N
N

N

HAL

open science

Single Level Fast Multipole Method for frictionless rough
contact problems

Claudia Stiebritz, Hai-Ping Yin, Julien Cesbron

» To cite this version:

Claudia Stiebritz, Hai-Ping Yin, Julien Cesbron.

{10.1016/j.ijmecsci.2024.109810). ¢hal-05210230)

HAL Id: hal-05210230
https://univ-eiffel.hal.science/hal-05210230v1

Submitted on 14 Aug 2025

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License

Single Level Fast Multipole Method for friction-
less rough contact problems. International Journal of Mechanical Sciences, 2025, 286, pp.109810.


https://univ-eiffel.hal.science/hal-05210230v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

International Journal of Mechanical Sciences 286 (2025) 109810

Contents lists available at ScienceDirect

ECHANICAL
SC IENCES

International Journal of Mechanical Sciences

journal homepage: www.elsevier.com/locate/ijmecsci

Check for

Single Level Fast Multipole Method for frictionless rough contact problems
Claudia Stiebritz *", Hai-Ping YIN ", Julien Cesbron ?

A Univ Gustave Eiffel, Cerema, UMRAE, Bouguenais, 44344, France
b Laboratoire Navier, Ecole Nationale des Ponts et Chaussées, Champs-sur-Marne, 77420, France

ARTICLE INFO ABSTRACT

Keywords:

Contact mechanics

Surface roughness

Boundary element method
Boussinesq’s contact problem
Fast Multipole Method

A perfectly smooth contact surface does not exist in nature and industrial applications. Even a body, that
seems perfectly smooth to the naked eye, will show surface roughness at a higher magnification. Due to the
roughness of the surface, there are areas of contact and separation, which increases the complexity of the
contact calculation. However, this computational complexity increases further due to the multi-scale nature of
road surface texture and large contact area in the case of tyre/road interaction. To reduce the computational
complexity of this contact problem, the Single Level Fast Multipole Method (SLFMM) is developed within this
paper. The contact problem is based on Boussinesq’s contact theory and for the time being, the influence
of friction and lateral displacement are neglected. To validate the accuracy and reduction in computational
complexity, the SLFMM was applied to rough surfaces of different complexities and compared to a reference
method, the so-called Matrix Inversion Method (MIM). Results indicate that the new method computes the
pressure distribution and displacement accurately, with a global error of less than 1%. The advantage of the
new method compared to the MIM is the multipole expansion, which clusters adjacent contact points to a
single center point. As a result, the computational complexity of the contact calculation is reduced. Overall,
the Single Level FMM computes the results faster than the reference method. These results demonstrate that
the Fast Multipole Method meets the requirements of accuracy and accelerated computation for rough contact
problems.

1. Introduction numerical method increases dramatically (O(N?3)) when studying the
tyre/road contact problem, due to the time variation of contact points
and the relatively large contact surface.

To solve Boussinesq’s contact problem, several methods were ap-
plied, like the Matrix Inversion Method (MIM), developed by John-

son [4], the Cattaneo method focusing on plane problems [4] and its

Rough contact problems are of particular interest since contact
surfaces are typically not topographically smooth. It is even assumed
that surface roughness occurs on different magnification scales [1,2].
Consequently, there is no continuous pressure distribution over the
entire contact surface, but rather areas of contact and separation [3,4].
Rough contact problems can be found in numerous engineering appli-
cations, such as the contact between bearings [5], electrical contact of
relays [6], electrical contact resistance in proton exchange membrane
fuel cells [7], the contact between artificial joints [8,9], the rail/wheel

enhancements [20-22]. For smooth surfaces the Kalker method [23]
and for contact problems with elastic solids of dissimilar materials
the Chen method [24] were developed. Another approach is the Two-
Scale iterative Method (TIM) for rough contact problems, developed

contact [10,11] or tyre/road contact [12-15].

Particularly, Hertz and Boussinesq are associated with classical
contact mechanics. Hertz (1881) accentuates, that the contact between
two elastic spheres induces a slight deformation of both, within their
contact area. As a result, the vertical contact pressure is evenly dis-
tributed over the contact area [16]. Boussinesq (1885) was the first
to study the normal contact between a rigid surface and an elastic
half-space, by applying the potential theory [17]. Later, Love (1929)
and as well Sneddon (1948) derived from Boussinesq theory the an-
alytical result for a single axisymmetrical asperity such as a cylinder
or a cone [18,19]. Nevertheless, the computational complexity for a
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by Cesbron et al. [13,25] and later Dubois et al. [14]. Further methods
to compute rough contact problems are the Cholesky factorization used
by Webster and Sayles [26], the multigrid method based on Brandt and
Lubrecht [27] and Fast Fourier Transform (FTT) [28-32]. Polonsky and
Keer [28,29] demonstrated that the FFT is in some cases slower and
sometimes even less accurate for rough contact problems. The reason
for this is, that the FFT requires for each contact point a minimum of
four mesh points.

The motivation and originality of the present study is to use the Fast
Multipole Method (FMM) to reduce the complexity and improve the
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efficiency of the computation of rough contact problems. Indeed, the
FMM was developed by Rokhlin and Greengard (1980s) to speed up the
calculation of N-body interactions, by reducing their complexity [33-
35]. In the early days, the FMM was mainly applied to potential
field problems, but its advantages for different physical applications
were soon discovered. Its efficiency in solving Matrix-Vector Multipli-
cations was applied to BEMs [36,37] and their various applications.
Amongst others the FMM was used to solve large-scale 2D elastostatic
problems [38,39], 2D elastic wave surface integral equations [40],
3D elasticity and fracture problems [41,42], 3D elastodynamics in
the time [43] or frequency [44] domains, time domain partial ele-
ment equivalent circuit analysis [45], 3D potential problems [46,47],
3D half-space acoustic wave problems [48], poroelastodynamic prob-
lems [49], electromagnetic scattering problems [50,51] and anisotropic
material problems [52]. Regarding the Fast Multipole Method, two
approaches have to be mentioned, the Single and Multi Level FMM.
The Single Level approach, recursively divides the domain into 2
levels, resulting in 16 leaf cells. In comparison, the Multi Level FMM
recursively divides the domain further than level 2, which leads to a
minimum of 64 leaves.

Therefore, this paper introduces a Single Level Fast Multipole
Method (SLFMM) to rough contact problems, focusing mainly on
Boussinesq’s theory. For this purpose, Section 2 presents Boussinesq’s
contact problem, the multipole expansion, as a key element of the
Fast Multipole Method and the SLFMM itself. Section 3 illustrates and
discusses the results obtained for the MIM and Single Level approach
for surfaces of different complexity (single half-sphere/hole, 25 half-
spheres/holes and a real road surface). The final Section 4 outlines the
key findings of the new approach.

2. Theoretical background

This chapter explores Boussinesq’s contact problem combined with
the Fast Multipole Method to solve rough contact problems. Boussinesq
theory was chosen to exclude friction at the current state, to focus on
an accurate computation of the normal contact pressure distribution.

2.1. Boussinesq contact problem

To calculate the pressure distribution between two bodies the states
of contact and separation have to be distinguished [3]. This phe-
nomenon is called the “law of unilateral contact” and is described
by:

VM e X, h(M)=0 and p(M)>0, @
VM eZX, M)>0 and pM)=0, ()
(with: /(M) =u (M) - z,(M) + 6 + z(M)), 3)

where Eq. (1) defines the state of contact (£,) and Eq. (2) separation
(Z.bar). Here, h(M) defines the gap function and p(M) the normal
contact pressure. The gap function (Eq. (3)) in general is determined by
the distance between the half-space and the rough surface, where 6 is
the global penetration between the two bodies, u,(M) the displacement,
z,(M) and z(M) the heights of the rigid surface and the half-space,
respectively [3,4].

Boussinesq contact problem (Fig. 1) describes a concentrated force
acting on the surface of an elastic half-space. Accordingly, a normal
pressure p(&, n) acting in a point .S(&, n), within the contact area X,.. Now
it is of interest, how this force influences the displacement and stress
field in any point M(x, y), at the surface of the half-space ¥, with ¥ =
Z,uZ, and X.n%, = @ [14]. Within Boussinesq contact problem the
displacement u(M) is defined as the integral of the influence function
T(M,.S) multiplied by the normal contact pressure p(.S). The influence
function calculates the interaction between the points M(x,y) and
S, n:

VM e X, u(M) = / T(M, S)p(S)dsS, 4
z

¢
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p(&,mn)

«--
N

Fig. 1. Boussinesq’s contact problem is defined by a concentrated force p(¢,#) acting
on the surface of an elastic half-space. This leads to a displacement at the point M(x, y),
at the surface of the half-space X.

1-12

with: V(M, S) € 22, T(M, S) =
nEr

, (5)

where E and v are the Young modulus and Poisson coefficient of
the half-space and r is described by 1/(x — &)? + (y — 5)?. Provided that
the global penetration § is known, the contact area X, and pressure
distribution p(M) can be determined. Therefore, the contact area must
be discretized before the Boussinesq contact problem can be solved.
The surface of the half-space is partitioned into » identical rectangular
elements (Fig. 2), with a length A, and height h, and its center
at M;(x;,y;), where i € [1,n] [53]. According to the discretization,
Bousinessq’s contact problem is characterized by:

cp={ Pi};Te“ - vector of contact pressure, where p; is uniform on
each element i,
T .
*u={u;},,," vector of displacement.

Consequently, the general relation between the contact pressure distri-
bution p and the displacement u is described by Ap = u, where the
influence matrix Ay is defined by (¥(i, j) € [1,n]%):

1-v?
Aij = rE

y!"’% s
/ n, / o T(M(x, ), S m)dédn. (6)
vimg Jxmm

Due to the direct Matrix-Vector Multiplication, Boussinesq’s contact
problem for large contact areas is computationally expensive.

h

A
\d

X O

J

|
' A
: 1
|

%/,
d

Fig. 2. Discretization of the elastic half-space surface in » identical rectangular
elements (length &, height h, and center at M;(x;,y;), where i € [1,n]).
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2.2. Multipole expansion

Before the FMM can be applied to Boussinesq’s contact problem,
its influence function T(M, S) has to be approximated. Therefore, the
points M(x,y) and S(&, 1) have to be defined by the spherical coordi-
nates (R,0,¢) and (p,a, ), respectively [54]. Appendix A provides a
detailed definition of the mathematical derivation of the regular and
irregular solid harmonics, given by:

1 m imf n
T )'P (cosa)e'™ p", @

= (n — m)! P"(cos §)e™?

R, .(0S) =

S"’m(OM)

(8)

R+l ’

where the indices n and m describe the degree and order of the solid
harmonic. The complex conjugate is denoted by an overline like m
In addition, the distance between the points and the origin is defined by
(JOS| < |OM]|). Then the inverse of the distance 1/r from Boussinesq’s
contact problem can be approximated by solid harmonics:

W(M) = l—v

Z Z S,m(OM)R, ,,(0S)p(S)d =, ©
n=0 m=—n

which is called the multipole expansion [55]. To determine Boussinesq
contact problem, it is necessary to estimate the recurrence relations of
the solid harmonics (cf. Appendix B).

2.3. Single level fast multipole method

To begin with, the studied domain has to be divided recursively
into 2 levels by a quadtree to allocate the grid points into its leaf cells
(Fig. 3). Therefore, the entire domain is defined as root cell zero, level 1
as its four child cells, and level 2 as its 16 grandchildren or leaves. Since
the Fast Multipole Method requires for the far-field approximation only
cells at level > 2, this approach is called Single Level FMM. In addition,
the near-field and far-field need to be defined. The near-field consists
of Cell C plus its adjacent cells and is computed directly. In contrast,
the influence of the far-field cells has to be approximated by the FMM
approach. Accordingly, the advantage of the FMM is the reduction of
complexity by limiting the total count of direct computation.

T o CellC
. g 0 1 4 5 Adjacent cells
§ - N ! Far-field cells
- |1
2 3 6 7

Level 0

g | 9| 12| 13

10 11 14 15

Fig. 3. Schematic of the Single Level FMM (16 cells or leaves) consisting of 2 levels
with exemplary illustration of Cell C (blue), adjacent (yellow) and far-field (white)
cells.

To calculate the far-field contribution, the multipole moments of
each of the 16 leaf cells must be computed. Therefore, the multipole
moments approximate the influence of points within a leaf to its cell
center .S, [39,56]. The multipole moments can be derived from the
multipole expansion (Eq. (9)) and are written as:

M50 = [ RynSeps)az. (10)
2
To estimate, how the far field influences the local displacement within

Cell C, the moments of the far-field have to be translated to its center
M.. This translation is the so-called moment-to-local translation (M2L)
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L,, [39], written as:

Lyp(M) = (- 1>"Z Z

n'=0m'=—n'
During the last step, the result obtained by the M2L (Eq. (11)) is used to
calculate the local displacement u;, ;,,. Therefore, the far-field influence
is projected to every field point M within Cell C [34,54], given by the
local expansion:

n m’(Se)Sn+n’,m+m’ (SCMC) an

l—v

uk,far(M) 2 2 an(McM)an(M) (12)

=0 m=—n

With the estimated far-field contribution, the total local displacement
u;. (M) can be determined by summing up the near-field u,,,.(M) and
far-field displacement u, ,,.(M). In the final step, the local pressure
distribution p, is updated by a local matrix inversion based on a
prediction/correction algorithm [53]. Based on this procedure, the
local pressure distribution for all leaves has to be updated. After the
pressure distribution is entirely updated, the algorithm iterates until the
solution converges within a prespecified tolerance ¢ [54], written as:

| pmet! —p™ ||
I p" |l

Fig. 4, shows the iterative approach to estimate the local pressure
distribution with a Single Level FMM. At first, the local influence matrix

Start

Calculate local influ-
ence matrices Ay 1oe

<e with |pl=Y Ip" a3)
i=1

It=0
- It - It + 1
Yes
pre = pretl
Cell C=0
no
1

Cell C < leaf nb

Define adjacent

and far-field cells

l Stop

Direct computation
near field ug near

M2L-Translation
and local expansion
(far-field) wg, far

!

Uk,z = Uk,near + Uk, far
rhs = 2z, — 0 — 2
rhs = rhs — uy

Solve local contact
problem by MIM,
based on a prediction
/correction algorithm

Cell C=Cell C + 1

Fig. 4. Flowchart for the iterative Single Level FMM to determine the contact pressure
distribution.
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Ay 1o for each leaf cell is computed and stored by Eq. (6). This process
is computationally expensive since each grid point is considered, which
results in a dense and symmetric matrix. Furthermore, the program
consists of three loops, an external and two internal loops. The external
loop controls the iterations (I7) of the algorithm, and the first internal
loop considers each leaf once per iteration as Cell C. With the last
internal loop, the program verifies if the updated pressure distribution
meets the predefined tolerance.

With the start of the first iteration, the multipole moments (Eq. (10))
for each leaf cell are determined. Since the multipole moments include
the integration, they have to be re-estimated for each iteration. Then
the first Cell C, its adjacent cells, and far-field are defined within
the internal loop. The near-field displacement u, ,,, for the adjacent
cells is calculated directly by matrix-vector multiplication. Afterwards,
the far-field contribution has to be determined by the M2L-translation
(Eq. (11)) and the local expansion (Eq. (12)). The total displacement
U and gap function (Eq. (3)) are determined and finally, the local
pressure distribution pZ‘H for the first Cell C is updated. After that,
the remaining 15 cells are determined, following the same principle.
When the pressure distribution for all 16 leaves is updated, the program
verifies, if the new pressure distribution converges within the prespec-
ified tolerance ¢ (Eq. (13)). If it does not meet the defined tolerance, it
continues with the next iteration, otherwise, the program stops. Beyond
that, the algorithm stops when the maximum number of iterations It,,,,
is reached.

3. Results and discussion

In this chapter, the SLFMM is used to evaluate surfaces of different
complexity, within Cartesian coordinates. To begin with, the multipole
expansion regarding its accuracy for a simplified case has to be vali-
dated. According to that, the SLFMM is applied to less complex surfaces
consisting of axisymmetrical asperities or holes. Finally, the SLFMM
is applied to a complex rough surface. The SLFMM is compared to a
reference method derivated from the Matrix Inversion Method, which
is based on a prediction/correction algorithm [53]. The relative error
between the two approaches is determined by:

¢, = 100 I Pscrrm —Prrm |l a4

5

I Parrae |l
which is called the global error ¢,. Both methods are implemented in
Python using a computer with 32 GB RAM, 16 cores and Intel Core
i9-11950H11th (2.60 GHz) as the CPU.

3.1. Validation of the multipole expansion

To prove that the SLFMM can be used for rough contact prob-
lems, the multipole expansion has to be verified. Therefore, the mul-
tipole expansion is compared to the analytical results for a single rigid
paraboloid of revolution (Fig. 5). The paraboloid is in contact with an
elastic half-space by a known penetration §, resulting in a total load
P. To verify the accuracy of the multipole expansion (Eq. (9)), it is
compared to the analytical displacement outside the contact area. The
analytical displacement u(r) is calculated by the following expression,

Fig. 5. A simplified axisymmetrical asperity (paraboloid of revolution) in contact with
an elastic half-space by a known penetration §.
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referring to Hertz contact theory [16].

2 [
Vr>a u(r)=u_0(<2—r—2>arcsin<§)+§ l—a—j>, (15)
/3 a r

where a defines the radius of the contact area and r the radial dis-
tance. The multipole expansion, determined by Eq. (9), requires the
recurrence relations for the solid harmonics, seen in Appendix B. To
calculate the displacement, the analytical pressure distribution has to
be applied for both approaches. To determine the analytical pressure
distribution, the following equations are used:

1
3D _ )2
p(r) = 77(1 ﬂ) Vrsa
0 Vr>a,

(16)

where p,, is the average contact pressure. Fig. 6 illustrates the ana-
lytical and the approximated normalized displacement u/u, (multipole
expansion).

? O Analytical
0.4F Order 0
Order 1
Order 2
Order 3
Order 4
Order 5
Order 6
Order 7
Order 8

0.3 Q
+

©
+ o+ o + o +

0.2} ®s

Normalized displacement u/ug
+0

r/a

Fig. 6. Result for an axisymmetrical asperity: normalized displacement u/u, determined
analytically and by the multipole expansion with a given contact pressure distribution
p, (order O to 8).

The approximated displacement was determined for order 2 to order
6. Since the symmetry of the revolution of the paraboloid compensates
the moments for odd numbers, the result does not improve from order
0 to order 1 for example. This shows how the accuracy improves
when the order number increases. Nonetheless, it can be observed
that the multipole expansion shows an acceptable result for order
0 with a global error of 0.24% (Fig. 7). For order 8 the multipole
expansion approximates the analytical displacement with a global error
of 0.0007%. Consequently, the multipole expansion meets the accuracy
requirement to compute the displacement within the contact area.

0241
0.2F
&
g
& 01
0.021
ool 40.004 0.001 40.001
0 2 4 6 8

Order number

Fig. 7. Result for an axisymmetrical asperity: global error ¢, between the analytical
and multipole expansion result (order O to 8).
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3.2. Surface generation

To evaluate the Single Level FMM surfaces of different complexity
were generated and studied. The first set of surfaces consists either of
half-spheres or holes (Fig. 8, b, c and d), which are numerically created.

(a) 1 half-sphere (b) 25 half-spheres
. T

St
sl
_2 S ol
S eeal

- LA A A A ,

-4 =2 0 2 4 -0 -10 0 10 20
X lmm] x [mm]

¥ (mm]

° ~
z[mm)
¥ [mm]

° s
2 [mm]

3

(c) 1 hole (d) 25 holes

L B B N
1 =05 5 . . . . . -0.5
Eo ST N B K K I =t
. " L L AL B L N

e e e
= ) 1 -2.0 =5 ) 5 -2.0

x [mm] x [mm]

Fig. 8. Numerical generated rigid surfaces: (a) 1 half-sphere (10 mm x 10 mm), (b) 25
half-spheres (50 mm x 50 mm), (c) 1 hole (4 mm X 4 mm) and (d) 25 holes (20 mm
X 20 mm). The gray-scaled color bar on the right indicates the depth of the surface.

For the surfaces with one half-sphere (Fig. 8a) and 25 half-spheres
(Fig. 8b), the following expression was applied:

z,(x,y) = \ /R =1y ifry <a. an
with: r; = (x = x.)2 + (= y.)% (18)

where « is equal to 5 mm and R is 10 mm. The coordinates x, and
y. describe the position of the sphere center. Furthermore, the surfaces
consisting of one hole (Fig. 8c) and 25 holes (Fig. 8d) were defined by:
—1—cos (n%”) if-b<r; <b,

ifr;, >band-b <xy <b,

z,(x,y) = (19)

where r; is equal Eq. (18) and b is 2. To generate the surface with
the randomly placed half-spheres with radius of 4, 5 or 6 mm (Fig. 9),
Eq. (17) was applied. Solely the information about the position and
radius of each half-sphere were extracted from a scanned surface.

6

20
5
10 .
3
-10 e
1

-20
0

20 -10 0 10 20

X [mm]

y [mm]
o
z[mm]

Fig. 9. Numerical generated rigid surface: 24 randomly placed half-spheres (50 mm x
50 mm). The gray-scaled color bar on the right indicates the depth of the surface.

Finally, a sample of real road surface with a total size of 200 mm
X 191 mm was measured. This measurement was obtained by a micro-
measurement station using an optical sensor (PH-Line 2100 from Imag-
ine Optique in France). The horizontal displacement step of the sensor
is 0.2 mm and the vertically measured values are between O and
30 mm with a resolution of 0.015 mm [25]. From the texture scan

International Journal of Mechanical Sciences 286 (2025) 109810

the three-dimensional coordinate (x;, y;, z;), the resolution, the length
of the surface, and the number of grid points in x and y direction were
extracted. Fig. 10 shows a 50 mm by 50 mm sample of this texture scan
used for contact calculation in this study.

T 0.0
1]
| )
.
-0.5
40 A < - '
e -1.0
b =
— 301 ; 15 E
= ﬁ % 1.5 .E
E B s
> \ -20@
240 W J £
- 4 L n
. 1 A w23
-
10 A*k " -3.0
4 ' » -3.5
10 20 30 40
X [mm]

Fig. 10. 2D-measured rigid surface: rough surface (50 mm x 50 mm). The gray-scaled
color bar on the right indicates the depth of the surface.

3.3. Results single level FMM

To prove that the SLFMM can be applied to rough contact surfaces,
four simplified and two more complex surface are evaluated. For this
purpose, the main parameters are defined by:

« The elastic half-space (rubber block) is characterized by a Young
Modulus of 6 MPa and a Poisson coefficient of 0.5.

» The penetration and the initial pressure distribution are § =
—1.0 mm and p™ = {0, ...,0}7, if not stated differently.

+ The convergence criteria ¢ is equal to 103, the maximum number
of iterations is set to 20 and the order number is 4.

The proposed Single Level approach is applied to simplified surfaces
of spherical asperities or holes and validated by comparing it to the
MIM. To begin with, the pressure distribution and displacement for
one half-sphere (Fig. 8a) and 25 half-spheres (Fig. 8b) are determined.
The radius of the half-sphere is 10 mm and the surface consists of 10
000 grid points with a resolution of #, = h, = 0.1 mm. The pressure
distribution was determined by order 0, 2 and 4 to demonstrate the
approximation accuracy of the new method (Fig. 11). Order 0 approx-
imated the result with a global error of 37.84%, which was drastically
reduced to 1.96% and 0.13% for orders 2 and 4, respectively. Con-
sequently, the SLFMM is congruent to the reference method, with a
satisfying result for order 4 within 14 iterations. This statement can
be verified by comparing the result for the displacement shown in
Fig. 12. Here, the global error between the two methods is 0.005%,
which proves the accuracy of the SLFMM.

0.100
7 0075}
Z
2
2 0.050
o
[
&

0.025} MiM

SLFMM (order 0)
f + SLFMM (order 2) °;
0.000 - commmmmmmb o  ° SLFMM (order4) T
—a -2 0 2 4

x [mm]

Fig. 11. Result for 1 half-sphere: pressure distribution for MIM and SLFMM (order 0,
2 and 4) on axis y=0 and 6 = —=1.0 mm.
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0.01000 -
0.00975
€
£
— 0.00950
c
[
€ ’
2 C:
8 0.00925 |
o
0
a
0.00900 —
= rigid surface
=G= MIM
0.00875 e SLFMM (order 4)
—0.004 —-0.002 0.000 0.002 0.004
x [mm]

Fig. 12. Result for 1 half-sphere: displacement for MIM and SLFMM on axis y = 0 and
6=-1.0 mm.

For the surface with 25 half-spheres, each of the half-spheres has
a radius of 10 mm. The Single Level FMM requires 10 iterations to
converge within the pre-defined accuracy. Fig. 13 displays the contact
pressure over the total surface calculated by the new approach. It
illustrates, that the SLFMM considers the interactions well between
the half-spheres. As a result, there is a larger contact area on the
outer asperities than on its center asperity. Additionally, the pressure
distribution for the center asperity is symmetric and asymmetric for the
asperities in the corners.

Table 1
Comparison of the CPU time and global error ¢, for the SLFMM (orders

0, 2 and 4) for 25 half-spheres.
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Fig. 13. Result for 25 half-spheres: pressure distribution over the entire surface
(SLFMM). The orange-scaled color bar on the right indicates the contact pressure value.

To prove how accurately the SLFMM approximates the results,
Fig. 14 provides a close-up of five asperities. Firstly, it is obvious, that
there is an interaction between the asperities proven by the contact
pressure differences between the inner and outer asperities.

0.05F A &
[ ] ®
ooal #1 % f. a» ;8
I Yo y ot
I I R RS T S S
© ] ] 1 1
a 003 4 ! 1 1 1 I
= 1 L 1o 0 [
2 T AR R
3 1 I |
goo2r | 1 # 1o T I
£ T S I B O A
$ I MM ' b
| B H SLFMM (order 0) HE
P |+ SLFMM (order2) : -
000} emb dmmmmm ° SLFMM (0rderd) oumms  dw
=20 -10 0 10 20
x [mm]

Fig. 14. Result for 25 half-spheres: pressure distribution for MIM and SLFMM (order
0, 2 and 4) on axis y =0 and 6 = —1.0 mm.

Order Convergence CPU time Global error ¢,
0 1073 37 s 5.92%
5 1072 24's 0.28%
1073 38 s 0.10%
4 1072 31s 0.15%
1073 50 s 0.02%
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Fig. 15. Result for 25 half-spheres: displacement for MIM and SLFMM on axis y = 0
and 6 = —1.0 mm.

Foremost, both methods estimate identical results for the pressure
distribution with a global error of 0.02% (order 4). Table 1 shows
the remaining global errors for orders 0 and 2 and the computation
time of the SLFMM. The displacement in Fig. 15 demonstrates, with an
error of 0.01%, that the SLFMM determines the result accurately. By
changing the order number and/or increasing the convergence criteria,
the SLFMM can be accelerated. However, these changes implicate a
higher global error for the pressure distribution. The MIM needs 130
s to calculate the result, whereas the new method requires 50 s (order
4). Nevertheless, by increasing the convergence to 102 the SLFMM
is faster, with a slight increase of the global error from order 4 to
2. Furthermore, the development of the global error concerning the
SLFMM iterations, the deviation between the two methods, and the
chosen order number are studied in Fig. 16. The trend of the global
error is similar for the single half-sphere, which is why only the devel-
opment of the 25 half-spheres is shown. During the initial iteration, the
global error is infinite, but it decreases rapidly and reaches the defined
accuracy after 10 iterations. The global error between the MIM and the
SLFMM approach decreases exponentially and changes insignificantly
from iterations 7 to 10. As seen before, the result differences between
the order numbers are negligible, merely order 0 shows a higher global
error than the other order numbers.
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Fig. 16. Result for 25 half-spheres: global error ¢, between SLFMM iterations, MIM
vs. SLFMM and order numbers O to 8.
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Fig. 17. Results for 1 hole: contact pressure distribution for MIM and SLFMM (order
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Besides the surface with asperities, two plane surfaces with one
(Fig. 8c) and 25 hole(s) (Fig. 8d) are calculated to prove that the
SLFMM can determine different types of contact problems. Both sur-
faces consist of 10 000 grid points with a resolution of 2, = h, =
0.1 mm. The pressure distribution for order 0, 2 and 4 is shown in
Fig. 17 and demonstrates how the SLFMM approximates the result of
the reference method. For order 0, the global error is 28.76% and for
orders 2 and 4, it drops to 1.17% and 0.05%, respectively. Fig. 18
illustrates the displacement for both methods, with a global error of
0.02% (order 4).

00 @

I
o
n

T

- rigid surface
=-o=- MIM
e SLFMM (order 4)

Displacement [mm]
AN
o
T

I
=
[}

T

-2.0r

-2 -1 0 1 2
x [mm]

Fig. 18. Results for 1 hole: displacement for MIM and SLFMM on axis y = 0 and
6 =-1.0 mm.
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Fig. 19. Result for 25 holes: pressure distribution over the entire surface (SLFMM).
The orange-scaled color bar on the right indicates the contact pressure value.

Additionally, the SLFMM was applied to a surface with 25 holes
(8), where parameter b is 2. Fig. 19 presents the pressure distribution
influenced by the interaction of the contact points for the total surface.
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At the outer edges of the surface and the edges of each hole, high pres-
sures are detected. Moreover, the pressure distribution of the exterior
holes is asymmetric, which is in particular noticeable at the four corner
holes. Again, this difference in the pressure distribution can be seen in
Fig. 20.
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Fig. 20. Results for 25 holes: pressure distribution for MIM and SLFMM (order 0, 2
and 4) on axis y=0 and 6 = —1.0 mm.

In total, the SLFMM required 15 iterations to compute the pressure
distribution, with an overall error of 31.67% (order 0), 0.80% (order
2) and 0.05% (order 4). For the displacement (Fig. 21) the global
error between the two methods is 0.05%. A current limitation for
the SLFMM for this case is the computational time to determine the
pressure distribution.

Displacement [mm]

- rigid surface
=G= MIM
e SLFMM (order 4)

-5 0 5 10
x [mm]

Fig. 21. Results for 25 holes: displacement for MIM and SLFMM on axis y = 0 and
6 =-1.0 mm.

The MIM required 143 s, whereas the SLFMM needed 288 s (order
4) or 248 s (order 2). Even by changing the convergence criteria to
1072, the SLEMM still required more computational time than the old
method (Table 2). In comparison to the surface with 25 spheres, the
SLFMM required more iterations to estimate the result. Furthermore,
the elastic half-space is with around 80% of the surface in contact,
whereas only 60% of the surface with the 25 half-spheres is in contact.
In addition, the fluctuating global error for the iterations and between
the two methods (Fig. 22) shows that the new method requires more
time to stabilize.

Table 2
Comparison of the CPU time and global error ¢, for the SLFMM
(order 0, 2 and 4) for 25 holes.

Order Convergence CPU time Global error ¢,
0 1073 250 s 31.67%
5 1072 183 s 0.78%
1073 248 s 0.80%
4 1072 217 s 0.78%
1073 288 s 0.05%
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Fig. 22. Results for 25 holes: global error ¢, between SLFMM iterations, MIM vs.

SLFMM and order numbers 0 to 8.

Next, the surface with randomly distributed half-spheres (Fig. 9)
is studied. The radii of the half-spheres vary between 4 and 6 mm,
whereby the surface consists of 10 000 grid points with a resolution
of h, = h, = 0.5 mm. To guarantee sufficient contact between the
surface and the half-space, the penetration was changed to —4mm
for this evaluation only. For a general overview, Fig. 23 illustrates
the pressure distribution across the entire surface. Here, the most
significant observation is the asymmetric pressure distribution. This
asymmetry is especially visible in the transition area between contact
and separation, which is caused by the interaction of the asperities.
Fig. 24 verifies this asymmetric pressure distribution, where the contact
points of each half-sphere are shifted. Apart from this, the SLFMM
approximates the result within 10 iterations for order 4 with an error
of 0.04%. In Fig. 25 the displacement for both methods is illustrated,
with a global error of 0.01% (order 4). To calculate the surface with the
randomly distributed half-spheres, the Matrix Inversion Method needed
123 s. Table 3 indicates the computation time of the SLFMM for each
order number with its corresponding error.
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Fig. 23. Results for a surface with randomly distributed half-spheres: pressure distribu-
tion over the entire surface (SLFMM). The orange-scaled color bar on the right indicates
the contact pressure value.

It is observed that the new method is faster than the reference
method. For instance, order 4 requires 85 s, which can be reduced
to 64 s by increasing the convergence criteria. It can be seen, that
the time reduction from order 4 to 2 is often low, with a drastic
increase for the global error (cf. Table 3). Consequently, in some cases,
it is more beneficial to change the convergence criteria rather than
the order number. Nonetheless, the SLFMM offers a good compromise
between computational time and accuracy. Finally, the development of
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Fig. 24. Results for a surface with randomly distributed half-spheres: pressure distri-
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Fig. 25. Results for a surface with randomly distributed half-spheres: displacement for
MIM and SLFMM on axis y =0 and 6 = —4.0 mm.

Table 3
Comparison of the CPU time and global error ¢, for the SLFMM
(order 2 and 4) for a surface with randomly distributed half-

spheres.
Order Convergence CPU time Global error ¢,
0 1073 61 s 16.54%
9 1072 47 s 0.51%
1073 64 s 0.46%
4 1072 59 s 0.26%
1073 85s 0.04%

the global error was examined (Fig. 26). The trend of the global error
is similar to that of the 25 half-spheres.
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Fig. 26. Results for a surface with randomly distributed half-spheres: global error ¢,
between SLFMM iterations, MIM vs. SLFMM and order numbers 0 to 8.
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Fig. 27. Result for a rough surface: pressure distribution over the entire surface
(SLFMM). The orange-scaled color bar on the right indicates the contact pressure value.

After demonstrating that the SLFMM can approximate the contact
pressure distribution for simple rough surfaces, the method is now
applied to a complex rough surface taken from a real road surface
texture scan. Afterwards a surface of 50 mm x 50 mm, with a total
of 62 500 grid points and a resolution of A, = h, = 0.2 mm was
chosen (Fig. 10). Fig. 27 shows the computed pressure distribution
across the rough surface. Since the emerging parts of the rough surface
are randomly shaped, the interactions between them are difficult to
recognize. To prove that the MIM and the SLFMM are congruent to
one another, chosen sections of the contact pressure distribution and
of the displacement are illustrated in Figs. 28 and 29. The SLFMM
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Fig. 28. Results for a rough surface: pressure distribution for MIM and SLFMM (order
0, 2 and 4) on axis y=0 and § = —1.0 mm.
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Fig. 29. Results for a rough surface: displacement for MIM and SLFMM on axis y =0
and 6 = —1.0 mm.
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approximates the contact pressure distribution within 12 iterations,
with a global error of 0.03% (order 4), and the displacement, with an
error of 0.02%.

It was demonstrated, that the SLFMM meets the requirement of ac-
curacy. However, does it fulfill the condition of accelerated calculation
time as well? Fig. 30 shows the CPU time for the MIM and SLFMM for
convergences of 1072 and 10-3. The total CPU time for the MIM is 76
175 s (~ 21:09 h) and 3767 s (~ 1:22 h) for the Single Level FMM (order
4), which is a reduction of around 95%. Almost 98% of the SLFMM CPU
time is related to the direct computation of the near field, the actual
SLFMM remaining requires around 2% of the total time. By choosing
order 2 instead of 4, the CPU time decreases slightly, with a moderate
rise of the global error to 0.24%.

. MM
SLFMM Uk, near
(e=1073) W Ay ioc, M, my Lo, m, Uk, far, P2
SLFMM |
(e=1072)
MIM
0 20000 40000 60000

CPU time [s]

Fig. 30. Comparison of the CPU time used by the MIM and the SLFMM (order 4) for a
convergence ¢ equal 10~2 and 10-3. Subdividing the SLFMM CPU time in the directly
computed part u, . and remaining operations (local matrix and SLFMM calculation).

Table 4 shows the CPU time and the global error for the SLFMM
for orders 0, 2, 3, and 4. Since the asperities for the rough surface are
not symmetric, order 3 was also evaluated. It can be observed that the
global error from order 2 to order 3 decreases significantly, whereas the
improvement from order 3 to 4 is comparably low. Moreover, there is
no particular acceleration from order 4 to 2, the latter is only 1% faster.
However, the computational time decreases by around 22% when the
convergence increases, whereby the global error rises slightly.

Table 4
Comparison of the CPU time and global error ¢, for the SLFMM (order
2, 3 and 4) for rough surface.

Order Convergence CPU time Global error ¢,
0 1073 ~1:20 h 13.52%
9 1072 ~1:02 h 0.32%
1073 ~1:21 h 0.24%
3 1072 ~ 1:03 h 0.23%
1073 ~1:21h 0.06%
4 1072 ~ 1:03 h 0.22%
1073 ~1:22°h 0.03%

Furthermore, it is of interest to investigate when the break-even
point between the two methods is reached. Fig. 31 shows the time
development of the MIM, the SLFMM, and complexity O(N) regarding
the surface size. It illustrates, that the SLFMM becomes significantly
faster than the Matrix Inversion Method when the domain is greater
than 5000 DoFs. In addition, the MIM reaches its limitation at 62 500
grid points, whereas the SLFMM can be used for larger surfaces. Apart
from that, the difference between the two convergence criteria tested
is comparably low in comparison to the overall improvement between
the SLFMM and the MIM.
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Fig. 31. Comparison of the CPU times used by complexity O(N) the MIM and the
SLFMM (order 4) for a convergence e equal 102 and 10~3 per DoF.

Additionally, the development of the total force, global error and
ACPU were examined regarding the penetration depth for orders 0, 2,
4, and 6. Fig. 32(a) presents the total contact force, which is the sum of
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Fig. 32. Comparison of the developed SLFMM (order 0, 2, 4 and 6) for (a) the total
force, (b) the global error ¢, and (c) the ACPU time for penetrations 6 between —3.0
mm to —0.5 mm regarding the MIM.
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all contact pressures. For penetrations between —2.0 to —0.5 mm, the
SLFMM is equivalent to the reference method with a maximal deviation
of 0.20%. When the penetration decreases to —3.0 mm, the variance
between the two methods rises to 0.5% (order 0). This deviation is
also visible in Fig. 32(b), where the global error is 21.40% (order 0),
0.55% (order 2) and 0.04 (order 4 and 6) for a penetration of —3.0
mm. According to this result, the SLFMM computes accurate results for
an order number equal to 2 or bigger. The last Fig. 32(c) illustrates
the ACPU time between the MIM and SLFMM. When the result is
located under zero, the SLFMM is faster than the MIM. Firstly, the new
method is faster for all tested penetrations and with each order number.
Moreover, there is no significant difference in time between order 2, 4
and 6. To summarize, Fig. 32 shows that the difference between orders
0, 2, 4 and 6 is not substantial for the total force and CPU time, but for
the global error. As a consequence, in the case of a road surface, order 4
is a good compromise between the global error and the computational
time.

4. Conclusion

A Single Level FMM has been developed, to accelerate the calcu-
lation between a rough surface and an elastic half-space. Therefore,
Boussinesq’s contact problem has been approximated by solid harmon-
ics, the so-called multipole expansion. Subsequently, the accuracy of
the multipole expansion was validated regarding the analytical dis-
placement. The analytical displacement was computed for a paraboloid
of revolution and compared to the multipole expansion. After verifying
the accuracy of the multipole expansion, the Single Level FMM was
used to compute the pressure distribution for rough surfaces of different
complexities.

The numerical validation for the surfaces consisting of half-spheres,
holes and randomly distributed half-spheres was performed by the
Matrix Inversion Method and the SLFMM. It has been observed that
the displacement and pressure distribution were congruent. For all
evaluations, the global error was under 0.15% (order 4). Furthermore,
the new method estimated the results for the 25 spheres and the
surface with randomly distributed half-spheres faster than the reference
method. Furthermore, the efficiency was further enhanced by increas-
ing the convergence criteria. It was observed that the CPU reduction
from order 4 to 2 is insignificant, comparable to the change of the
convergence criteria.

Finally, the new method was used to determine the pressure dis-
tribution for a rough surface (road surface sample) and compared to
the reference method. It has been demonstrated that both methods
are in good agreement, whereas the SLFMM approximated the result
within 12 iterations (order 4). In addition, the new method required
only 5% of the CPU time of the reference method. In addition, different
order numbers for the SLFMM were evaluated to verify the total force,
global error, and CPU time. Here, it was proven, that the new approach
requires at least order 2 to meet the required accuracy. To summa-
rize, it can be concluded that the Single Level FMM fulfills both the
requirement of accuracy and efficiency for solving the contact problem.

Nevertheless, these results can be improved further by a Multi Level
FMM approach, which recursively divides the domain further than level
2. With the Multi Level FMM approach, the field of applications could
be extended to friction [53,57], fractal surfaces [57-59] and nonlinear
contact stiffness [12].
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Appendix A. Derivation of solid harmonics

Consider two points M (R, 8, ¢) and S(p, a, f) that are well-separated
by distance r and placed in a reference frame, with its origin at O(x,, y,)
(Fig. A.33). The point .S is within the contact area (orange) and close
(distance: p) to the origin O(x, y,). In contrast, the point M lies outside
the contact surface and is separated from the origin (p < R) by distance
R. Then, the inverse of the distance 1/r can be approximated by the
cosine theorem (2 = p2 + R2 — 2pRcosy) with p < R < r.

Y

0(x9,¥0) X

Fig. A.33. Points S(&,7n) and M(x, y) well-separated by distance r, placed in a reference
frame, with its origin at O(x,, y,).
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r Vp?+ R2—2Rpcosy
- ! , (A2)
P2 )
R et 1- 2; cosy

_ 1
RV2+1 -2zt

The term V/#2 + | — 2¢z can be rewritten as a generating function of the
Legendre polynomials P,.

(t= %, Z = cosy). (A.3)

1
— =Nrw@" @<, (A.4)
Vi2+1-2tz g{;
1 Iv
- == P(2t", A5
p pn;) .(2) (A.5)
L iP(cosy)L (p<R). (A.6)
= n Rn+1

After combining Eq. (A.6) with the addition theorem for the Legendre
polynomials, the regular R, ,, and irregular S, ,, solid harmonics can be
derived [56,60]. The solid harmonics are given by:

1
Rnym(OS) = m

S, m(OM) = (n—m)!P"(cos 0)e'™®

P!"(cos a)e™ p", (A7)

1
Rn+l ’

(A.8)

where R, ,, defines the regular and S, ,, the irregular solid harmonics.
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Appendix B. Recurrence relation for solid harmonics
When using solid harmonics, it is important to study their recur-

rence relations. The first recurrence relations, which are fundamental
to calculate higher-order solid harmonics, are written as following:

Ryp=1, (B.1)

Ry = x3, (B.2)
1

Soo= —, B.3

0= R (B.3)
V3

Sl,O = F (B4)

Afterwards, the higher-order regular and irregular solid harmonics can
be determined as following:

x| +ixy

Rn,n = T n—1,n—1> (B.5)
@n=1Dx3R,_| ,, — P*Ry_g

Rym = o , (B.6)
2n =Dy +iy)

Sn,n = R2 Sn—l,n—l’ (B~7)
@n=1y38, 1, —((n=12 —=m?)S,_,

Sum = — . (B.8)

The vector x can be described by the spherical coordinates x; =

(psinacos f), x, = (psinasinf), x3 = (pcosa) and the vector y by

¥y, = (Rsinfcos¢), y, = (Rsinfsing), y; = (Rcosh), where p and R
describe the distance to the origin.
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