM model implementation.

The following aspects of modeling buildings remain challenging; plane-unsymmetrical
buildings, the effect of torsion, contribution of stiffness of braced elements or non-structural
elements, secondary effects such as P-delta, and modeling of damping.

Concerning the definition of a new damage indicator, the integration of energy-based
damage indicators could be appropriated to correlate the seismic demand with the damage
level. Parametric studies with more strategical approaches based on machine learning tech-
niques can help light up the correlation between the damage level and the structure governing
mechanism(s).
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