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Neural network hyperreduction for parameterized computational
models in nonlinear stochastic dynamics

O. Ezvana,∗, C. Desceliersa, C. Soizea, E. Capiez-Lernouta

aUniv Gustave Eiffel, MSME UMR 8208 CNRS, 5 Bd Descartes, 77454 Marne-La-Vallée Cedex 02, France

Abstract

Highly efficient hyperreduction methods have been proposed to reduce the computational cost
of parameterized high-dimensional models in nonlinear dynamics. Unlike hyperreduced models,
the parameterized reduced-order models still scale with the dimension of the high-dimensional
model for the computation of the projected nonlinear forces. As an alternative to traditional hy-
perreduction methods, this work presents a neural-network-based hyperreduction strategy. It is
embedded within the framework of parameterized reduced-order models in nonlinear stochastic
dynamics. The proposed approach achieves hyperreduction by entirely removing such a de-
pendence on the high-dimensional model dimension. In particular, the costly computation and
projection of nonlinear forces in the high-dimensional physical space is bypassed: the neural net-
work directly outputs the reduced forces from the reduced displacements and system parameters.
It is trained on data collected during the offline stage required for constructing the parameter-
ized reduced-order model. The resulting hyperreduced model enables substantial computational
savings, particularly suited for large-scale Monte Carlo simulations in the stochastic dynamics
framework. Numerical results show that the method provides highly accurate approximations
of the nonlinear response and its statistics, with a performance gain of two orders of magnitude
with respect to the parameterized reduced-order model.

Keywords: hyperreduction, nonlinear stochastic dynamics, reduced-order models, uncertainty
quantification, neural networks

1. List of symbols

Convention for the variables, vectors, and matrices.
x, η: lower-case Latin or Greek letters are deterministic real variables.
x, η: boldface lower-case Latin or Greek letters are deterministic vectors.
X: upper-case Latin letters are real-valued random variables.
X: boldface upper-case Latin letters are vector-valued random variables.
[x]: lower-case Latin letters between brackets are deterministic matrices.
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[X]: boldface upper-case letters between brackets are matrix-valued random variables.

Algebraic notations and acronyms.
R: set of real numbers.
Rν: Euclidean vector space of dimension ν.
Mn,m, Mn : set of the (n × m), (n × n), real matrices.
M+

n : set of positive-definite (n × n) real matrices.

ANN: artificial neural network.
DOF: degree of freedom.
FE: finite element.
FRF: frequency response function.
GKDE: Gaussian kernel density estimation.
HDM: high-dimensional model.
HROM: hyperreduced model.
MC: Monte-Carlo.
PCA: principal component analysis.
PDF: probability density function.
POD: proper orthogonal decomposition.
RMSE: root mean-square error.
ROM: reduced-order model.
SVD: singular value decomposition.

Convention used for random variables.
In this paper, for any finite integer m ≥ 1, the Euclidean space Rm is equipped with the σ-
algebra BRm . If Y is a Rm-valued random variable defined on the probability space (Θ,T ,P), Y
is a mapping θ 7→ Y(θ) from Θ into Rm, measurable from (Θ,T ) into (Rm,BRm ), and Y(θ) is a
realization of Y for θ ∈ Θ. The probability distribution of Y is the probability measure PY(dy)
on the measurable set (Rm,BRm ) (we will simply say on Rm). The Lebesgue measure on Rm is
noted dy and when PY(dy) is written as pY(y) dy, pY is the probability density function (PDF)
on Rm of PY(dy) with respect to dy. Finally, E denotes the mathematical expectation operator
that is such that E{Y} =

∫
Rm y PY(dy).

2. Introduction

Context. Recent advances in reduced-order models and surrogate-based hyperreduction tech-
niques have provided robust foundations for reducing the high numerical cost of complex com-
putational models. For instance, machine learning-based approaches such as kernel and operator
learning [1, 2, 3] and data-driven modeling via neural networks [4, 5] have allowed for capturing
nonlinear behavior in complex systems. Works that explore graph-based surrogates [6, 7], con-
volutional neural networks-driven multiscale frameworks [8, 9], and adaptive stochastic reduced-
order models (ROM) [10, 11] integrate physics-informed neural architectures. The development
of recurrent neural networks for dynamics [12, 13] and probabilistic learning for uncertainty-
aware design [14, 15, 16] achieves computational efficiency under uncertainty.

Projection-based model order reduction techniques are widely used to reduce the computational
cost of parameterized large-scale simulations involving nonlinear time-dependent complex mod-
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els [17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. The parameterized ROM is obtained by projecting the
high-dimensional model (HDM) onto a low-dimensional subspace identified via Proper Orthog-
onal Decomposition (POD) using Singular Value Decomposition (SVD), and based on snapshots
of the nonlinear responses computed by the HDM for all the sampled values of the parame-
ters. Such a parameterized ROM retains the key dynamic features of the original system while
enabling significant computational acceleration [27, 28], as the vector-valued parameter varies
over its admissible set. However, when applied to nonlinear problems, the ROM still requires the
evaluation and projection of nonlinear terms at each time step and iteration, operations whose
cost scales with the size of the HDM. To further reduce this cost, hyperreduction techniques
[29, 17, 19, 30, 31, 32] have been developed. In the context of stochastic dynamics, the Monte
Carlo (MC) method remains a standard for uncertainty propagation. Yet, its reliance on thou-
sands of time-domain simulations makes the cost prohibitive when the HDM or even the ROM is
too expensive to evaluate. This challenge motivates the need for hyperreduced models (HROM)
that eliminate any dependence on the HDM size during online evaluation.

Novelty. This work presents a hyperreduction strategy based on Artificial Neural Networks
(ANN). This hyperreduction is not the construction of a statistical surrogate model whose inputs
are the system parameters and the outputs are the observed responses of the nonlinear stochastic
dynamical model. Instead, the proposed hyperreduction consists in constructing a deterministic
surrogate model, whose inputs are defined on the product space of both the reduced (general-
ized) displacements of the ROM and of the system parameters, and whose outputs are defined
on the space of the reduced (projected) nonlinear internal forces. Regarding ANN-based hy-
perreduction, the concept was first introduced in [33] for a one-dimensional nonlinear thermal
problem. Independently, related work addressed first-order partial differential equations in com-
putational fluid dynamics [34], where a single network learns the reduced velocity function in a
parameterized ROM as a function of time, jointly capturing internal nonlinear effects and exter-
nal loading. A related approach has been applied to three-dimensional elasticity [35], learning
the time-dependent reduced residual and Jacobian, with time as an input and without using the
reduced displacements as inputs. Finally, ANN-based hyperreduction has been explored for
parameterized static nonlinear elasticity using physics-augmented networks enforcing material
consistency, stability, and hyperelasticity [36]. In contrast to the cited papers, the present work di-
rectly learns the reduced nonlinear forces as a function of the reduced displacements (as opposed
to the solution as a function of time) and tackles large-scale structural dynamics in a stochastic
setting. The methodology proposed in this paper can be summarized as follows. The ANN is
trained on data collected during the offline construction of the parameterized ROM, a phase that
is anyway required. Once trained, the ANN surrogate replaces the nonlinear force evaluation
and projection, yielding an HROM that is fully independent of the HDM dimension during the
online phase. The proposed ANN-based HROM is particularly well suited for large-scale MC
simulations, where a massive number of realizations must be generated at low cost. Numerical
results demonstrate that the method provides highly accurate approximations of the nonlinear
response and its statistics, with performance gains exceeding two orders of magnitude compared
to the reference ROM.

Organization of the paper. The paper is organized as follows. Section 3 introduces the high-
dimensional model and its parameterized reduced-order counterpart. Section 4 presents the
ANN-based hyperreduction strategy. Section 5 details the ANN training procedure. Section 6
provides numerical results and performance evaluations. Concluding remarks are drawn in Sec-
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tion 7. Three appendices are provided. Appendix A describes the preprocessing of the train-
ing data. Appendix B compares the linear and nonlinear responses to highlight the impor-
tance of nonlinear effects. Using the HROM to generate a large number of MC realizations,
Appendix C compares nonparametric conditional estimation with direct estimation at a fixed
control-parameter value, showing that the proposed approach achieves statistically converged
stochastic responses at a small fraction of the computational cost that an equivalent ROM com-
putation would require.

3. Parameterized computational model for nonlinear stochastic dynamics

First, the deterministic high-dimensional nonlinear dynamical model is presented in Section 3.1.
This model involves two types of parameters: the control parameter w and the uncontrolled pa-
rameter u. By introducing randomness into u, modeled as a random vector U, the corresponding
nonlinear stochastic dynamical model is obtained, as described in Section 3.2. Then, we present
the construction of the training dataset that allows the stochastic ROM to be obtained.

3.1. Deterministic high-dimensional nonlinear dynamical model

The equation of motion is discretized using the finite element (FE) method, and the FE solution
vector of displacements y is the solution of the following nonlinear differential equation in matrix
form for the HDM in the time domain,

[M(w,u)] ÿ(t; w,u) + [D(w,u)] ẏ(t; w,u) + [K(w,u)] y(t; w,u) + f NL (y(t; w,u); w,u)

= f exc(t; w,u) , (1)

in which t ∈ T = [ti, t f ] is the time, and where w ∈ Cw ⊂ Rnw is the control parameter (design
parameter) and u ∈ Cu ⊂ Rnu is the uncontrolled parameter (latent uncertainty parameter). In
this equation, [M(w,u)], [D(w,u)], and [K(w,u)] represent the FE mass, damping, and stiffness
matrices, which are (nFE× nFE) positive-definite matrices, with nFE the number of degrees of
freedom (DOF) of the FE model. The vector f NL ∈ RnFE represents the nonlinear forces with
respect to displacements y ∈ RnFE (geometric nonlinearities). The vector f exc ∈ RnFE represents
the excitation forces applied to the structure. In general, all these quantities depend on both
control and uncontrolled parameters w and u.

3.2. Stochastic high-dimensional nonlinear dynamical model

The uncontrolled parameter u is modeled as a random variable U ∈ Cu with given PDF on Rnu

whose support is Cu . The random matrices [M(w,U)], [D(w,U)], and [K(w,U)] are rewritten
as [M(w)], [D(w)], and [K(w)]. Similarly, the vector-valued random functions f NL (· ,w,U) and
f exc(· ; w,U) are rewritten as FNL(· ; w) and Fexc(· ; w). With this notation, the stochastic HDM
associated with Eq. (1) is written as

[M(w)] Ÿ(t; w) + [D(w)] Ẏ(t; w) + [K(w)] Y(t; w) + FNL (Y(t; w); w) = Fexc(t; w) , (2)

in which [M(w)], [D(w)], and [K(w)] are random matrices with values in M+
nFE

. The vector-
valued random variable Y(· ; w) represents the solution displacements. This stochastic HDM
depends on control parameter w. In the context of robust optimization, parameter w is identified
to fit the HDM random response to predefined targets under uncertainty.
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3.3. Training stage using the parameterized stochastic high-dimensional model

The control parameter w is also modeled by a random variable W, with given PDF on Rnw with
support Cw . The independent realizations of the random variables W and U are generated using
their PDF. We denote by w j and u j the j-th realization of W and U. Solving Eq. (2) by the MC
simulation method with these realizations of W and U, yields the training datasetDtrain such that

Dtrain = {w j,u j, [ y j ]} j=1,...,ntrain
. (3)

In Eq. (3), the matrix [ y j ] denotes the j-th realization of the time response matrix, such that

[ y j ] =
[
y(t1; w j,u j) . . . y(tNt ; w j,u j)

]
∈MnFE,Nt , (4)

in which t1, . . . , tNt result from the discretization of T with Nt time steps. This training dataset
Dtrain is used to construct the stochastic ROM presented in Section 3.4. The collection of all
temporal responses [ y j ] for the ntrain realizations is used to form the snapshot matrix [ Y ], where
each column corresponds to a system response at a specific time step and a specific realization
of the random parameters. This snapshot matrix is written as

[ Y ] =
[
[ y 1 ] . . . [ y ntrain ]

]
∈MnFE,nsnap , (5)

where nsnap denotes the number of response snapshots, given in the present case by nsnap = Nt ×

ntrain (more generally, not all time steps are necessarily retained). The columns of [ Y ] are used
to span a vector subspace of reduced dimension, in which the dynamical response t 7→ y(t; w,u),
solution of Eq. (1), can be approximated for any w ∈ Cw and u ∈ Cu.

3.4. Parameterized stochastic reduced-order model

The SVD of the centered response is considered,

[Φ][Σ][V]T =
1√

nsnap − 1

(
[ Y ] − [ Y ]

)
, (6)

in which each column of matrix [ Y ] is the same vector, which is defined as the average of all
the columns of [ Y ]. In Eq. (6), [Φ] is the matrix of the left-singular vectors, [V] is the matrix of
the right-singular vectors, and [Σ] is the diagonal matrix of the singular values. Upon truncation,
matrix [Φ] is with size (nFE × nPOD), in which nPOD is the number of kept POD modes. Matrix [Φ]
satisfies [Φ]T [Φ] = [InPOD ], where [InPOD ] denotes the identity matrix of dimension nPOD. Let εPOD

be the POD error due to the truncation such that

εPOD(nPOD) = 1 −
∑nPOD

k=1 σ
2
k∑nsnap

k=1 σ
2
k

, (7)

in which σk is the k-th singular value, with the singular values sorted in descending order. In
practice, only a small number of singular values is computed, and the term

∑nsnap

k=1 σ
2
k is evaluated

by 1
nsnap

∑
i
∑

j ([ Y ] − [ Y ])
2
i j. Reduced dimension nPOD ≤ min(nsnap, nFE) is the minimum number

nPOD such that εPOD(nPOD) ≤ εtol, with εtol a given error tolerance. The POD basis is given by
the columns of matrix [Φ] and is used to project the dynamical equation. The parameterized
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stochastic ROM is thus obtained by Galerkin projection, such that

([Φ]T [M(w)][Φ])Q̈(t; w) + ([Φ]T [D(w)][Φ])Q̇(t; w) + ([Φ]T [K(w)][Φ])Q(t; w)

+[Φ]T FNL([Φ]Q(t; w),w) = [Φ]T Fexc(t; w) , (8)

in which Q is an RnPOD -valued random variable of reduced (generalized) displacements, such that
the RnFE -valued random variable Y of physical displacements can be approximated (keeping the
same notation Y) as

Y = [Φ]Q . (9)

The dimension nPOD of the parameterized random matrix equation Eq. (8) satisfies nPOD � nFE

and can therefore be solved, a priori, at a reduced computational cost. For a sufficiently large
number ntrain of realizations of the HDM and provided adequate sampling, the stochastic ROM
can be considered valid for all w ∈ Cw and for all u ∈ Cu .

4. Neural network hyperreduction

In this Section, we begin with presenting the hyperreduction framework, followed by the pro-
posed neural network hyperreduction strategy.

4.1. Hyperreduction framework
We now consider that y and q are functions of t, w, and u and that f NL is a function of y, w, and
u. LetFFF NL

= [Φ]T f NL with values in RnPOD denote the deterministic function of reduced nonlinear
forces, associated with deterministic RnFE -valued function f NL of physical nonlinear forces in
Eq. (1). Function f NL depends on the function y of displacements as well as on parameters w and
u. Therefore, function FFF NL depends on the reduced displacements q such that y = [Φ]q as well
as on the parameters w and u. This writes as follows,

FFF
NL(q,w,u) = [Φ]T f NL([Φ]q,w,u) . (10)

The use of the stochastic ROM requires evaluations of vector FFF NL(q,w,u) for given values
of q, w, and u, which is computationally expensive. Indeed, it requires computing the high-
dimensional nonlinear force vector f NL([Φ]q,w,u) ∈ RnFE , followed by the projection step [Φ]T

f NL([Φ]q,w,u) ∈ RnPOD . This evaluation must be performed:

• for each MC realization,

• at each time step of the realization (Nt time steps),

• at each iteration of the nonlinear solution algorithm, such as Newton-Raphson algorithm
and adapted [37] arc-length algorithm [38, 39].

The cost of an evaluation is dependent on the dimension nFE of the HDM. The goal of hyperre-
duction is to remove this dependency with respect to nFE , so that the computational cost of the
stochastic ROM scales only with its reduced dimension nPOD.

It should be noted that, for the Newton–Raphson algorithm devoted to the iterative solution of
the nonlinear equations, the construction of the tangent stiffness matrix is required. Within the
use of the stochastic ROM, it is the reduced tangent stiffness matrix that is required, which can
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be obtained with the Jacobian matrix [DqFFF
NL(q,w,u)] ∈ MnPOD

, where Dq is the differential
operator such that

[DqFFF
NL(q,w,u)]i j =

∂

∂q j
F NL

i (q,w,u) , (11)

where F NL
i is the i-th component of FFF NL and q j is the j-th component of q. The computational

cost involved in computing such Jacobian matrix is also (indirectly) dependent on the dimension
nFE of the HDM.

4.2. Neural network hyperreduction

The strategy proposed is to replace the nonlinear application (q,w,u) 7→ FFF NL(q,w,u) by an
ANN surrogate model (q,w,u) 7→ FFF ANN(q,w,u) such that

FFF
ANN(q,w,u) ' FFF NL(q,w,u) , (12)

for which the accuracy has to be controlled (see Section 5.3). As a requirement, the surrogate
must remain sufficiently accurate for all (w,u) ∈ Cw × Cu and for any reduced displacement
state q ∈ RnPOD that may be encountered in subsequent dynamical simulations. Once the sur-
rogate is constructed, the Jacobian matrix [DqFFF

NL(q,w,u)] can be computed efficiently either
by finite differences or by reverse-mode automatic differentiation (neural-network backpropaga-
tion). To this end, the matrix [DqFFF

NL(q,w,u)] is replaced with its ANN-based approximation
[DqFFF

ANN(q,w,u)] such that

[DqFFF
ANN(q,w,u)]i j =

∂

∂q j
F ANN

i (q,w,u) , (13)

where F ANN
i is the i-th component of FFF ANN.

5. Neural network training

This section encompasses the data collection stage, the training data preprocessing, and the neu-
ral network training stage, outlining the end-to-end process of preparing and training the ANN.

5.1. Data collection stage

To train the ANN surrogate (q,w,u) 7→ FFF ANN(q,w,u), it is necessary to collect a large number
of samples of the input (q,w,u) and associated output FFF NL(q,w,u). To do so, the training stage
described in Section 3.3 is considered. The dataset DANN, referred to as the ANN full training
dataset, is defined as

DANN = {FFF
NL,i,qi,wi,ui}i=1,...,Ndata

, (14)

with FFF NL,i
= FFF

NL(qi,wi,ui) and where Ndata = ntrainNtνiter denotes the number of training data
points for the ANN, with νiter being the average number of iterations of the nonlinear solution
algorithm per time step.

However, the vectors {FFF NL,i
}i and {qi}i to be collected are reduced vectors of dimension nPOD,

whereas the training stage described in Section 3.3 involves the HDM, from which their high-
dimensional counterparts {f NL,i}i and {yi}i (dimension nFE) are computed during the nonlinear
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iterations. Two approaches can therefore be considered to construct the desired ANN full training
datasetDANN from Eq. (14), as follows:

• Option 1: During the training stage described in Section 3.3, store the physical quantities
{f NL,i}i and {yi}i on disk. Then, once the POD basis [Φ] has been constructed, compute the
reduced vectors via projection: FFF NL,i

= [Φ]T f NL,i and qi = [Φ]T yi.

• Option 2: If storing the physical vectors is not feasible, repeat the entire training stage
using the stochastic ROM instead of the stochastic HDM. This allows for the direct col-
lection of the reduced quantities {FFF NL,i

}i and {qi}i, along with the system parameters {wi}i
and {ui}i.

Option 1 requires writing the high-dimensional displacement and nonlinear force vectors to hard
disk at each Newton iteration of every time step and retaining them on persistent storage. While
write operations add overhead to the offline phase, the storage requirement is the dominant bottle-
neck and quickly becomes prohibitive for large-scale HDM and many realizations. By contrast,
Option 2 avoids HDM-scale storage by generating the dataset with the ROM, at the cost of a
moderate offline runtime overhead as in general, the ROM runs faster than the HDM.

5.2. Training data preprocessing
Prior to training the ANN, the dataset DANN is preprocessed in order to facilitate the training
stage. The input parameters are projected onto their principal component analysis (PCA) basis
so as to obtain fewer, uncorrelated, and normalized input parameters. The processing is detailed
in Appendix A, in the framework of the numerical application presented in Section 6.

5.3. Neural network training stage
The ANN full training dataset DANN is partitioned into three disjoint subsets DANN,1 , DANN,2 , and
DANN,3 such that

DANN = DANN,1 ∪DANN,2 ∪DANN,3 , (15)

which correspond to a partitioning of the ntrain realizations into three disjoint groups of ntrain,1 ,
ntrain,2 , and ntrain,3 realizations respectively, such that

ntrain = ntrain,1 + ntrain,2 + ntrain,3 . (16)

The three subsetsDANN,1 ,DANN,2 , andDANN,3 include Ndata,1 , Ndata,2 , and Ndata,3 data points, respec-
tively, such that

Ndata = Ndata,1 + Ndata,2 + Ndata,3 . (17)

The ANN full dataset is thus divided into three subsets: the ANN training subset with Ndata,1 data
points, the ANN validation subset with Ndata,2 data points, and the ANN test subset with Ndata,3
data points. It should be noted that for j = 1, 2, 3, the number Ndata, j of data points of subset
Dtrain, j comes from ntrain, j MC realizations, and is such that

Ndata, j = ntrain, j Nt νiter, j , (18)

in which, similarly to νiter , the quantity νiter, j denotes the average number of iterations of the non-
linear solution algorithm for each time step, restricted to the ntrain, j realizations of subsetDtrain, j .
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To train the ANN, its weights and biases are optimized using the training subset DANN,1 of Ndata,1
data points. The training subsetDANN,1 is partitioned into nMB mini-batches, and the optimization
is performed mini-batch by mini-batch. For a given mini-batch, the following cost function J(θ),
where θ represents the weights and biases, is minimized:

J(θ) =

√√√√√√ 1
nPOD

∑nPOD

k=1
1

Nmb

∑Nmb
`=1

(
F

ANN,`
k (θ) − F NL,`

k

)2

1
nPOD

∑nPOD

k=1
1

Nmb

∑Nmb
`=1

(
F

NL,`
k

)2 , (19)

in which Nmb denotes the number of data points in the considered mini-batch, and where F NL,`
k

(resp. F ANN,`
k (θ)) denotes the k-th component of the `-th vector FFF NL (resp. FFF ANN(θ)) in the con-

sidered mini-batch. The cost function J(θ) is a normalized root mean square error (normalized
RMSE), which corresponds to a normalized quadratic error calculated over the current mini-
batch.

An epoch is defined as one complete pass through the entire training subsetDANN,1, during which
all mini-batches are processed once. That is, the first epoch is completed once all the mini-
batches have been covered. Once an epoch is completed, the accuracy of the ANN is evaluated.
The accuracy is denoted as Aval(θ) and is defined as

Aval(θ) = 1 −

√√√√√√ 1
nPOD

∑nPOD

k=1
1

Ndata,2

∑Ndata,2

`=1

(
F

ANN,`
k (θ) −FFF NL,`

k

)2

1
nPOD

∑nPOD

k=1
1

Ndata,2

∑Ndata,2

`=1

(
FFF

NL,`
k

)2 , (20)

in which it is recalled that Ndata,2 is the number of data points in the validation subsetDtrain,2 , and
where F NL,`

k (resp. F ANN,`
k (θ)) denotes the k-th component of the `-th vector FFF NL (resp. FFF ANN(θ))

in the validation subset. The notation Aval(θ) stands for validation, as it is evaluated over the
entire validation subsetDANN,2 of Ndata,2 data points. That is, the accuracy Aval(θ) is relative to data
unseen by the optimization process. It should be noted that similarly to cost function J(θ), the
accuracy Aval(θ) is obtained from the normalized quadratic error. Once an epoch is completed
and its accuracy Aval(θ) is evaluated, the entire process is repeated, which constitutes the second
epoch. As many epochs as necessary are performed, until the accuracy Aval(θ) reaches a desired
level.

6. Application to a nozzle structure

This section presents the application of the proposed methodology to a parameterized nozzle
structure. The analysis begins with a description of the geometry and physical characteristics of
the nozzle. Subsequently, the training stages are detailed using the high-dimensional, reduced-
order, and hyperreduced stochastic models. The neural network training strategy is outlined,
followed by a comprehensive error quantification of the hyperreduced model. The computational
efficiency achieved through hyperreduction is then assessed, and finally, a convergence analysis is
performed, including a study of the impact of using a smaller number of realizations for training
the ANN of the hyperreduced model.
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Figure 1: Finite element mesh of the nozzle structure.

6.1. Nozzle structure

As an application, an aerospace nozzle structure is considered. The FE model has nFE = 216,720
DOF and the mesh is shown in Fig. 1. Except for the exit geometry and excitation forces, the
structure and FE modeling are the same as in [40]. The internal surface of the nozzle is subjected
to a normal pressure excitation p such that

p(z, θ, t; w) = w1 f (z) g(θ) h(t,w2,w3) , (21)

in which f (z) and g(θ) are given functions that describe the spatial pressure profile and where
h(t,w2,w3) is a sinc function for which the Fourier transform yields the rectangular function
ω 7→ 2π × 1[w2,w3] rad/s in the frequency domain. The control parameter w is given by w =

(w1,w2,w3), where w1 , w2 , and w3 are, respectively, a dimensionless force amplitude multiplier,
the excitation lower frequency bound (Hz), and the excitation upper frequency bound (Hz). The
vector f exc(t; w,u) in Eq. (1) does not depend on u and we write f exc(t; w). The nominal value
w for w is given by w1 = 0.005 , w2 = 70 Hz, and w3 = 800 Hz. The symmetry class of the
nominal elastic material is isotropic. Let [C] denote the (6×6) elasticity matrix in Voigt notation
for the nominal material. The statistical fluctuations of the material with uncertainties is in the
anisotropic class, for which the random elasticity matrix is denoted by [C]. The probabilistic
model of [C] is given in [41, 42] and is written as [C] = [Lc]T [G(δ)][Lc] in which [Lc] is the
Cholesky factor such that [C] = [Lc]T [Lc] and where [G(δ)] is a positive-definite random matrix
such that E{[G(δ)]} = [I6]. The dispersion hyperparameter δ controls the amount of uncertainties
and in this application, it is chosen as δ = 0.1. The probabilistic model of [G(δ)] is expressed as a
function of a Rnu -valued random variable U (uncontrolled parameter) with nu = 21 independent
components. Since the nonlinear elastic forces f NL with values in RnFE depend on the elastic
coefficients, the vector of reduced nonlinear forces FFF NL with values in RnPOD depends on u and
the nonlinear application is written as (q,u) 7→ FFF NL(q,u) (it does not depend on w).

10



6.2. Training stage using the parameterized stochastic high-dimensional model

As previously explained, the control parameter w = (w1,w2,w3) is modeled by the random
variable W = (W1,W2,W3). It is defined as

Wi ∼ U
[
0.9 wi , 1.1wi

]
, i = 1, 2, 3 , (22)

that is, the components are independent and each one follows a uniform distribution. The time
simulation is performed with Nt = 4,800 time steps over the time interval T = [0, 0.1]s. An MC
simulation with ntrain = 384 realizations is performed, using the HDM. The error tolerance εtol

such that εPOD(nPOD) ≤ εtol is chosen as εtol = 10−3, which yields nPOD = 152.

6.3. Repeated training stage using the parameterized stochastic reduced-order model

The MC simulation with ntrain = 384 realizations is rerun with the stochastic ROM (dimension
nPOD = 152) in place of the stochastic HDM. The realizations of random parameters W and U
are taken as identical to those used for the initial training stage with the HDM. The ANN full
training dataset DANN, defined in Eq. (14), is collected and stored to disk. Its number of data
points is Ndata = 4,521,049 , from which it can be deduced that νiter ' 2.45 .

6.4. Neural network training

We consider a fully connected ANN with nHL hidden layers and ReLU activation functions. The
ADAM optimization algorithm is used to find the weights and biases of the ANN. A key input
to ADAM is the learning rate as a function of the epoch number. The learning rate function
e 7→ `r(e) is defined as

`r(e) = max(iLR × dF
|(e − 1)/dP|,mLR) , (23)

where e is the epoch number, iLR is the initial learning rate, dF is the decay factor, dP is the decay
period, and mLR is the minimum learning rate. The ANN full training dataset DANN is split as
DANN = DANN,1 ∪ DANN,2 ∪ DANN,3 according to a partitioning of the ntrain = 384 realizations such
that ntrain,1 = 284, ntrain,2 = 50, and ntrain,3 = 50. This yields Ndata,1 = 3,342,948 data points for the
ANN training subset DANN,1, Ndata,2 = 589,210 data points for the ANN validation subset DANN,2,
and Ndata,3 = 588,891 data points for the ANN test subsetDANN,3. The ANN training subsetDANN,1
is then split into nMB mini-batches, and the ADAM optimization is performed one mini-batch
at a time. A random search is used to determine the best ANN architecture. The number nHL

of hidden layers satisfies nHL ∈ {1, . . . , 7}. The width of each hidden layer is drawn at random
within ranges specified in advance, and the parameter vector θ (weights and biases) is randomly
initialized. Networks are trained while varying nHL, nMB, iLR, dF, dP, mLR, and the number of neu-
rons per layer. The maximum validation accuracy Aval(θ) (Eq. (20)) is obtained for nHL = 1. As a
result, nHL is fixed to nHL = 1 for the remainder of the study. The remaining hyperparameters are
tuned, namely nMB, iLR, dF, dP, mLR, as well as the number of neurons in the single hidden layer,
denoted by nneu.

The ANN training is then structured as an optimization problem with two nested loops:

• an outer loop, which consists in searching the optimal values for nneu , nMB , iLR , dF , dP ,
and mLR , so as to maximize the accuracy Aval(θ).
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• an inner loop for which, when all six above parameters are fixed, the optimal ANN weights
and biases θ are sought by ADAM optimizer for maximizing Aval(θ) through minimizing
the cost function J(θ) defined in Eq. (19), for each mini-batch and for several epochs.

Let ξ be the vector in R6 such that ξ = (nneu, nMB, iLR, dF, dP,mLR). Let S = Π6
j=1[a j, b j] with

0 < a j < b j < +∞ be a given compact subset of R6. The vector ξ is sampled using a uniform
distribution on S of ξ. These sampled values are used for the outer loop. Note that the subset S is
adapted during the ANN optimization. More precisely, S is refined over a small number of search
cycles. After each cycle, scatter plots of the validation accuracy Aval(θ) versus each parameter
are inspected. If a clear high-accuracy region emerges for the j-th parameter, interval [a j, b j] is
tightened to cover that region (the span of the best-performing points is visually selected and a
small manual safety margin is added to preserve coverage) while the other bounds are left un-
changed. If no clear concentration is visible for a parameter, its bounds are kept as they are.
These cycles are repeated until the bounds stabilize and Aval(θ) no longer improves substantially.
Moreover, for a given value of ξ, if the accuracy Aval(θ) does not increase sufficiently quickly,
then the inner optimization loop is automatically stopped, according to some stop criterion (in
addition to usual convergence stops). Using checkpoints indexed by p, the stop criterion is de-
fined as follows. If the accuracy Aval(θ) has not reached the value A(p)

val after the ANN has been
trained for a prescribed time τ(p), its training is aborted. The p-th checkpoint is defined through
the pair (τ(p), A(p)

val ), and the set of checkpoints is regularly updated to increase the rigor of the
stop criterion. This retains only the most promising candidates and saves time. For a given ANN
candidate corresponding to a given ξ, the function τ 7→ Aval(θ(τ)) is monitored, where τ denotes
the elapsed time devoted to optimizing the ANN parameters, θ(τ), which evolve as time goes
on. In particular, ensembles of functions τ 7→ Aval(θ(τ)) corresponding to the best candidates
are monitored and compared to the checkpoints {(τ(p), A(p)

val )}p, based on which the checkpoints
are progressively tightened. Although a tight checkpoint policy saves time by discarding poor
ANN candidates, it may also reject strong candidates whose accuracy improves slowly at first
and peaks only after prolonged training. Throughout the training cycles, the checkpoints were
manually and carefully selected and updated to save time while avoiding the rejection of the best
candidates. We emphasize that both the tightening of bounds and the checkpoint schedule were
adjusted manually by visual inspection, rather than by an automated procedure. This deliberate
choice favors transparency and conservatism over additional algorithmic complexity.

Upon convergence of accuracy Aval(θ) obtained with stabilized bounds for S, the best ANN is
selected as the one with highest accuracy. The best ANN found exhibits an accuracy Aval(θ) =

98.88%, which can be interpreted as an error of 1.12%. The ANN has nneu = 4,166 neurons and
was found upon using nMB = 49 mini-batches and a learning rate function defined by iLR = 0.098 ,
dF = 0.87 , dP = 16.8 , and mLR = 4.75 × 10−8 . A total of 1,196 neural networks were tried out,
among which the vast majority were not trained until convergence of their accuracy Aval(θ) (due
to the stop criterion). Such ANN training stage lasted for about 8.7 days and was carried out
using a workstation with 3 GPU nodes. It should be noted that such massive effort was carried
out for research purposes, so as to make sure a nearly-optimal ANN was obtained. Similar
effort was then carried out for each of the ten points of the convergence analysis presented in
Section 6.8.2. This way, the convergence analysis is fair, as all the ten points have been obtained
in trying to reach optimality. However, in practice, it is possible to obtain a very good ANN with
much less computational effort (see the remark at the end of Section 6.7). The selected ANN
was trained over 636 epochs in 2 h 10 min 10 s and as already mentioned, it reached an accuracy
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Aval(θ) = 98.88%, which can be interpreted as an error of 1.12%. However, it had already reached
an error of 3.97% in 2 min 13 s after 9 epochs.

6.5. Repeated training stage using the parameterized stochastic hyperreduced model
The value of Aval(θ) does not directly indicate the quality of the ANN surrogate. To assess its
quality, the MC simulation with ntrain = 384 realizations is repeated, using the stochastic HROM
for which the exact nonlinear application (q,u) 7→ FFF NL(q,u) is replaced by the ANN surrogate
(q,u) 7→ FFF ANN(q,u), and for which the exact Jacobian matrix [DqFFF

NL(q,u)] is replaced by the
ANN Jacobian matrix [DqFFF

ANN(q,u)]. The realizations of random parameters W and U are
taken as identical to those used for the other two training stages.

6.6. Error quantification for the parameterized stochastic hyperreduced model
It should be highlighted that the focus of this paper is on both minimizing and quantifying the
“distance” between the ROM and the HROM (constructed through neural network hyperreduc-
tion) in terms of their predicted responses, but not between the ROM and the HDM.

To assess the quality of the proposed ANN surrogate, the ntrain,3 = 50 realizations corresponding
to the ANN test subset are compared: those computed by the stochastic HROM on the one hand,
and those computed by the stochastic ROM on the other hand. The ROM response constitutes the
reference response, and the gap with the HROM response characterizes the quality of the ANN
surrogate. It should be noted that the ntrain,3 = 50 realizations, corresponding to the ANN test
subset, were completely unseen by the training procedure of the ANN. To quantify the HROM
accuracy, nobs = 168 normal displacements at the nozzle ellipsoidal exit are considered as obser-
vations. Then, the following quadratic error measure ε time

i j is introduced to quantify the accuracy
of a given deterministic trajectory (corresponding to the i-th observation and the j-th realization),

ε time
i j =

√√√√√√√√√√√√√√
1
|T |

∫
T

(
yHROM

i j (t) − yROM
i j (t)

)2
dt

1
nobs

nobs∑
k=1

1
ntrain,3

ntrain,3∑
`=1

1
|T |

∫
T

(
yROM

k` (t)
)2

dt

, (24)

in which |T | = t f − ti is the length of the time interval of analysis, and where yROM
i j (resp.

yHROM
i j ) is the time response (displacement) for observation i ∈ {1, . . . , nobs} and realization j ∈
{1, . . . , ntrain,3} computed by the ROM (resp. by the HROM). Then, the global quadratic error ε time

is defined by

ε time =

√√√
1

nobs

nobs∑
i=1

1
ntrain,3

ntrain,3∑
j=1

(
ε time

i j

)2
. (25)

It is also interesting to quantify the error related to the random response predicted by the stochas-
tic HROM with respect to that predicted by the stochastic ROM. To do so, the overlap coefficient
OVL is considered, such that

OVL(X,Y) = 1 −
1
2

∫
R
|pX(x) − pY (x)|dx , (26)

in which X and Y are random variables with values in R, with pX and pY their PDF, and where
| · | denotes the absolute value. Let YROM

i (resp. YHROM
i ) denote the random variable with values
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in R for which {yROM
i j } j

(resp. {yHROM
i j } j

) are the realizations. The overlap function t 7→ OVLtime
i (t)

associated with observation i ∈ {1, . . . , nobs} is then defined as

OVLtime
i (t) = OVL

(
YHROM

i (t),YROM
i (t)

)
. (27)

The mean overlap OVL
time

i associated with observation i is then such that

OVL
time

i =
1
|T |

∫
T

OVLtime
i (t)dt . (28)

At last, the global overlap OVLtime is defined as

OVLtime =
1

nobs

nobs∑
i=1

OVL
time

i . (29)

We are also interested in evaluating frequency response functions (FRF) in the frequency band
of analysis B = [ωmin, ωmax] with ωmin = 2π × 40 rad/s and ωmax = 2π × 1300 rad/s (between
40 Hz and 1300 Hz). The same error measures (global quadratic error and global overlap) are
considered for the FRF. Let ŷ ROM

i j (resp. ŷ HROM
i j ) denote the logarithm of the modulus of the fre-

quency response (acceleration) for observation i ∈ {1, . . . , nobs} and realization j ∈ {1, . . . , ntrain,3}

computed by the ROM (resp. by the HROM) through Fourier transform of yROM
i j (resp. yHROM

i j ).
Similarly to Eq. (24), the quadratic error measure ε freq

i j is then introduced, such that

ε freq
i j =

√√√√√√√√√√√√√√
1
|B|

∫
B

(̂
y HROM

i j (ω) − ŷ ROM
i j (ω)

)2
dω

1
nobs

nobs∑
k=1

1
ntrain,3

ntrain,3∑
`=1

1
|B|

∫
B

(̂
y ROM

k` (ω)
)2

dω

, (30)

in which |B| = ωmax − ωmin is the length of the frequency band of analysis, and where ω denotes
the circular frequency (rad/s). The global quadratic error ε freq is then defined as

ε freq =

√√√
1

nobs

nobs∑
i=1

1
ntrain,3

ntrain,3∑
j=1

(
ε freq

i j

)2
. (31)

Let ŶROM
i (resp. ŶHROM

i ) denote the random variable with values in R for which {̂y ROM
i j } j

(resp.

{̂y HROM
i j }

j
) are the realizations. Similarly to Eq. (27), the overlap function ω 7→ OVLfreq

i (ω) associ-
ated with observation i ∈ {1, . . . , nobs} is then defined as

OVLfreq
i (ω) = OVL

(
ŶHROM

i (ω), ŶROM
i (ω)

)
. (32)

The mean overlap OVL
freq

i associated with observation i is then such that

OVL
freq

i =
1
|B|

∫
B

OVLfreq
i (ω)dω . (33)
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At last, the global overlap OVLfreq is defined as

OVLfreq =
1

nobs

nobs∑
i=1

OVL
freq

i . (34)

The results are as follows. The global quadratic errors in time and frequency are ε time = 1.66%
and ε freq = 2.00%, while the global overlaps in time and frequency are OVLtime = 99.0% and
OVLfreq = 97.4%, from Gaussian kernel density estimation (GKDE) using the Silverman band-
width. The following figures compare the predictions of the proposed HROM to those of the
ROM. The predictions of the ROM serve as a reference. In all the figures, the predicted re-
sponses by the HROM are depicted in blue, whereas those predicted by the ROM are depicted
in black. Two types of random responses are presented, namely the 96% confidence region, and
the PDF of the response at a given time or frequency. The 96% confidence regions are obtained
by discarding, for each time step (or frequency point), the largest and smallest responses among
the ntrain,3 = 50 realizations. Furthermore, the PDF of a response is estimated using GKDE (with
the Silverman bandwidth), and so are the resulting overlap (OVL) values.

Figure 2 displays the time response for a given realization and for a given observation, for each
model (the ROM and the HROM), and for which the quadratic error is similar to the global
quadratic error in time. It can be seen that the two curves are almost perfectly superimposed,
which demonstrates the very good accuracy of the proposed neural network hyperreduction ap-
proach for this application. Figure 3 depicts the estimated random time response (96% confi-
dence region) for a given observation, for each model, and for which the mean overlap is similar
to the global overlap. Once again, both responses are almost perfectly superimposed. Next, Fig-
ure 4 shows the estimated PDF at a given time of the same observation as Figure 3, for each
model, and for which the overlap is similar to the global overlap. A very good agreement can
be observed. Finally, Figures 5 to 7 present the same comparisons as Figures 2 to 4, but for the
frequency response. The conclusion is similar, that is the HROM yields predictions very close
to those of the ROM. Nonetheless, the gap is slightly more significant, especially in higher fre-
quencies. Two reasons may explain the increased error observed in the frequency domain. First,
differences in low-amplitude components are exacerbated by the logarithmic scale. Second and
more importantly, since the overlap tends to be higher at low frequencies, the choice of the upper
frequency bound of analysis can significantly affect the global overlap.

Remark on the number of realizations for PDF estimation. With ntrain,3 = 50 realizations, statis-
tical convergence of the random responses is not attained (see Figs. C.36–C.37 in Appendix C).
Nevertheless, a meaningful quantification of the ROM–HROM discrepancy is obtained by com-
paring random responses generated with identical draws of the random variables, which provides
a perspective complementary to the trajectory-level agreement in Figs. 2 and 5. The test set of
size ntrain,3 = 50 is a subset of the ntrain = 384 available draws. The value ntrain = 384 was chosen
to provide sufficient data and diversity to train the ANN. It was not chosen to make a typical test
subset proportion between 10% and 20% in a three way split, that is ntrain,3 = 50, large enough
to ensure Monte Carlo convergence of the PDF.

Overall, it can be concluded that the proposed HROM, relying on an ANN surrogate trained on
nr = ntrain,1 + ntrain,2 = 284 + 50 = 334 realizations, is very accurate. It should be noted that
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this excellent accuracy of the HROM is obtained despite the presence of very strong nonlinear
effects, see Appendix B.
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Figure 2: Time response for observation i = 104 and realization j = 6 (among ntrain,3 = 50), for which ε time
i j ' ε time '

0.0166. Reference ROM (black) and ANN HROM (blue).
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Figure 3: Random time response (96% confidence region over ntrain,3 = 50 realizations), for observation i = 102, for
which OVL

time
i ' OVLtime ' 0.99. Reference ROM (black) and ANN HROM (blue).

6.7. Computational savings

This section compares the runtime of the HROM to that of the ROM. It does not compare
to the HDM, because ANN hyperreduction is designed to accelerate the ROM, irrespective of
any ROM–HDM speed-up. For completeness, during data generation (the two training stages),
ntrain = 384 realizations were run in parallel across 96 workers on a 96-core workstation, once
for each training stage (the first one with the HDM and the second one with the ROM). The
wall-clock time was 25.8 days for the HDM and 4.8 days for the ROM, therefore exhibiting a
5.3× speed-up of the ROM over the HDM. This supports our choice of Option 2 over Option 1
in Section 5.1.
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Figure 4: Time response PDF (GKDE with ntrain,3 = 50 realizations), at time tex = 0.009 s and for observation i = 102,
for which OVLtime

i (tex) ' OVLtime ' 0.99. Reference ROM (black) and ANN HROM (blue).
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Figure 5: Frequency response for observation i = 104 and realization j = 32 (among ntrain,3 = 50), for which εfreq
i j '

εfreq ' 0.0200. Reference ROM (black) and ANN HROM (blue).

Now, the computational gain enabled by the HROM, in comparison to the ROM, and related to
replacing the exact nonlinear forces with the ANN surrogate and the Jacobian matrices with the
ANN derivatives, is as follows. The ROM was run on a workstation with 96 CPU cores, whereas
the HROM was run on a workstation with 112 CPU cores and 3 GPU nodes. In both cases, all
machine resources were fully exploited (full charge). The GPU nodes were used to efficiently
perform the forward evaluations of the ANN as well as computing its derivatives by backpropa-
gation. For both models, the ntrain = 384 realizations were executed in parallel, over 96 workers
for the ROM and 112 workers for the HROM.

On average over the ntrain,3 = 50 realizations corresponding to the test subset DANN,3, the elapsed
time to evaluate FFF NL with one worker, was found to be about 8 seconds. In comparison, to eval-
uate FFF ANN with the ANN, it was found to be about 2 milliseconds. Next, regarding the elapsed
times devoted to construct the Jacobian matrices [DqFFF

NL(q,u)] and [DqFFF
ANN(q,u)] throughout

the time simulations, they were found to be about 35 seconds for the ROM and about 0.7 seconds
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Figure 6: Random frequency response (96% confidence region over ntrain,3 = 50 realizations), for observation i = 114,

for which OVL
freq
i ' OVLfreq ' 0.974. Reference ROM (black) and ANN HROM (blue).
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Figure 7: Frequency response PDF (GKDE with ntrain,3 = 50 realizations), at frequency ωex = 2π × 573.3 rad/s and for
observation i = 114, for which OVLfreq

i (ωex) ' OVLfreq ' 0.974. Reference ROM (black) and ANN HROM (blue).

for the HROM (for the latter, through efficient neural network backpropagation using the GPU
nodes). Last, regarding the total elapsed times, the ntrain,3 = 50 realizations were performed in
about 29 hours using the ROM and in about 4 minutes using the HROM, which constituted a
speed-up factor of about 400.

Remarks on the offline computational cost. The offline costs of the HDM/ROM simulations and
ANN training are now quantified. The 384 ROM realizations required 4.8 days and training
the ANN required 8.7 days. The same wall time corresponds to about 201 HDM realizations,
and the 8.7 days amount to about 696 ROM realizations. Such numbers of realizations are very
small relative to the online capability of the HROM, which computed 24,640 realizations in
about 30 hours (performed three times for the analyses in Appendix C). Importantly, part of the
aforementioned offline computational cost reflects exploratory research. A very accurate HROM
can be obtained with a fraction of this cost. For example, training with 53 realizations instead
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of 334 yields a validation error of 4% rather than 1.12%, while the resulting trajectories still
exhibit excellent pointwise agreement. For reference, with 334 realizations the validation error
already reaches 3.97% after only 9 epochs in 2 min 13 s before converging to 1.12%. Since the
primary focus is the HROM speed-up relative to the ROM, which enables tens of thousands of
realizations, the offline cost is not analyzed further.

6.8. Convergence analysis

6.8.1. Hyperreduction with smaller number of realizations
The proposed HROM for which an excellent accuracy was shown in Section 6.6, relied on an
ANN trained on nr = ntrain,1 + ntrain,2 = 334 realizations. In this section, the effectiveness of
the proposed neural network hyperreduction approach is investigated with respect to the num-
ber nr of available expensive simulations that are necessary to train the ANN. To this end, the
error quantification for the HROM is presented for the new case nr = ntrain,1 +ntrain,2 = 45+8 = 53.

Thus, the ANN is trained as previously described, but this time on a significantly smaller dataset.
Upon convergence of the accuracy Aval(θ) obtained with stabilized bounds for S, the best ANN
is selected as the one with highest accuracy. The best ANN found exhibits an accuracy Aval(θ) =

95.97%, which can be interpreted as an error of 4.03%. The ANN has nneu = 665 neurons and
was found upon using nMB = 47 mini-batches and a learning rate function defined by iLR = 0.054 ,
dF = 0.967 , dP = 12.7 , and mLR = 3.73×10−7 . A total of 11,981 neural networks were tried out,
among which the vast majority were stopped before reaching convergence. Such ANN training
stage lasted for about 4.1 days. It should be noted that in practice, it is possible to obtain a very
good ANN with much less computational effort. The ANN was trained over 1,208 epochs in
26 min 8 s and as already mentioned, it reached an accuracy Aval(θ) = 95.97%, which can be
interpreted as an error of 4.03%. However, it had already reached an error of 6.00% in 1 min 13 s
after 50 epochs.

The results are as follows. The global quadratic errors in time and frequency are ε time = 6.44%
and ε freq = 5.96%, while the global overlaps in time and frequency are OVLtime = 95.7% and
OVLfreq = 92.0%. The next six figures (Figures 8 to 13) mirror the six figures presented in
previous section (Figures 2 to 7). The structure and content of each figure correspond exactly, and
thus no further description is provided. Figures 8 to 13 demonstrate a relatively good accuracy of
the proposed HROM trained on only nr = 53 expensive realizations. This tends to show that the
proposed ANN hyperreduction approach still remains valid for the case of relatively small data.

6.8.2. Convergence of the hyperreduction with respect to number of realizations
The results have been presented for nr = 334 and then for nr = 53. The work has also
been carried out for eight additional values of nr , so as to perform a convergence analysis
with respect to nr . For this convergence analysis, the ensemble of nr values is such that nr ∈

{27, 33, 40, 53, 67, 87, 120, 167, 240, 334}. Figure 14 shows the number nneu of neurons as a func-
tion of the number nr of expensive realizations used for training the ANN. Qualitatively, the
relationship is linear, meaning the more the training data, the bigger the ANN. It also means that
a small training dataset yields a small ANN. It should be noted that for the case of small data,
a bigger ANN (more neurons) could allow the loss function J defined in Eq. (19) to improve,
whereas the resulting ANN accuracy Aval(θ) would not. This is explained by the fact that the
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Figure 8: Time response for observation i = 100 and realization j = 50 (among ntrain,3 = 50), for which ε time
i j ' ε time '

0.0644. Reference ROM (black) and ANN HROM (blue).
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Figure 9: Random time response (96% confidence region over ntrain,3 = 50 realizations), for observation i = 101, for
which OVL

time
i ' OVLtime ' 0.957. Reference ROM (black) and ANN HROM (blue).

ANN accuracy is defined upon the ANN validation subset DANN,2, as opposed to the ANN train-
ing subsetDANN,1. Thus, such a choice of ANN accuracy as given in Eq. (20) prevents overfitting,
by construction. Figure 15 shows the ANN accuracy Aval(θ) as a function of nr . It can be ob-
served that the ANN accuracy Aval(θ) quickly increases toward a high value above 95% (as soon
as nr = 40) and then slowly increases to nearly reach 99% for the maximum value considered
(nr = 334). Next, Figure 16 shows the total number of Newton-Raphson iterations with respect
to nr and it can be seen that a small training dataset (with nr below 50) is accompanied with an
increased number of iterations of the nonlinear solver. Nonetheless, the number of such itera-
tions remains relatively stable. In addition, Figure 17 depicts the total number of Jacobian matrix
updates as a function of nr . It should be mentioned that for efficiency concerns, the Jacobian
matrix was not updated at every iteration. Instead, it was only updated according to some criteria
defined upon the history of the time simulation (see Appendix D). Such criteria involved, for
instance, the number of nonlinear iterations on both the current and previous time steps. This
figure shows the same behavior as previous figure. Namely, both the number of nonlinear it-
erations and Jacobian matrix updates increase as the training dataset size decreases (i.e., when
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Figure 10: Time response PDF (GKDE with ntrain,3 = 50 realizations), at time tex = 0.009 s and for observation i = 101,
for which OVLtime

i (tex) ' OVLtime ' 0.957. Reference ROM (black) and ANN HROM (blue).
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Figure 11: Frequency response for observation i = 101 and realization j = 49 (among ntrain,3 = 50), for which εfreq
i j '

εfreq ' 0.0596. Reference ROM (black) and ANN HROM (blue).

nr decreases). The next and last four Figures 18 to 21 present the four global error measures
(quadratic error and overlap, both in time and in frequency) as a function of nr . The quadratic
error in time quickly decreases below 5% and then slowly decreases below 2%. Similarly, the
quadratic error in frequency quickly decreases below 6% and then slowly decreases to nearly
reach 2%. Conversely, the overlap in time quickly increases above 95% and then slowly in-
creases to nearly reach 99%, and the overlap in frequency quickly increases above 90% and then
slowly increases to reach 97%. For all these convergence curves, the convergence is relatively
smooth and stable with respect to nr , which demonstrates the robustness and reliability of the
proposed neural network hyperreduction method.

A potential objection could be that the good performance observed is merely due to the rapid
convergence of the random response with respect to the number of MC realizations — implying
that the training database is already large enough and that no additional realizations are required.
This would question the usefulness of the HROM, whose purpose is to generate further real-
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Figure 12: Random frequency response (96% confidence region over ntrain,3 = 50 realizations), for observation i = 113,

for which OVL
freq
i ' OVLfreq ' 0.92. Reference ROM (black) and ANN HROM (blue).
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Figure 13: Frequency response PDF (GKDE with ntrain,3 = 50 realizations), at frequency ωex = 2π × 570 rad/s and for
observation i = 113, for which OVLfreq

i (ωex) ' OVLfreq ' 0.92. Reference ROM (black) and ANN HROM (blue).

izations at a very reduced cost. To counter this claim and further support the relevance of the
proposed approach, Appendix C shows that the statistical convergence of the random response
is, in fact, very slow. In particular, it focuses on the conditional random response for a fixed
control parameter W = w0, and demonstrates that the nonparametric conditional estimation con-
verges very slowly. In contrast, the random response obtained directly using the proposed HROM
with fixed W = w0 achieves high accuracy using only a moderate number (nr = 53) of expensive
realizations to train the neural network.

7. Conclusions

A novel hyperreduction method using neural networks has been presented to accelerate the non-
linear simulations in stochastic dynamics. Embedded within a parameterized reduced-order mod-
eling framework, the proposed approach takes advantage of the expensive offline phase, required
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Figure 15: ANN accuracy Aval(θ) (%) as a function of nr .

by the reduced-order model itself, to collect data for training the artificial neural network.

The proposed hyperreduction method relies on using such artificial neural network to replace the
costly evaluation of the projected nonlinear forces and their derivatives with respect to the re-
duced displacements. The numerical application to an aerospace nozzle presented demonstrates
the very good accuracy, efficiency, and robustness of the proposed neural network surrogate
model. The proposed hyperreduced model allows for accelerating the computation by two or-
ders of magnitude, as compared to the reduced-order model without hyperreduction. Note that
the method stays efficient even for a relatively small number of realizations of the expensive
computational model. The proposed machine learning approach differs from approaches that re-
place the entire input-output black-box computer code with an artificial neural network. Instead,
it focuses on replacing the most computationally-intensive internal part of the computer code, al-
lowing to keep most of the governing physics intact. An interesting extension of this work would
be the implementation of a nonparametric probabilistic treatment of model-form uncertainties
using the proposed hyperreduced model.
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Figure 16: Total number Niter of Newton-Raphson iterations as a function of nr , for the reference ROM (red) and for the
ANN HROM (black).
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Figure 17: Total number Nud of Jacobian matrix updates as a function of nr , for the reference ROM (red) and for the
ANN HROM (black).

Appendix A. Training data preprocessing

This appendix is devoted to the statistical preprocessing of the ANN training data, that was
performed for the nozzle application presented in Section 6. Since, for the nozzle case study,
the nonlinear application simplifies as (q,u) 7→ FFF NL(q,u), the ANN full training datasetDANN is
rewritten as

DANN = {FFF
NL,i,qi,ui}i=1,...,Ndata

, (A.1)

in which the vectors qi ∈ RnPOD and ui ∈ Rnu correspond to the inputs of the nonlinear application
whose output is FFF NL,i

∈ RnPOD , with nPOD = 152 and nu = 21. That is, the nonlinear application is
from RnPOD+nu to RnPOD , that is, from R173 to R152.

In order to normalize the ANN full training dataset and decorrelate its components, we construct
a PCA representation for q and u. If statistical reduction is possible, it is applied. Even without
dimensionality reduction, PCA provides uncorrelated variables with unit variance, improving the
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Figure 18: Global quadratic error ε time (%) as a function of nr .
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Figure 19: Global overlap OVLtime as a function of nr .

conditioning of the training data.

Concerning q, let [q1] denote the
(
nPOD × Ndata,1

)
real matrix whose columns are the displacements

{qi}i belonging to the ANN training subset DANN,1 with Ndata,1 = 3,342,948 data points corre-
sponding to ntrain,1 = 284 realizations (see Section 5.3). The SVD of the centered displacements
is considered,

[Uq][Σq][Vq]T =
1√

Ndata,1 − 1

(
[ q1 ] − [ q1 ]

)
, (A.2)

in which each column of matrix [ q1 ] is the average displacement and where [Uq] is the matrix of
the left-singular vectors, [Vq] is the matrix of the right-singular vectors, and [Σq] is the diagonal
matrix of the singular values. Such SVD yields a PCA of the displacements. Let εq

PCA be the PCA
error such that

ε
q
PCA(nq

PCA) = 1 −

∑nq
PCA

k=1

(
σ

q
k

)2

∑Ndata,1

k=1

(
σ

q
k

)2 , (A.3)

25



0 50 100 150 200 250 300 350

n
r

0

2

4

6

8

10

12

14

fr
e
q
 (

%
)

Global Quadratic Error (Frequency)

Figure 20: Global quadratic error εfreq (%) as a function of nr .
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Figure 21: Global overlap OVLfreq as a function of nr .

in which σq
k is the k-th largest singular value and where the term

∑Ndata,1

k=1

(
σ

q
k

)2
is evaluated by

1
Ndata,1

∑
i
∑

j ([ q1 ] − [ q1 ])
2
i j. Reduced dimension nq

PCA ≤ min(Ndata,1, nPOD) is the minimum number
nq

PCA such that εq
PCA(nq

PCA) ≤ ε
q
tol, with ε

q
tol a given error tolerance. In the nozzle application of

Section 6, the value εq
tol = 10−6 is considered, which yields nq

PCA = 55.

Likewise, the PCA of parameter u is also considered. Let [u1] denote the
(
nu × Ndata,1

)
real matrix

whose columns are the vectors {ui}i belonging to the ANN training subset DANN,1. Similarly, the
SVD of the centered parameters is considered, such that

[Uu][Σu][Vu]T =
1√

Ndata,1 − 1

(
[ u1 ] − [ u1 ]

)
, (A.4)

in which each column of matrix [ u1 ] is the average parameter and where [Uu] is the matrix of
the left-singular vectors, [Vu] is the matrix of the right-singular vectors, and [Σu] is the diagonal
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matrix of the singular values. Let εu
PCA be the PCA error such that

εu
PCA(nu

PCA) = 1 −

∑nu
PCA

k=1

(
σu

k

)2

∑Ndata,1

k=1

(
σu

k

)2 , (A.5)

in which σu
k is the k-th largest singular value and where the term

∑Ndata,1

k=1

(
σu

k

)2
is evaluated by

1
Ndata,1

∑
i
∑

j ([ u1 ] − [ u1 ])
2
i j. Reduced dimension nu

PCA ≤ min(Ndata,1, nu) is the minimum number
nu

PCA such that εu
PCA(nu

PCA) ≤ εu
tol, with εu

tol a given error tolerance. In the nozzle application of
Section 6, the value εu

tol = 10−6 is considered, which yields nu
PCA = 21 (no reduction). Such

lack of statistical reduction is explained by the fact that the nu = 21 components of random un-
controlled parameter U are statistically independent as per their construction given in Section 6.1.

For both input parameters q and u, the PCA was performed on the ANN training subset DANN,1
corresponding to ntrain,1 = 284 realizations. The ANN full training dataset DANN (corresponding
to all the ntrain = 384 realizations) is then substituted with the modified dataset D̃ANN such that

D̃ANN = {FFF
NL,i, ηi

q, η
i
u}i=1,...,Ndata

, (A.6)

in which the PCA coordinates ηi
q ∈ R55 and ηi

u ∈ R21 are such that

ηi
q = [Σq]−1[Uq]T

(
qi − q1

)
,

ηi
u = [Σu]−1[Uu]T

(
ui − u1

)
, (A.7)

with q1 (resp. u1) the average displacement vector (resp. uncontrolled parameter) over the
Ndata,1 = 3,342,948 data points of the ANN training subset DANN,1. The ANN is thus constructed
as a surrogate to the nonlinear application (ηq, ηu) 7→ F̂FF

NL

(ηq, ηu) from R76 to R152, such that

F̂FF
NL

(ηq, ηu) = FFF
NL(q1 + [Uq][Σq]ηq , u1 + [Uu][Σu]ηu) . (A.8)

Regarding the ANN derivative (q,u) 7→ [DqFFF
ANN(q,u)] such that [DqFFF

ANN(q,u)]i j = ∂
∂q j
F ANN

i (q,
u) , it can be obtained according to the chain rule, such that

[DqFFF
ANN(q,u)] = [Dηq F̂FF

ANN

(ηq, ηu)][Σq]−1[Uq]T , (A.9)

where, similarly to Eq. (A.8), F̂FF
ANN

(ηq, ηu) denotes the ANN surrogate of F̂FF
NL

(ηq, ηu), such that

F̂FF
ANN

(ηq, ηu) = FFF
ANN(q1 + [Uq][Σq]ηq , u1 + [Uu][Σu]ηu) . (A.10)

It should be noted that the Jacobian matrix [Dηq F̂FF
ANN

(ηq, ηu)] is evaluated by neural network
backpropagation, which then yields the Jacobian matrix [DqFFF

ANN(q,u)] as given in Eq. (A.9).
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Appendix B. Highlighting the nonlinear effects

The proposed ANN hyperreduction method is devoted to replacing the costly evaluation of the
nonlinear forces and their derivatives with respect to displacements. The results shown in Sec-
tion 6 demonstrate the very good accuracy of the proposed approach. It is thus important to
make sure that in this application, the nonlinear forces are significant. To this end, the same six
figures, as already presented in Section 6.6 (or as those presented in the begining of Section 6.8),
are presented to highlight the difference between the nonlinear response (depicted in black) and
the linear response (depicted in blue). The results are as follows. The global quadratic errors in
time and frequency are ε time = 135.41% and ε freq = 71.82%, while the global overlaps in time and
frequency are OVLtime = 27.9% and OVLfreq = 13.5%. This shows the very significant difference
between the nonlinear response and the linear response, as illustrated in Figures B.22 to B.27.
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Figure B.22: Time response for observation i = 106 and realization j = 294 (among ntrain = 384), for which
ε time

i j ' ε
time ' 1.3541. Nonlinear response (black) and linear response (blue).
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Figure B.23: Random time response (95% confidence region over ntrain = 384 realizations), for observation
i = 30, for which OVL

time

i ' OVLtime ' 0.279. Nonlinear response (black) and linear response (blue).
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Figure B.24: Time response PDF (GKDE with ntrain = 384 realizations), at instant tex = 0.044 s and for
observation i = 30, for which OVLtime

i (tex) ' OVLtime ' 0.281. Nonlinear response (black) and linear
response (blue).
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Figure B.25: Frequency response for observation i = 100 and realization j = 269 (among ntrain = 384), for
which εfreq

i j ' ε
freq ' 0.7182. Nonlinear response (black) and linear response (blue).

Appendix C. Comparison with the nonparametric conditional estimation

Appendix C.1. Conditional response and estimation methods

The proposed ANN surrogate model enables the construction of a hyperreduced parameterized
stochastic model capable of computing the random dynamical response for any given control pa-
rameter w0 ∈ Cw, with the random uncontrolled parameter U representing the stochastic germs
responsible for the randomness. In particular, an MC simulation with random realizations of U,
using the proposed hyperreduced model with fixed w0, yields the conditional random response
given w0. An alternative approach to estimate the conditional random response given w0 is non-
parametric conditional estimation, defined as follows.

Let Q denote the random response at a given time or frequency, with values in R. It is assumed
that n realizations {q`}`=1,...,n of Q are available, with associated realizations {w`}`=1,...,n of random
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Figure B.26: Random frequency response (95% confidence region over ntrain = 384 realizations), for ob-
servation i = 3, for which OVL

freq
i ' OVLfreq ' 0.135. Nonlinear response (black) and linear response

(blue).

control parameter W. The conditional PDF of Q given W is denoted pQ|W and is estimated
according to GKDE of nonparametric statistics, as

pQ|W (q|w0) =
1

σq
√

2πsq
×

n∑
`=1

exp

− 1
2s2

qσ
2
q

(q − q`)
2
−

1
2s2

w

nw∑
k=1

w0,k − w`
k

σwk

2
n∑
`=1

exp

− 1
2s2

w

nw∑
k=1

w0,k − w`
k

σwk

2
, (C.1)

in which σq and σwk are the estimated standard deviations of Q and Wk, and where sq and sw are
the corrected Silverman bandwidths such that:

sq = αq

(
4

n(2 + nq)

) 1
nq+4

, sw = αw

(
4

n(2 + nw)

) 1
nw+4

, (C.2)

with nq = 1 and nw = 3, and where αq and αw are correction factors. This Appendix C is devoted
to the comparison of the following two methods for estimating the conditional random response
given w0 :

• the nonparametric estimation of the conditional probability density function of Q given
W = w0, computed with Eq. (C.1),

• the so-called direct estimation by using the proposed HROM with fixed W = w0 .

Just like in the application presented in Section 6, the admissible set Cw for the random control
parameter W is such that

Cw = [0.0045, 0.0055] × [63, 77] × [720, 880] . (C.3)
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Figure B.27: Frequency response PDF (GKDE with ntrain = 384 realizations), at frequency ωex = 2π × 63.3
rad/s and for observation i = 3, for which OVLfreq

i (ωex) ' OVLfreq ' 0.137. Nonlinear response (black)
and linear response (blue).

For the subsequent analysis of this Appendix C, the control parameter w0 ∈ Cw is chosen as

w0 = (0.0053 , 66 , 850) . (C.4)

Appendix C.2. Nonparametric estimation and direct estimation using the best hyperreduced
model

For comparing the statistical convergence of the two methods mentioned in Appendix C.1, a
large number of realizations is required. As demonstrated in Section 6, the HROM based on the
ANN trained on nr = 334 realizations exhibits both excellent accuracy and efficiency. In the
sequel, it is referred to as the best HROM. Subsequently, such best HROM is used to generate a
very large number n of MC realizations, referred to as HROM realizations.

Let the notation HROM(nr = 334) refer to such best HROM, for which the ANN was trained on
nr = 334 realizations. The reference estimation of the conditional random response is obtained
by generating n = 24,640 HROM realizations using the best HROM with fixed W = w0 . This
large number n of HROM realizations were computed in about 30 hours using the workstation
with 112 CPU cores and 3 GPU nodes. The n = 24,640 HROM realizations of the best HROM
with fixed W = w0 are denoted as {HROM(nr = 334)}(n=24,640;W=w0). In the remainder of this
appendix, we call direct estimation when the conditional response is performed without using
Eq. (C.1) and instead, by directly fixing W = w0. In particular, the direct estimation of the
conditional random response given W = w0, is denoted as

Direct
(
{HROM(nr = 334)}(n=24,640;W=w0)

)
,

and constitutes the reference estimation of the conditional random response given W = w0. It is
directly obtained using n = 24, 640 MC realizations of the best HROM with fixed W = w0.

The best HROM was also used to compute n = 24,640 HROM realizations with random W
which, similarly, are denoted as {HROM(nr = 334)}(n=24,640;W). Such computation also required

31



about 30 hours using the workstation with 112 CPU cores and 3 GPU nodes. Then, the nonpara-
metric conditional estimation according to Eq. (C.1) of the random response given W = w0 with
such realizations is denoted as

NP-Cond
(
{HROM(nr = 334)}(n=24,640;W) |W = w0

)
.

Let OVLtime
A and OVLfreq

A denote the global overlaps between the conditional random responses
estimated through those two methods. We find OVLtime

A ' 0.951 and OVLfreq
A ' 0.930. The

next four Figures C.28 to C.31 compare these two random responses through some of their
confidence regions (for given observations) as well as through some of their PDF (for given time
and frequency), which exhibit a similar overlap as the global overlaps (just like it was done in
Section 6). From these figures and at this stage, it can be concluded that the nonparametric
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Figure C.28: Conditional random time response given w0 (96% confidence region over n = 24,640 HROM
realizations), for observation i = 99, for which OVL

time

i ' OVLtime
A ' 0.951. Nonparametric estimation

(blue) and reference direct estimation (black).
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Figure C.29: Conditional time response PDF given w0 (GKDE with n = 24,640 HROM realizations), at
time tex = 0.033 s and for observation i = 99, for which OVLtime

i (tex) ' OVLtime
A ' 0.951. Nonparametric

estimation (blue) and reference direct estimation (black).

estimation has not yet fully converged, as indicated by the remaining discrepancies relative to the
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Figure C.30: Conditional random frequency response given w0 (96% confidence region over n = 24,640
HROM realizations), for observation i = 139, for which OVL

freq
i ' OVLfreq

A ' 0.930. Nonparametric
estimation (blue) and reference direct estimation (black).

reference direct estimation. Also, there are some oscillations in the frequency response PDF in
Figure C.31, which can be explained by the choice of bandwidths through the correction factors
αq and αw defined in Eq. (C.2). Increasing the correction factors αq and αw would remove such
oscillations but the overlaps would deteriorate. Let α denote the correction factor affected to the
Silverman bandwidth and that is used for the reference direct estimation. For the time response,
the correction factors αtime

q , αtime
w , and αtime were optimized through a grid search so as to maximize

the overlap OVL
time

i for observation i = 122. Likewise, for the frequency response, the correction
factors αfreq

q , αfreq
w , and αfreq were also optimized through a grid search, so as to maximize the

overlap OVL
freq

i for the same observation i = 122. The results are as follows,

αtime
q = 1.32 , αtime

w = 1.59 , αtime = 2.1 , OVL
time

i ' 0.953 ,

αfreq
q = 1.34 , αfreq

w = 1.16 , αfreq = 2.86 , OVL
freq

i ' 0.929 . (C.5)

These bandwidth correction factor values were used for all subsequent GKDE estimations through-
out this appendix.

Appendix C.3. Comparison between the conditional and unconditional random responses
The unconditional random response is now compared to the (reference) conditional random re-
sponse. This allows us to assess the impact of fixing W = w0, and to evaluate whether the
discrepancies observed in the previous figures for the nonparametric conditional estimation re-
main small in comparison. The unconditional random response is denoted as

Direct
(
{HROM(nr = 334)}(n=24,640;W)

)
.

Let OVLtime
B and OVLfreq

B denote the global overlaps between the (reference) conditional random
response and the unconditional random response. We find OVLtime

B ' 0.747 and OVLfreq
B ' 0.690.

The next four Figures C.32 to C.35 compare these two random responses through some of their
confidence regions (for given observations) as well as through some of their PDF (for given
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Figure C.31: Conditional frequency response PDF given w0 (GKDE with n = 24,640 HROM realizations), at
frequency ωex = 2π × 591.7 rad/s and for observation i = 139, for which OVLfreq

i (ωex) ' OVLfreq
A ' 0.930.

Nonparametric estimation (blue) and reference direct estimation (black).

time and frequency), which exhibit a similar overlap as the global overlaps (in other words,
the figures are similar as previously). As also attested by the overlap values, significant
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Figure C.32: Time response comparison (96% confidence region over n = 24,640 HROM realizations), for
observation i = 103, for which OVL

time

i ' OVLtime
B ' 0.747. Unconditional response (blue) and conditional

response (black).

differences can be observed in Figures C.32 to C.35, which highlights the clear effect of fixing
W = w0 . It can also be seen that for the most part, the conditional confidence region is included
in the unconditional confidence region. Last, in the light of such comparison, the nonparametric
conditional estimation with n = 24,640 HROM realizations presented in previous Appendix C.2
can be considered relatively satisfactory.

Appendix C.4. Statistical convergence analysis
Appendix C.4.1. Convergence of the direct estimation
The following two random responses are compared, namely the reference conditional response,
denoted as

Direct
(
{HROM(nr = 334)}(n=24,640;W=w0)

)
,
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Figure C.33: Time response PDF comparison (GKDE with n = 24,640 HROM realizations), at time tex =

0.033 s and for observation i = 103, for which OVLtime
i (tex) ' OVLtime

B ' 0.747. Unconditional response
(blue) and conditional response (black).

and the corresponding conditional response with decreased number ν ≤ 24,640 of HROM real-
izations used for the estimation, denoted as

Direct
(
{HROM(nr = 334)}(n=ν;W=w0)

)
,

and from which the overlap OVLtime
C (ν) is estimated. The function ν 7→ OVLtime

C (ν) allows to
describe the MC convergence of the conditional response obtained by fixing W = w0 and with
respect to the number ν ≤ 24,640 of HROM realizations.

Appendix C.4.2. Convergence of the nonparametric conditional estimation
Next, the following two random responses are compared, namely the reference conditional re-
sponse, denoted as

Direct
(
{HROM(nr = 334)}(n=24,640;W=w0)

)
,

and the nonparametric conditional estimation of the response as defined in Eq. (C.1) but with
decreased number ν ≤ 24,640 of HROM realizations, which is denoted as

NP-Cond
(
{HROM(nr = 334)}(n=ν;W) |W = w0

)
,

and from which the overlap OVLtime
D (ν) is estimated. The function ν 7→ OVLtime

D (ν) allows to
describe the convergence of the nonparametric conditional estimation with respect to the number
ν ≤ 24,640 of HROM realizations.

Appendix C.4.3. Convergence of the hyperreduced model
Let {ROM}(n=ntrain,3=50;W) denote the n = ntrain,3 = 50 realizations of the ROM response, corre-
sponding to the ANN test subsetDANN,3 and already presented in Section 6.6. Let then

{HROM(nr = ν)}(n=ntrain,3=50;W)

denote the corresponding realizations obtained by {HROM(nr = ν)}, namely the HROM whose
ANN was trained on nr = ν ≤ 334 realizations only. The following random responses are then
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Figure C.34: Frequency response comparison (96% confidence region over n = 24,640 HROM realizations),
for observation i = 27, for which OVL

freq
i ' OVLfreq

B ' 0.690. Unconditional response (blue) and condi-
tional response (black).

compared. Namely, the reference response calculated with the ROM, denoted as

Direct
(
{ROM}(n=ntrain,3=50;W)

)
,

and the approximated response calculated by the HROM with an ANN trained on ν ≤ 334
realizations only, denoted as

Direct
(
{HROM(nr = ν)}(n=ntrain,3=50;W)

)
,

and from which the overlap OVLtime
E (ν) is estimated. The function ν 7→ OVLtime

E (ν) allows to
describe the convergence of the HROM with respect to the number ν ≤ 334 of realizations
used to train its ANN. The function ν 7→ OVLtime

E (ν) has already been plotted in Figure 19 in
Section 6.8.

Appendix C.4.4. Hyperreduced model with neural network trained on fifty-three realizations
The following two random responses are compared, namely the reference conditional response,
denoted as

Direct
(
{HROM(nr = 334)}(n=24,640;W=w0)

)
,

and the approximated conditional response from using the HROM whose ANN was trained on
nr = 53 realizations only, denoted as

Direct
(
{HROM(nr = 53)}(n=24,640;W=w0)

)
,

and from which the overlaps OVLtime
F and OVLfreq

F are estimated. The overlap values found are
OVLtime

F ' 0.963 and OVLfreq
F ' 0.928. Once again, such computation also required about 30

hours using the workstation with 112 CPU cores and 3 GPU nodes.

Appendix C.4.5. Convergence curves in time and frequency
Figure C.36 presents the following convergence curves:
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Figure C.35: Frequency response PDF comparison (GKDE with n = 24,640 HROM realizations), at fre-
quency ωex = 2π × 213.3 rad/s and for observation i = 27, for which OVLfreq

i (ωex) ' OVLfreq
B ' 0.690.

Unconditional response (blue) and conditional response (black).

• ν 7→ OVLtime
C (ν) that pertains to the convergence of the direct estimation of the conditional

response with fixed W = w0 as defined in Appendix C.4.1 (thin line),

• ν 7→ OVLtime
D (ν) that pertains to the convergence of the nonparametric estimation of the

conditional response with random W as defined in Appendix C.4.2 (dashed line),

• ν 7→ OVLtime
E (ν) that pertains to the convergence of the HROM response with respect to

the number ν of realizations used for training its ANN and as defined in Appendix C.4.3
(thick line),

as well as the cross with coordinates (53,OVLtime
F ) that pertains to the direct estimation of the

conditional response with fixed W = w0 using the HROM whose ANN was trained on nr = 53
realizations only and as defined in Appendix C.4.4, and the horizontal line ν 7→ OVLtime

B that
pertains to the unconditional response as defined in Appendix C.3. First, it can be observed
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Figure C.36: Convergence curves ν 7→ OVLtime(ν) for the time response.

that the dashed line is far below the thin line, which demonstrates the slower convergence of the
nonparametric conditional estimation as compared to the direct estimation with fixed W = w0 ,
which is an expected result. Next, it can be observed that the horizontal line is well below the
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others, for the most part. This shows that for a sufficiently large number ν of realizations, the esti-
mations of the conditional response given w0 are at least better than the unconditional response.
Thus, such horizontal line serves as a baseline. Moreover, it can be seen that the cross with
coordinates (53,OVLtime

F ) is very close to the curve ν 7→ OVLtime
E (ν). This point (53,OVLtime

F )
was calculated to validate the curve ν 7→ OVLtime

E (ν) as a relevant substitute to the conver-
gence curve from the HROM realizations {HROM(nr = ν)}(n=24,640;W=w0) with ν ∈ {27, 33, 40, 53,
67, 87, 120, 167, 240, 334}, which was not calculated and which would have required 30 hours for
each of its ten points. The convergence curve ν 7→ OVLtime

E (ν) thus attests to the superiority of the
HROM in providing rapid convergence of the conditional estimation with respect to the number
nr of expensive simulations required. At last, it is observed that the thin line ν 7→ OVLtime

C (ν)
reaches unity with a significant slope, which shows that the direct estimation using n = 24,640
HROM realizations with fixed W = w0 has not fully converged either. Nonetheless, it is still rel-
evant as a reference for comparing the convergence of the direct estimation with fixed W = w0
to the convergence of the nonparametric conditional estimation with random W . Similarly to
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Figure C.37: Convergence curves ν 7→ OVLfreq(ν) for the frequency response.

Figure C.36, Figure C.37 presents the same quantities, but in frequency rather than in time. A
similar behavior is observed, and the same conclusions can be drawn.

Appendix C.5. Comparison of the conditional estimations based on fifty-three expensive simu-
lations only

Appendix C.5.1. Nonparametric estimation with random control parameter
The following two random responses are compared, namely the reference conditional response,
denoted as

Direct
(
{HROM(nr = 334)}(n=24,640;W=w0)

)
,

and the nonparametric conditional estimation of the response as defined in Eq. (C.1) but with
decreased number ν = 53 ≤ 24,640 of HROM realizations, which is denoted as

NP-Cond
(
{HROM(nr = 334)}(n=53;W) |W = w0

)
,

and from which the overlaps OVLtime
G and OVLfreq

G are estimated. The overlap values found are
OVLtime

G ' 0.786 and OVLfreq
G ' 0.723.

Based on the overlap values and Figures C.38 to C.41, it can be concluded that the nonparametric
conditional estimation is not satisfactory for as few as nr = 53 realizations.
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Figure C.38: Conditional random time response given w0 (96% confidence region), for observation i = 104,
for which OVL

time

i ' OVLtime
G ' 0.786. Nonparametric estimation with nr = 53 realizations (blue) and

reference direct estimation (black).
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Figure C.39: Conditional time response PDF given w0 (GKDE), at time tex = 0.046 s and for observation
i = 104, for which OVLtime

i (tex) ' OVLtime
G ' 0.786. Nonparametric estimation with nr = 53 realizations

(blue) and reference direct estimation (black).

Appendix C.5.2. Direct estimation with fixed control parameter using a hyperreduced model
As a comparison, the response from the HROM(nr = 53) with fixed W = w0 is now compared
to the reference conditional response. That is, the comparison as defined in Appendix C.4.4 is
considered, for which the overlap values found were OVLtime

F ' 0.963 and OVLfreq
F ' 0.928. This

enables a direct comparison, for the same number nr = 53 of expensive simulations, between the
accuracy of the conditional response estimation achieved with the proposed ANN hyperreduc-
tion method and the poor accuracy of the nonparametric conditional estimation as presented in
previous Appendix C.5.1. In the Figures C.42 to C.45, the approximated conditional response
that is obtained from direct estimation with fixed W = w0 using the HROM with ANN trained on
nr = 53 realizations is referred to as approximated conditional response, for simplicity. It can be
observed that the conditional response is very well estimated, which demonstrates the relevance
of the machine learning strategy proposed.
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Figure C.40: Conditional random frequency response given w0 (96% confidence region), for observation
i = 112, for which OVL

freq
i ' OVLfreq

G ' 0.723. Nonparametric estimation with nr = 53 realizations (blue)
and reference direct estimation (black).

Appendix D. Criteria for updating the Jacobian matrix

In this paper, Newton–Raphson algorithm is used to solve the nonlinear equations. To enhance
performance, the Jacobian matrix is not necessarily updated at each iteration or at each time
step. In this appendix, the algorithm governing Jacobian updates is given. The empirical al-
gorithm presented below is motivated by the application at hand, in which the nonlinear solver
typically converges in two iterations.

Let nexp
iter denote the expected number of Newton iterations throughout the time simulation (for

instance, nexp
iter = 2 is a good choice for the application presented). Let iiter denote the current

iteration index for this time step. Let nadd denote the current number of iterations of the current
time step that exceed the expected number nexp

iter of iterations, such that

nadd = iiter − nexp
iter . (D.1)

Let nprev denote the sum of numbers nadd from previous time steps of exceeding iterations and
that occured since the last Jacobian update. Introducing nexc = nadd + nprev the total number of
exceeding iterations since last Jacobian update, the first criterion for Jacobian matrix update is
whenever the following condition is reached,

nexc > nmax
exc , (D.2)

in which nmax
exc is the maximum tolerated number of total iterations since last Jacobian update ex-

ceeding the expected number nexp
iter of iterations. The second criterion for Jacobian matrix update

is whenever the following condition is reached,

iiter > nud
iter , (D.3)

in which nud
iter is the maximum number of allowed iterations before Jacobian update in the same

time step. For the application presented in this paper, for all the nonlinear simulations, the num-
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Figure C.41: Conditional frequency response PDF given w0 (GKDE), at frequency ωex = 2π × 528.3 rad/s
and for observation i = 112, for which OVLfreq

i (ωex) ' OVLfreq
G ' 0.723. Nonparametric estimation with

nr = 53 realizations (blue) and reference direct estimation (black).
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Figure C.42: Time response comparison (96% confidence region over n = 24,640 HROM realizations), for
observation i = 105, for which OVL

time

i ' OVLtime
F ' 0.963. Approximated conditional response (blue) and

reference conditional response (black).

bers controlling the updating criteria were set as nexp
iter = 2, nmax

exc = 7, and nud
iter = 5. Therefore, the

second criterion forces a Jacobian update after five Newton iterations in the same time step, and
the first criterion forces a Jacobian update whenever the number of iterations per time step grows
too high as compared to the expected number of iterations. It should be noted that on average in
this application, the Jacobian matrix was updated about once every forty Newton iterations.
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Figure C.43: Time response PDF comparison (GKDE with n = 24,640 HROM realizations), at time tex =

0.069 s and for observation i = 105, for which OVLtime
i (tex) ' OVLtime

G ' 0.963. Approximated conditional
response (blue) and reference direct estimation (black).
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Figure C.44: Frequency response comparison (96% confidence region over n = 24,640 HROM realizations),
for observation i = 110, for which OVL

freq
i ' OVLfreq

F ' 0.928. Approximated conditional response (blue)
and conditional response (black).
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Figure C.45: Frequency response PDF comparison (GKDE with n = 24,640 HROM realizations), at fre-
quency ωex = 2π × 591.7 rad/s and for observation i = 110, for which OVLfreq

i (ωex) ' OVLfreq
F ' 0.928.

Approximated conditional response (blue) and reference direct estimation (black).
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