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GNSS-Based Solutions Testing in an ERTMS
Context: A Framework for Statistical Performance
Analysis
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Abstract—This article proposes a new methodology to label
GNSS data from multiple railway environments, based on real
measurements and fusion with external sources of information
(satellite and infrared). A precise attribution of each GNSS
observation to one specific environment is made possible, allowing
the study of short time intervals (several seconds), and the
analysis of local errors, computed with the Code-Minus-Carrier
method. In addition, a complete probabilistic Bayesian model is
employed to characterize the errors of each environment, based
on stochastic processes to consider temporal correlations between
errors. This new model is then analyzed and evaluated from the
acquired data, and has the ability to generate new samples for
simulation purposes. Finally, a Hidden Markov Model exploits
the fitted model to perform a simple detection of the environment
based on the local errors calculated.

Index Terms—GNSS, railway applications, multipath, Bayesian
inference, statistical modeling.

I. INTRODUCTION

Europe identified GNSS for safety critical railway appli-
cations and to be integrated in rail in general as part of
the toolset to help railway to contribute to reduce transport
carbon footprint. Indeed, to increase the use of trains in
European transports, railways must improve their attractive-
ness for passengers and freight, but also increase reliability,
availability and efficiency by reducing capital expenditure and
operational costs. GNSS is part of the global digitalization
scheme of freight that aims to offer added value to the
client’s knowledge of accurate time of arrival and continuous
monitoring of transport conditions. A major challenge will
be to reach stringent applications. GNSS is today seen as
a realistic and serious game changer for the future of the
ERTMS (European Rail Traffic Management System). The
localisation function is today performed with both odometry
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and balises. Odometer provides a continuous train position
in time from a reference point. But as the distance delivered
by the odometer shows a growing bias with distance, due to
wear and wheel sliding, the use of on-track balises allows to
reset this error. Future systems under development now will be
based on on-board localisation solutions with GNSS receivers
as part of a multi-sensor solution. It will allow the development
of new concepts such as moving blocks, virtual coupling
and automation. However, the environmental conditions of
tracks and surroundings configuration, i.e, tunnels, dense urban
areas or vegetation often degrade positioning performance
and thus efficiency and safety. Many progresses have been
made in the past years to develop more robust receivers,
multi-sensor solutions (CLUG project [1]) or missing tools
such as Digital Maps and some demonstrators are planned
for 2025. But these developments must be accompanied by
the development of assessment tools for demonstration plans
and future certification. How can we evaluate performances in
a dynamic environment (train, satellite, obstacles)? How can
we be sure that every configuration has been tested? What
is the impact of a failure (inaccuracy, missed detection) on
operation? Some of these issues are addressed in the on-
going R2DATO project funded by Europe’s rail and addressing
the development of technologies in several fields of digital
automated up to autonomous train operations, seeking a new
paradigm in how the rail system is operated, increasing
safety, flexibility, capacity, performance and reducing energy
consumption and costs. As the performance of satellite-based
positioning solutions varies over time and space, it is not
possible to exhaustively demonstrate the performance of an on-
board solution through long and costly test campaigns. Instead,
this variety of scenarios can be carried out on a test bench,
equipped with tools for simulating realistic signal reception
conditions and sensor errors. However, today, no realistic



models of these errors exist for railway environments. The
challenge here is then to model them considering variations
of the track surroundings and satellite positions in time.

GNSS errors are classically divided into global and local
errors. Commercial signal simulators use to simulate global
errors created by propagation through the atmosphere and by
the system itself (orbit, clock, etc.). them. Local errors are,
by definition, closely linked to the propagation environment
close to the receiver and its antenna. They are therefore more
difficult to model and simulate. In the past Gate4Rail project
[2], initial error models have been specifically defined for the
railway environment based on measurement campaigns. A few
representative environments have been proposed (open sky,
urban, forest), as well as the crossing of a few special features
such as bridges and tunnels. However, these models are lim-
ited. They represent only partially the conditions encountered
and are variable over time.

This paper proposes a date-driven framework for the gener-
ation of realistic railway local errors, based on real measure-
ments from in-field experiments. The possibility to establish
complex statistical models from multiple environments is a
key aspect for future simulation tools to test and assess GNSS
systems. The main objective of this paper is to provide a set
of local errors models, each related to a specific type of envi-
ronment: open-sky, vegetation, buildings,... with integration
of the temporal dynamic of the errors in the context of train
related GNSS acquisitions. The framework is composed of
several steps.

First, we introduce a methodology to identify offline the
environments crossed by a train during its journey. This spatial
segmentation is based on a multi-source information fusion. A
precisely timestamped ground-truth with estimated positions
of the train is combined with public satellite and infrared
images to perform easily a hand-made attribution between
environments and observations. Detection of buildings and
specific vegetation areas is performed to attribute one single
environment to each individual GNSS observation. Additional
relevant information such as the map elevation is included to
localize specific perturbations: tunnels, bridges. ..

The second step is the inference of a Bayesian probabilistic
model for local errors, involving analytical computations of
the Code-Minus-Carrier (CMC) errors. Independent Gaussian
errors are the preferred solutions in most of the GNSS sta-
tistical analyses, with modifications to increase the robustness
of estimations. Here, we include the temporal dependences
in the sequences of errors with stochastic process models.
Non-Gaussian distributions, such as Laplace or Student’s t
distributions are tested to incorporate the realistic behaviour
of the real errors. Very unlikely observations are therefore
not removed and directly modelled. Their generations in
future simulations provide challenging scenarios to test GNSS
systems. Error models are based on the segmentation of the
data into environments identified in the previous step. De-
pendences between the errors and additional available GNSS
features, such as the elevation of satellites for instance, are
also considered. A herarchical Bayesian framework allows a

complete quantification of the full posterior distribution of
the model parameters and uncertainty bound estimations, to
be further integrated in a simulation process. The inference
task is performed with modern Monter Carlo Markov Chain
(MCMC) techniques, which can process a large quantity of
data. Parameters estimated of each environment are compared
to the open-sky situation to quantify the changes in dynamic
properties. Notably, the increase of the errors amplitude in the
building environment is reported.

The third and last step focuses on an auxiliary task in-
duced by the establishment of the probabilistic models. The
characterization of environments from the local errors data is
included in a detection process to assess the predictive power
of the inferred models. Based on the individual statistical
distributions related to each environment, the most probable
sequence of unobserved environments can be derived from
any new trajectory (as soon as the GNSS observations are
provided). This specific step provides practical results for
comparison of the models. The conducted work is based on
acquisitions campaigns, for which the ground-truth trajectory
has been estimated. The data comes from real passenger trains
and gathers hours of measurements in multiple environments.

Future work will include the validation of the framework
based on the full simulation chain, relying on mixed hardware-
software processes.

II. MULTIPATH STATISTICAL MODELING
A. Existing approaches for local error analysis

Trains pass through a wide variety of environments during
their journeys. A train can easily move from one environment
to another at high speed, spending only a few seconds in any
one environment.

In GNSS applications, the problem of local errors, such
as multipath, can hamper good localization of the train as it
travels. Several solutions have been developed in the past to
reduce the importance of local errors, through mathematical
modeling of multipath [3], or the addition of 3-D building
simulation methods [4].

Other solutions involve identifying the presence of multipath
[5], or the presence of specific environment in which the train
is located [6], and adapting mitigation solutions accordingly.
Numerous techniques have been developed for this task, most
recently using machine learning techniques based on labeled
data [7], [8].

However, these approaches consist in decision tools. They
don’t allow a modeling of the errors, an important step to
simulate errors at a later stage. Some characterization have
been performed, such as the statistical description of multipath
[9], with the definition of Gaussian bounds to be calculated
to represent the train track. Statistical quantile based models,
integrating multiples features, such as the Carrier-to-Noise
ratio (C'/Ny), the elevation or the number of tracked signals
have also been developed to provide improved information
about the errors [10].

Nevertheless, the statistical underlying models are often
Gaussian distributions, which does not necessarily allow the



modeling of extreme event, which can append in specific
environments. More advanced distribution with heavy tails
have been suggested for GNSS applications [11]. Lastly, the
models listed above ignore the temporal evolution of errors.

B. Environment labeling

A specific train trajectory is kept in this article, extracted
from the datasets of the CLUG project. It contains multiple
environments, to be described later. The acquisitions have been
recorded from 16:40:00 to 23:59:44, starting at Fenouillet and
ending at Foix (France), on April 3th 2021.

The CLUG datasets don’t provide any label to the data (type
of environment encountered by the train during the trajectory).
The simplest solution found was to manually create these
labels, using external sources of information about the type of
environment. To perform this task, a human operator needed
to analyses the location of the train during the trajectory,
and associate to each timestamp one environment. Since the
CLUG datasets easily exceed thousands of observations for
one hour of measurements (classically, the GNSS observations
are sampled at 1 Hz), labeling of each individual observation
is time consuming, and not necessarily feasible.

The proposed solution is to segment the train trajectory
manually into intervals of several thousands of meters. Next,
for each GNSS observation, based on the estimated position
of the train, a search of the nearest interval is performed. This
process allows a fast attribution of an environment to each
GNSS observation. In the GLUG datasets, ground-truth files
are available, based on the information fusion between GNSS
and IMU data. The position estimations from these files are
therefore used for more precise attributions of an environment
label.

A central aspect is the decision of the type of environment
at a specific location of the train. The path is precisely known
thanks to existing train lines maps. The main information to
be integrated by a human operator for the labeling is the
presence of trees or buildings besides the train track. An
access to this data is possible in France trough the national
platform Geoportail [12]. Two maps unveil the most relevant
information:

« Satellite images: to identify building, city areas, water;

o Infrared images: this solution is particularly efficient for
the detection of vegetation area, and segment the trees
around the train track.

The illustration of the joint use of the two sources of infor-
mation is represented in Fig. 1. The infrared view facilitates
the identification of trees, and the satellite view allow the
detection of buildings for a human operator.

Based on the previous observations, primary environment
classes are defined, when the track is surrounded by a homo-
geneous environment (both sides of the tracks share the same
environmental characteristics):

o Trees;
 Buildings;
« Open-sky;

Fig. 1. Infrared (left) and satellite (right) view from Geoportail of a Mixed-
Trees-Buildings environment.

« Bridge;

o Post-bridge (the area coming just after the bridge);

o Train-station;

« Classification yard (specific area at the beginning and end
of the train trip).

Besides these classes, most of the time the two sides of
the tracks do note share the same properties: for instance one
side is full of trees, and the other one is totally empty. In this
situation, we define secondary classes, which are mixing of
the previous ones:

o Mixed trees and open-skys;
o Mixed trees and buildings;
o Mixed buildings and open-sky;
o Open-sky in city (possible presence of buildings in the
distance);
The full trajectory is represented in Fig. 2, with information
about the main primary environment classes.
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Fig. 2. Trajectory of the train with distributions of several environments:
Buildings, Opens-Sky, Trees and Train-station.

Table I gathers the information related to the identified
environments: their numbers, and statistics about their lengths
(number of observations at 1 Hz included in the GNSS data).



TABLE I
STATISTICS ON NUMBERS OF OBSERVATIONS PER INTERVAL

Class Count Min Mean Max
Buildings 16 4 323 158
Open-sky 43 3 15.5 44

Trees 31 2 8.9 36

The means of the numbers of observation per environment
never exceed 40 observations. This indicates that the train
spends on average a short time in each a specific environment.
The longest intervals of observations labeled with the same
environments are found in the cities, with the environment
”Buildings”. On the contrary, the ”Trees” environment interval
are never really long. Indeed, many areas only have one side
with trees.

As a results of the process, a total of 7194 GNSS observa-
tions have their own environment label. Among them, 665 are
related to the "Opens-Sky”, 517 to the "Buildings” and 275"
to the “Trees”.

C. Bayesian Inference

In parametric statistics, a distribution is represented by a
parameter vector 6 which gathers its characteristics. This vec-
tor contains all the required information to compute statistics
(mean, variance, ...) and to simulate new samples from the dis-
tribution of interest. As an example, a Gaussian distribution is
fully characterized by its mean 1 € R and variance 0% € R,
The notation for a new sample y is therefore y ~ A (,u, 02).
The parameter vector becomes § = [u,0?]. Simulation of
samples for a distribution requires the knowledge of the vector
6. When this one is not identified, it must be derived from
data (coming from sensors, experiments, ...). The estimation
of the parameter 6 is called the inference. In statistical analysis,
maximizing a quantity that is representative of the fitness of
a parameter according to data samples is usually performed
based on the explicit calculation of the data likelihood. With
notation D to represent the data sample set, the data likelihood
with respect to a parameter vector 6 is noted £(6) = p (D|6),
with the right term describing the probability of the data given
the parameter vector.

Inference can simply be done with the search of the param-
eter vector that maximizes the data likelihood. This method is
the Maximum Likelihood Estimation (MLE):

OMLE — argm;ixp(DW) (1)

However, this approach does not use any previous infor-
mation about 6, and cannot include specific constraints about
the possible values (for instance, restrictions on an interval).
In the context of Bayesian inference [13], the focus is made
on the probability distribution of the parameter 6 given the
data: p (0| D), which has easier interpretation, and allows the
calculation of the probability that the parameter belongs to
an interval, for instance. Bayes’ rules is used to calculate this
distribution:

p (6| D)p(9)

p(0)D) ==

2)

The term p(@) is called the prior. It represents the initial
information we have about the parameter. It can either be
informative or not. The term p(D) is the data evidence, and
represents the data fitness given the model (assumed distribu-
tion). It is complex to estimate, however its direct calculation
is not necessary in most Bayesian inference techniques. The
parameter vector that maximizes the probability p (6|D) is
called the Maximum A Posteriori (MAP):

OMAP — arg max p (01D) 3)

However, a full understanding of the parameter distribution
is sometimes needed, since the vector estimations OMLE and
OMAP provide no information about the uncertainty related to
the parameter. The analytic calculation of p (| D) is generally
impossible, and approximation techniques are classically em-
ployed in Bayesian inference. A common technique is to esti-
mate samples from the distribution of interest, using advanced
techniques such as MCMC. This task is now easily done
with the recent development of Probabilistic Programming
Languages (PPL), such as PyMC [14] used in this article for
the MCMC sampling. The only task needed is the definition of
the distributions used, and the priors assumed on the parameter
vector of interest.

The dataset D is now assumed to be composed of N
observations, with D = {y1,...,yn}. In Bayesian inference,
the fitness of a model to the dataset D is computed with the
Expected Log Pointwise Predictive Density (eldp; o) defined
as [15]:

N
eldp oo = Y logp(yi | y—i) )

i=1

where p(y; | y—;) is the leave-one-out predictive density of
the model given the data without the ith data point, defined
as

p(yi | y—i) = / p(yi | O)p(8 y_.)db )

Fortunately, in Bayesian inference with samples from the
posterior distribution, this quantity is easily estimated with
a procedure called Importance Sampling, which prevent the
repetition (N times) of the inference process for each obser-
vation of the dataset. By comparing different models with their
respective eldp; o, the practitioner selects the model with the
higher score. A difference of eldp; 5, of 1 is considered as
low (no model significantly better than the other), whereas a
difference above 4 is considered as strong. In the following,
the observations y; to be studied will be the local errors.



D. Multipath Calculation

The Code-Minus-Carrier (CMC) method is employed to
estimate local errors in this paper. The calculation if based on
the following GNSS measurements, the pseudorange R; and
the carrier phase ®;, for any frequency-band i € {1,2, 5}, that
are decomposed as:

Ri=p+c (5trcv — (5tsat) +Tr+ 1, + M; +¢; (6)
@i =p +c (5trcv — 5tsat) + Tr — Il + NiAl +m; + €; (7)

With:

e p: geometric range;

o T'r: tropospheric delay;

o I;: ionospheric delay for frequency band i;
e N;: integer ambiguity;

o M;: multipath;

e my;: carrier phase multipath;

e &;: pseudorange error

e ¢;: carrier phase error.

It is generally assumed that m; < M; and €; < ¢;
In the following, the multipath M; and the error ¢; terms
are gathered to produce the local error term e; such that:

e; = ML‘ + & (8)

The CMC method expresses the following quantity:

CMC; = R; — ®; )
=2+ M; —m; — Ny A +¢; — ¢ (10)
~2I; + M; — N;\; + ¢ (11D

The link with the local error appears then from the CMC
quantity:

e~ CMC,L — 2]1 + Nz)\z (12)

The main objective is to model the error e;, which is
assumed to be stochastic, and follow a parametric probability
distribution. Two different hypothesis are investigated:

1) Independent errors: errors are assumed independent be-
tween them. There is no temporal correlation in the
series of errors.

2) Temporal correlation: to allow more complex modeling,
correlations inf the series of errors can be modeled.

The estimation of the ionospheric delay can be precisely
made with the carrier-phase, zind while therefore contain the
ambiguity component, noted I;. Using two frequency band i
and j, with respective frequencies f; and f;,

- D — P
L=
Y

The difference CMC; —21; still contains an ambiguity term,
which should be removed. The mean of the signal can be
removed since this ambiguity term does not change if no
cycle-slip occur. The last step is to identify the possible jumps

13)

due to cycle-slips. A multi-frequency cycle-Slip detectors is
implemented to perform this task (two frequencies used), using
the geometry-free combination ®; — ®;. Since the data pro-
cessing is here performed offline, the jumps can be detected,
and the mean value subtracted from the whole signal between
them. A possible alternative is the Hatch filter, which can be
applied sequentially (online use), but requires more parameters
to be selected. In this article, the mean value is subtracted.
Only GNSS observations related to the GPS constellations
are analyzed, but the methodology can be generalized to any
constellation.

III. BAYESIAN MODELING
A. Single Satellite Statistical Analysis

A first preliminary analysis involves only the satellite with
the most important number of observations : GPS 27. The
estimated CMC errors are represented in Fig. 3. Some extreme
values are visible around points 1000 and 1500. The aim of
this section is to illustrate the poorness of Gaussian fitting,
and suggest different distributions to model the errors, which
could later be use for simulation purposes. The complexity of
the latter complex distribution is nearly equivalent to the one
of the Gaussian distribution.

An introduction of 3 major distributions is made here. The
Gaussian distribution, whose parameters are the mean p and
the variance o2 , with probability density p(z|u,0?) as:

p(x|p, o) = Normal(z|p, o)

1 (@ —p)° s
_Wexp Ry (15)

The Laplace distribution with localization parameter m and
spread parameter b, with probability density:

(14)

p(z|m,b) = Laplace(x|m, b)

1 (faem
~ 9 P b

The Student’s t distribution include a third parameter, called
the degree of freedom v besides the location parameter m and
the spread parameter s. The Gaussian distribution is a limit of
the Student’s t distribution when v — 4-oc0. Its probability
density is:

(16)

a7)

p(z|m, s) = StudentT (z|m, s) (18)
vl

_ T u—mj‘?
~ sy/mul (%) (1 * vs? (19)

Both the Laplace and the Student’s t distributions have
heaver tails than the Gaussian distribution. There are less
sensitive to outliers values, and can better model events
which are far from the mean. Here, we expect outliers values
(for instance extreme multipath due to local object such as
buildings) to happen.

The data likelihood of the three fitted distribution, with MLE
method, is gathered for frequency bands L1 and L2 in table
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Fig. 3. CMC calculated for satellite G27 (frequency bands L1 and L2).
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Estimated parametric CMC distributions for satellite G27.

II. The visual fitting is provided in Fig. 4. A comparison of
likelihood with the base method, the Gaussian distribution, is
provided. The comparison if made with the factor between
the distribution studied and the Gaussian one. Since this ratio
can take very low or high values, the logarithm of this ratio is
taken. If the log ratio is superior to zero, this indicates that the
distribution better fits the data than the Gaussian distribution.
Finally, in the given table, the two distributions, Student’s t
and Laplace, always outperform the Gaussian. The Student’s
t distribution is still superior to the Laplace one.
The conclusions are:

o The Gaussian distribution fit poorly the data, visually
there is a huge gap between the fitted density and the
histograms. Extreme values have a great impact that
causes an over-dispersion of the distribution. The Laplace

TABLE II
LOG OF THE RATIO OF LIKELTHOODS WITH GAUSSIAN FITTED MODELS

Distribution L1 Band L2 Band
Student’ t 9160 8350
Laplace 7660 7020

and Student’s t distributions fit nearly identically the
histogram (visually).

o The L2 band shows higher dispersion (higher scale pa-
rameters) than the L1 band. This highlights the impor-
tance of independent models for each frequency band.

o The Student’s t distribution provides the best data like-
lihood. The extra parameter v allow the distribution
the control the importance of outlier values, and give
therefore more flexibility to the model.

In the following, only the L1 frequency band will be kept,
and all CMC errors will be related to this band. The CMC
values of all GPS satellites are gathered in the dataset D.
Consequently, based on the GNSS observations available and
the visible satellite, the total number of CMC errors to be
processed equals 47872 (then N = 47872).

B. Time Series Analysis

The next step is the analysis of temporal dependencies
inside the CMC errors calculated. An auto-regressive process
2 of order p is defined, using p scalars aq, ..., a, as

Ty = Q1Tp—1 + . + ApTi—p + € (20)

With ¢, a sample from a distribution, from instance a
Gaussian distribution with mean £ and variance 02: N (1, 02).
More advanced distributions can be used to adapt different
perturbations, such as the Student’s t distribution, which offer
better modeling of extreme values [16]. This process intro-
duces a dependence between successive samples. The level of
correlation between samples is managed by the order of the
process (the higher the order, the longer the dependence will
occur).

An auto-regressive process will insert a memory effect in
the data, which could be used to model local spatial event
which share same properties, such as a group of buildings, or
trees of same heights in a forest.

Given a specific time series, the objective of the modeling
process is to find the order which best corresponds to the
signal. For this, visual tools, such as the Auto-correlation
and Partial Autocorrelation graphs are generally employed. A
quantitative method to find the optimal order of a process is
to fit multiples AR process with different order, and search
the process that better fit the time series according to a
specific criteria. In time series analysis, such criteria is either
the Aikaike Information Criterion (AIC) or the Bayesian
Information Criterion (BIC), which should be minimized (the
less the value, the better fit).

The auto-regressive model order is selected with the shape
of the AIC and BIC curves. Multiple rules exist for the



selection of the order: value that minimizes the AIC or BIC,
value of the curve inflections or values where a plateau is
reached. AIC and BIC curves obtained from the GPS satellites,
in Fig. 5, exhibit a strong decrease between orders 1 and 4,
and then smoothly converge. A maximum order of 5 will then
be considered.

AlC

BIC

Order of the AR process

Fig. 5. AIC and BIC curves for satellite G27.

C. Choice of the Bayesian Models

Three major models are now introduced to study the sta-
tistical characteristics of local errors for L1 frequency band
with the GPS constellation. The observation of the models are
the estimated multipath errors, noted as CMC; for an error
generated by the ¢th environment (with 0 < ¢ < 10 for our 11
environments).

1) Model 1: independent Gaussian observations: A first
simple model is to assume independent observations, sam-
pled from a Normal distribution, with one specific standard-
deviation parameter o ; for each environment i. A weakly
informative prior is selected (Half-Cauchy):

09,; ~ HalfCauchy(1)
CMC; ~ Normal(u = 0,0 = 0¢,;)

2y
(22)

For all other models, a Student’s t distribution, more robust
to outliers and therefore more reliable, is chosen. The degree
of freedom of this distribution, v is unknown. The inference
on this parameter is therefore also performed, using a weakly
informative prior: the Inverse Gamma distribution with mean
and scale parameters 1 and , noted InvGamma(l,1). Each
environment is assumed to have its own degree of freedom
V.

2) Model 2: independent observations, variance depends on
elevation (polynomial): The third model introduces a generic
form for the standard-deviation. Variance models developed
for the pseudorange measurements usually involve either a

non-linear relationship with the observation C/Ny, or an
inverse relationship with the sine of the elevation [17]. To
provide more flexibility, a general polynomial of the elevation
is selected. Contrary to the previous presented models, it does
not strictly impose a decrease of the local error variance with
the elevation, allowing a flexible adaptation to the relationship
between the two variables, and inspired by previous existing
models [18], [19]. Again, the parameter o ; correspond to
the value of standard deviation for the maximal elevation. It
will be called the initial standard deviation. However, in this
specific situation, no specific trend is imposed to the model.
The polynomial has two parameters : 8 € R and v € R. Only
two parameters are needed here, since the constant part of the
polynomial is implicitly gathered in the parameter oy ;.

00,; ~ HalfCauchy(1) (23)
v; ~ InvGamma(1, 1) (24)
B,~ ~ Normal(0, 1) (25)
0i =004 ePE=7/2) ev(E—ﬂ/2)2 (26)
CMC; ~ StudentT (i = 0,0 = 0, ) 27

3) Model 3: hierarchical Auto-regressive: The last model
introduces the auto-regressive modeling. For a specific CMC
value at time ¢, its previous values at times t — 1l uptot —5
are gathered inside the vector x. The vector o of dimension 5
gathers the auto-regressive coefficients to be estimated.

A higher level of Bayesian modeling can be achieved by
considering a hierarchical model [13], which offers a form
of regularization of the model. The parameters related to
each environment is assumed to come from a population
distribution. This distribution is here related to one other prior
distribution, called a hyperprior. This hyperprior is here the
Exponential distribution, related to the beta parameter Bcauchy
of the Half-Cauchy distribution, prior of the standard-deviation
parameter o ;:

Bcauchy ~ Exponential (1) (28)
00, ~ HalfCauchy(SBcauchy) 29)

v; ~ InvGamma(1, 1) (30)
B, ~ Normal(0, 1) (31)

a ~ Normal(0, 10) (32)

o = 00, BE-7/2) y(E—7/2)* (33)
CMC; ~ StudentT (,u =2l o =040 = 1/) (34)

The hierarchical model introduces a dependence between
the different environment initial standard deviations. This
constraint prevents them from having enormous values. One
important consequence of the model is also the possibility to
simulate later an external type of environment, by sampling
a value from the posterior p(og; | D). For instance, if an
environment is not clearly identified (by an operator or a
software), a simple solution is to take the mean value of this



posterior (mean standard-deviation of the classes), and use this
mean to produce samples of local errors.

IV. RESULTS
A. Model comparison

Table III gathers the scores of the different models, with
their ranking, and the difference of scores with the best model,
which is the model 3. The auto-regressive model has clearly
the best scores, but the gap between the second best model
(Model 2) and the Gaussian model (Model 3) is even higher.
This table clearly indicate that the Gaussian assumption is
a poor choice for statistical analyses. The auto-regressive
assumption is validated by this experiment. The next step
in the analysis of the posterior distributions estimated by the
MCMC sampling, for the best model (Model 3).

TABLE III
RANKING OF MODEL BASED ON THEIR EXPECTED LOG POINTWISE
PREDICTIVE DENSITIES

Bayesian model Rank eldp eldp difference
Model 3 (AR Student’s t) 1 11553 0
Model 2 (Student’s t) 2 -20187 31740
Model 1 (Gaussian) 3 -72471 84024

B. Analysis of auto-regressive parameters

Table IV gathers the statistics of the posterior distribution
related to the auto-regressive parameters, estimated with the
hierarchical model (Model 3). The mean of the posterior
distributions for each coefficient is indicated with plus or
minus the standard deviation of the posterior.

TABLE IV
ESTIMATIONS OF PARAMETERS FROM POSTERIOR DISTRIBUTIONS AND
LEAST-SQUARE METHOD

Coefficient ~ Posterior mean + standard-deviation  Least-Square
ai 0.952 £ 0.002 0.375
a -0.027 £ 0.003 0.059
as -0.006 £ 0.001 -0.021
a4 -0.006 + 0.002 -0.093
as -0.009 + 0.002 -0.091

The dependencies introduces by the choice of the environ-
ment and the elevation has a clear effect on the estimated auto-
regressive model parameters. The weights of the coefficients
as, a3, ay and as are reduced to favor the first one aj.
The temporal dependencies are reduced, and introduce more
stochastic variability in the process. The intensity of the
perturbations is controlled by external information, related to
the location of the train (the environment), and the geometry
of the estimation process (location of satellites).

C. Analysis of environment parameters

The following table V provides all specific estimated pa-
rameters related to environments. It provides the means of
the posterior distributions with the estimated standard devia-
tion. The initial standard deviation o parameter control the

perturbation level introduced in the auto-regressive stochastic
process, whereas the degree of freedom parameter v models
the heaviness of the distribution tail. An environment with a
low degree of freedom exhibits more frequently extreme values
of CMC (very high in absolute value). A general representation
of posterior distributions and samples for all environment is
included in Fig. 7 as illustration of the MCMC sampling
process.

TABLE V
ESTIMATIONS OF ENVIRONMENT PARAMETERS FROM POSTERIOR
DISTRIBUTIONS

Environment 00, v

0 : mixed-tree-build 0.057 + 0.002  2.486 + 0.068
1 : classification yard ~ 0.065 4+ 0.002  5.601 + 0.489
2 : post-bridge 0.079 £ 0.020  0.595 + 0.105
3 : open-sky-urban 0.065 4+ 0.003  3.439 £ 0.370
4 : mixed-build-open  0.057 £ 0.002  2.423 +£ 0.121
5 : open-sky-rural 0.054 £+ 0.002  2.544 £ 0.097
6 : train-station 0.057 &£ 0.001  2.932 4 0.085
7 : mixed-tree-open 0.053 + 0.001  2.033 £+ 0.049
8 : tree 0.054 + 0.002  2.353 4+ 0.148
9 : bridge 0.121 +£ 0.032  0.737 £ 0.161
10 : building 0.056 £+ 0.002  1.463 + 0.053

Similarly, table VI provide the estimations from the pos-
terior distribution of the polynomial of order 2 that models
the dependence to the elevation. Fig. 6 illustrate the resulting
standard deviations for “Buildings” and ”Open-Sky” environ-
ments, with use of their initial standard deviations.

TABLE VI
ESTIMATIONS OF COMMON PARAMETERS FROM POSTERIOR
DISTRIBUTIONS
Environment B 0%
All 0.039 + 0.062  0.611 4 0.034

Among the different environments, the “Buildings”,
”Bridges” and “Post-bridges” exhibit the lower degree of
freedom v;, above 2. However, the initial standard devia-
tion for the “Buildings” environment is tight to the ones of
the “Trees” and “Open-Sky”, as represented in Fig. 8. The
presence of buildings has therefore a localized impact on the
CMC: several extremely high values occur sometimes, giving
to their distribution a heavy-tail. The case of bridges is the
most severe, with both higher initial standard-deviation and
a low degree of freedom (inferior to 1). CMC values in this
areas are significant, and the probability of very high abnormal
value is high, even if these environments are encountered for
a very short period by the train.

The open-sky situation, as expected, gathers the lowest ini-
tial standard deviation with the higher degree of freedom. Few
outliers are expected in such environment, and the estimated
parameters comfort this expectation.

D. Environment detection with a Hidden Markov Model

An auxiliary task is now investigated. The objective is to
construct a classification method to identify the environment
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based only on the CMC errors. Many models assume the inde-
pendence between observations (for two observations s; and s;
such that ¢ # j, s; and s;). The order of observations has no
importance for the data modeling process. Each observation
is drawn from a distribution, specific to one environment.
However, this rough hypothesis does not take into account the
temporal dependencies between observations and the possible
correlations between observations. For example, some events,
like occlusion, disturb several points. A classical hypothesis to
take into account this temporal dependencies is the Markov hy-
pothesis : the current state only depends on the previous state.
A statistical tool to study discrete stochastic process is the
Hidden Markov Model (HMM), which can act as a detector,
for instance to detect indoor and outdoor environments [20],
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Fig. 8. Histograms of statistical scale parameter and degree of freedom for
the main environments.

or distinguish between more environments in our situation.
For one hidden state s; at step ¢ which belongs to the class
ke {1,..,K} among K classes, the transition is possible in
the next step ¢ + 1 to all the classes with a probability. The
probability to move from state k to state [ is noted mg; > 0.
A Hidden Markov Model is defined by the transition matrix
P:

i1 T12 TIK
21 T22 T2K
TK1 TKK

The transition matrix P is called a transition matrix: all its
coefficients are positive, and the sum of each row equals 1.

In the case of environment detection, the hidden state
corresponds to an unknown environment in which the train
is, that generates a local error. The statistical model for mea-
surement generation is described by the Student-t distribution
which uses the scaling factor integrating the dependence to
the elevation. The HMM, given the statistical models of each
environment and given the transition matrix, can estimate the
most probable sequence of hidden states with the Viterbi
algorithm.

The HMM is here employed as an environment detector,
based only on the sequence of CMC errors calculated. To
focus on classical environments commonly identified in the
literature, only the 3 main primary environments: “Open-
sky”, ”Buildings” and “Trees” (thus K=3) are retained. The
objective is to assess the performances of the detector. For
this purpose, for each epoch identified as one of the three
later environments, the estimated environment is checked. The
accuracy scores are defined as the ratio of epochs belonging
to the three classes that are identified by the HMM as this
environment over the total of epoch for this environment.



Since many environments are omitted, the real transition
matrix cannot be estimated. For this purpose, a generic diag-
onal matrix is chosen: for i € {1,2,3} then m; = 0.95, and
for ¢ # then m;; = 0.025. This corresponds to a chance of
changing the environment every 20 epochs, which is coherent
with the lengths of observed intervals. The accuracy scores
are gathered in the table VII.

TABLE VII
ACCURACY SCORES FOR ENVIRONMENT IDENTIFICATION WITH HMM

Satellite ~ Score Open-sky  Score Buildings  Score Trees ~ Count
G27 1.000 0.181 0.000 7027
G10 0.979 0.166 0.000 6960
GO08 0.937 0.553 0.000 6848
G23 0.643 0.279 0.000 6702
G26 0.963 0.317 0.000 6056
GO07 0.751 0.500 0.000 4327
G18 0.897 0.528 0.000 3589
G32 0.291 0.696 0.000 1774
G30 0.875 0.098 0.000 1756
GO1 0.043 0.061 0.000 1671
G15 0.443 1.000 0.000 1162

The performances of detection are good for the ”Open-sky”
environment, degrade for the “Buidlings”, and are null for
the “Trees”. This could be caused by the strong proximity
of the estimated parameters between “Open-sky” and “Trees”
environments. As a general conclusion, the HMM as interest
when the CMC characteristics are significantly different. But
a precise separation between environments solely based on
CMC errors is not realistic.

V. CONCLUSION

The paper introduced several statistical tools to estimate
the characteristics of local errors, based on prior calculation
with the CMC method. The Bayesian paradigm allows a
total quantification of the posterior distribution of model
parameters with Monte Carlo Markov Chain sampling. A
comparison between several models has been proposed, and
the superiority of the more advanced model demonstrated.
This model assumed a dependence between the elevation and
the perturbation of the CMC error, and introduced temporal
dependencies between consecutive CMC errors. The obtained
model can later be used to generate new samples for testing
purposes. Moreover, the performance of a statistical detector of
environment based on the estimated parameters were assessed.
Howeyver, the limitation of this method are serious, and were
not able to distinguish environments which produce similar
(albeit different) local errors.
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