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Abstract In this work, a novel multiscale topology optimization method has been pro-
posed for the design of electromechanical energy harvesting systems converting mechan-
ical vibrations into electric currents made of non-piezoelectric materials. At the micro-
scopic scale, the material is assumed to be periodic, porous and flexoelectric, although not
piezoelectric. A first step of topology optimization is performed, in order to maximize the
effective (homogenized) flexoelectric properties of the material, where a flexoelectric ho-
mogenization model is first formulated. As a result, the effective material, although made
of a non-piezoelectric material, has apparent piezoelectric properties. In a second step,
these properties are used to model the behaviour of a dynamic electromechanical energy
harvesting system structure. A second topology optimization step, this time performed
at the structural scale, aims to maximize the system Electromechanical Coupling Factor
(ECF) for a given forced vibration frequency, including the micro-inertial effect. At both
scales, an Isogeometric Analysis (IGA) method is employed to solve the strain-gradient
problems numerically. We show that the optimized structure obtained offers significant
gains in terms of ECF (by a factor of between 2 and 20) compared with non-optimized
structures of the same volume, over a wide range of excitation frequencies. The procedure
could open up new possibilities in the design of energy recovery systems without the use

of piezoelectric materials.
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I. INTRODUCTION

In recent decades, there has been considerable interest in converting ambient vibrational en-
ergy into electrical energy to power micro and nanoelectronics. Piezoelectric materials, which act
as transducers between mechanical and electrical stimuli, have found applications in a variety of
energy-harvesting devices’ . As electronic devices continue to shrink in size, the use of micro-
and nanoscale piezoelectric energy sensors is receiving increasing attention. However, piezoelec-
tricity is limited to non-centrosymmetric crystalline materials, and piezoelectric devices are often
prone to electrical fatigue, particularly when exposed to high-frequency vibrations. Recently, the
flexoelectric effect has received increasing attention, both theoretically and practically. Flexo-
electricity exists in all dielectric materials and increases with decreasing sample size. Thanks to
these properties, it ideally offers low-cost alternatives to conventional piezoelectric materials for

electromechanical devices.

Flexoelectricity, which refers to the linear relationship between electrical polarization and strain
gradient, was first predicted by Mashkevich and Tolpygo® in the 1950s, and then observed exper-
imentally by Harris’ . Kogan® estimated the range of flexoelectric coefficients for several ma-
terials. Numerous studies have focused on solving the fourth-order partial differential equations
of flexoelectricity in solids using analytical models® **? on simplified geometries, and numeri-
cal methods®?*??????? on more complex geometries. Reviews and discussions exploring the-
oretical and experimental research, as well as computational frameworks, can be found in the

. 2999
literature* © * *

The challenges for flexoelectrics are to improve electromechanical coupling effects, and to
use a wider range of materials than hard ceramics. Flexoelectric structures, made from a single
material but shaped to induce significant gradients, open up new possibilities. These structures,
fabricated from suitable flexoelectric materials, feature versatile functionalities such as sensing,
actuation and power generation. In the realm of flexoelectric composites, research has concen-
trated on developing piezoelectric composites using non-piezoelectric materials, driven by earlier
work’ ? . Traditional piezoelectric composites usually include lead-containing PZT for higher
permittivity® . Ppiezoelectric responses can be achieved in these composites made of purely flexo-
electric materials, which are comparable to common single-phase piezoelectrics. These two lines
of research motivate our further exploration and design of flexoelectric structures and flexoelec-

tric composites for enhanced and sustainable electromechanical applications. Several approaches
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have been proposed to increase flexoelectric constants in solids, such as the use of electrets’ and
architecture materials”® .

More recently, topological optimization (TO) has emerged as a promising method for improv-
ing apparent flexoelectricity and electromechanical coupling factors in piezoelectric and flexoelec-
tric structures. The primary objective of topological optimization is to determine the distribution
of materials in a specified domain without pre-existing knowledge in order to obtain the best struc-
tural performance’ > > ? ? . The TO optimization process relies on information about the gradient of
the objective function with respect to the design variables. In contrast to gradient-free optimization
approaches (such as genetic algorithms, particle swarms, cuckoo search and Jayaetal.” * * * * ° ,
which do not require gradient information and can produce discrete 0-1 designs, the gradient-
based continuous optimization algorithm exhibits superior resolution efficiency, particularly in
finer-mesh scenarios. In recent years, the focus has been on integrating machine learning/deep
learning with structural optimization® * .

Several works have been dedicated to the optimization of composites and energy harvesters
with flexoelectricity and piezoelectricity. Chen’ * et al. have developed a topology optimization
framework aimed at designing periodic composites comprising piezoelectric constituents, result-
ing in an increase in direct and converse flexoelectric constants, where a Representative Volume
Element (RVE)-based computational homogenization was employed to estimate the effective flex-
oelectric properties. Ghasemi® et al. proposed an optimization design methodology for piezoelec-
tric/flexoelectric materials, employing a Iso Geometric Analysis (IGA) and the Level-set topology
optimization approach, and successfully applied it to the multi-material design of flexoelectric
composites. Nanthakumar’ et al. have developed a level-set based topology optimization to
maximize the electromechanical coupling factor of flexoelectric nanostructures, by solving the
flexoelectric PDEs through a mixed finite element formulation. Jorge® et al. developed a shape
and topology optimization method based on an isogeometric phase field to improve the effective
electromechanical coupling factor of flexoelectric structures. Zhang® et al proposed an explicit
topology optimization to improve the electromechanical coupling factors and effective electric
polarization of flexoelectric nanostructures, using the Moving Morphable Void and IGA-based
approach. Some works have been devoted to the topology optimization of piezoelectric energy
harvesters accounting for static and harmonic dynamic mechanical loads’ > ? . Silva et al. em-
ployed topology optimization in combination with homogenization method to design piezocom-

posite materials® and then piezoelectric transducers’ . The universality and outstanding scaling ef-
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fect of the flexoelectric effect are promising for designing advanced nano/micro-electromechanical
systems (N/MEMS).

Although remarkable progress has been made in improving flexoelectric properties through
topological optimization methods, there is little work on optimizing dynamic flexoelectric struc-
tures. To fully exploit the potential of flexoelectric properties in practical applications, it is essen-
tial to optimize flexoelectric microstructures to improve their effective behavior. By integrating
the design of the microstructure with the optimization of the energy sensor structure, a much more
significant improvement in the efficiency of the electromechanical coupling is potentially possible.

In this work, a multi-scale topological optimization framework for micro and macro flexoelec-
tric structures is proposed, with the aim of improving the effective flexoelectric properties and dy-
namic electromechanical coupling efficiency of energy harvesting systems. The micro and macro
dynamic electromechanical equations are solved using iso-geometric analysis (IGA). Isogeometric
analysis is widely applied to structural analysis because of its advantage in constructing high-order
continuity’ * ??? | and is employed to ensure C' continuity of the approximate displacement de-
posited. To numerically evaluate the effective flexoelectric behavior of microstructures, we intro-
duce a flexoelectric homogenization model, which is then combined with structure-scale topology
optimization to design both structure and microstructure geometry to optimize flexoelectric prop-
erties.

Specifically, we tailor the microstructures to maximize the flexoelectric component that char-
acterizes polarization under bending deformation. We then use the optimized flexoelectric
microstructures to derive a homogenized flexoelectric model, which is used in the topology-
optimized structural model. To guarantee structural integrity and connectivity, we impose a

compliance constraint in the optimization process of the dynamic energy harvester.

II. HOMOGENIZATION OF HETEROGENEOUS FLEXOELECTRIC MATERIALS

We first present a framework to perform the homogenization of microstructures made of flex-
oelectric materials. We consider a periodic composite (see Fig. ?? (a)) characterized by a Rep-
resentative Volume Element (RVE) defined in a domain Q,, € R?> whose boundary is denoted by
dQ,,, as shown schematically in Fig.?? (b). The phases within the RVE are assumed to be lin-
early flexoelectric and characterized by an elastic tensor C, a dielectric tensor & and a flexoeletric

tensor t. The energy density function of a purely flexoelectric material (non-piezoelectric) at the
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Phase 1

(a) (b)

FIG. 1: (a) Periodic flexoelectric structure and (b) Representative Volume Element (RVE) made

of two phases.

microscale is defined by:

1 1
Wi = 5Cijutijea — 5 0 EiEj — WijuEiVEji (1

where € denotes strain tensor, E denotes electric field vector, related to the electric potential ¢ by
E; = —¢;, and Ve dnotes the third-order strain gradient tensor.

The local equilibrium equations are given by

Cij.j — Tijk,jk — Ji = R1i =0, in )

dii=Ry=0,inQ, )
with:

ij = Cijki€xi @

di = O4Ej+ Wijr VEjui )

Tkl = —HijiiEi ©)

where o denotes the stress tensor, f denotes body forces vector, d denotes the electric displace-
ment, and T denotes the couple stress. The RVE is assumed to be subjected to macroscopic loads,
i.e. a macroscopic strain €, a macroscopic electric field E and a macroscopic strain gradient
Ve which are defined at the scale of the structure. They are transferred to the RVE through the

quadratic boundary conditions:



_ 1_ -
u; = €;jXj+ 58;jkX %k + i on dQy, @

2
with
8ijk = Ve + Ve — VEj (8)
and
¢ = —E;x; on 0Q,, )

The forces f in (??) have been introduced in’ to induce purely uniform fields of derivatives

when the RVE is homogeneous. Their expression is given by:

fi=CijuVeu, (10)
(11)

Using superposition, the local strain field e(x), local electric field E(x) and local strain gradient

field Ve(x) at a point x € €, can be expressed in the form” :

gj(x) = A?qu (X)€pg — B?jp (X)Ep — Ailqur(x)v_gpqr (12)
E,‘(X) = D?pq(x)gpq o h?p(x)Fp o Dilpqr<x)v_gpqr (13)
V(%) = Ipg(Epg — Oty VE p = I pgr (X) VE pgr (14)

where the local fields A, B?, A!, D°, A° 10 D! joO, QO and J! are obtained by solving Egs. (??)
and (??) on the RVE by the Isogeometric Analysis method (IGA). More details are provided in
Appendix.??). Substituting (??)-(??) into (??), the effective (homogenized) flexoelectric tensor is

obtained as:

— 0 1 0 1 0 1 0 1
Hiji = <—B paiCrarsArsjii T 1pi%paD g it + QpgriblpgrsDs it & Mpillpgrsd s jkl> (15)

where (-) = & [(-)dV. In the above, the dependence to x has been ommitted to alleviate the

notations. The 2D matrix form of the effective flexoelectric tensor can be written as:

[ M By By Hypor Moy
o= (16)
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III. DYNAMIC FLEXOELECTRICITY AT THE MACRO SCALE

We consider a structure defined in an open domain Q C R?, with boundary dQ, and associated
with the macro scale problem. At this scale, the composite is modeled by a homogeneous material
whose effective properties have been defined with respect to a given microstructure geometry in
section ??. Over the boundary of the domain dQ, mechanical displacements and tractions are
prescribed over parts of the boundary denoted respectively by d€Q2, and d€; , as well as electric
potential and surface charge density over portions dQ4 and dQp, respectively. In addition, the
strain gradients are associated with other types of boundary conditions defined over portions of
the boundary dQ, and dQ,. The boundary conditions are imposed such that dQ, Ud€, = dQy U
dQp =9Q,UdQ, = dQ and dQ,NIQ; = IQy NIQp = IQ, NIQ, = 0. We define the electric

enthalpy density / for a linear electromechanical system as (more details in® ):

~ 1= 1_ _ _ 1—
h =§Cijk18ij8k1 - E(xijEiEj —€jkEx€ij — Wi j EiVEjn + EGijklmnvgijkvglmn (17

where C, @, ¢ and u are the effective (homogenized) elastic, dielectric, piezoelectric and flexo-
electric tensors, respectively, while G corresponds to the higher-order strain gradient elastic tensor
(see a complete definition of these tensors in® ). For the sake of simplification, we assume here G
in the form: G; klmn = C; jimCin» Where (y, are material length parameters. Note that in this sec-
tion, we do not use special notation to differ the quantities from microscopic ones in the previous
section, to avoid burdening the notations.

The electric field vector £}, the strain tensor €;; and strain-gradient tensor Vg are defined as:

Ej = _‘PJ (18)
1
€j = 5 (uij+uji) (19)
1
Ve =€jr= E(”i,jk + 1 k) (20)

The constitutive equations are derived as:

A

diz—a—Ei = 0 Ej+€;jk€jk + Wi VEjui (21
oh
= e ijk1 €kl — €ijikEk (22)
oh _
Tijk = Ve GijkimnV €imn — B jrEr (23)



By integrating over {2 we obtain the electrical enthalpy as
1
H = 5 /Q(Gijsij—l— Tijkvgijk —DiEi)d.Q. 24)
The work W of external mechanical and electrical forces are given as

wet — / 1 uidS — / D’gds (25)
Qt QD
The Rayleigh dissipation can be written as

-1 o
R = E/Q\/,-juiujdﬂ (26)

where V;; is viscous damping coefficients and (-) is time derivative.

The kinetic energy taking into account micro-inertial effect is defined by
1 Y T
K= 5 /on(uiu,- —I—Edu,}juid)dQ 27)

where pg is the density, ¢; is a dynamic scaling parameter (micro inertia characteristic length).
The acceleration gradient term is generally introduced to obtain physically acceptable dispersive
wave velocity® in strain-gradient models.

The governing differential equations for the electromechanical system are derived from the
Hamilton’s principle:

5)
o ’ (H—W—K)dt =0 (28)
After algebraic manipulation, the weak form of balance equations are obtained as:

/ (pol;ii5ui—|—£?1iii7j5ui7j+G,'j5€,‘j+TiijVEijk—f—VijL'ti(Suj) d.Q—/ tldéuidS:R?, (29)
Q 0

t

/ d;i86,dQ — / DI8¢dS =Ry (30)
Q 2Qp

The problem is completed with boundary conditions:

¢ = ¢¢ on 9Q, (31)
din; = —D% on 9Qp (32)
u; = u® on 9, (33)
te=n;j (O — Tije) = Dj (nitij) =1 on 9 (34)
uijnj= vfl on dQ, (35)
nin T = r on 0Q, (36)



where ¢¢, D¢, u?, t¢, v¢ and ri are the prescribed electric potential, surface charge density, dis-
placements, tractions, normal derivative of the displacement and the higher-order traction, respec-
tively. n is the unitary normal vector to the boundary dQ and D;(.) = ggc) njng 3( ) Here, we

assume v¥ = rk Oon dQ, and 0Q,.

IV. IGA DISCRETIZATION OF DYNAMIC EQUATIONS

The key idea of isogeometric analysis is to unify the geometry and analysis models’ > . The
NURBS basis functions with higher continuity are employed to solve the fourth order flexoelectric
PDE:s. The basis function for NURBS surfaces is defined as:

R q(g 1) = Nip(E)M;jq(M)Wij
Yi X5 N, (8M; (m)w;

J=1

(37)

where the knots € = {£1,&,....Ep+1} = {1, M2, ..., Mm+g+1}. p and g are the polynomial

order. n and m are the number of basis function, w; ; are positive weights. N; ,(&) and M; 4,(n) are
univariate B-Spline basis of order p and g corresponding to knot vectors £ and 7, respectively, and

. 9
are recursively defined as’

Nog— 0, if & <& <& (38)

1, otherwise.

and for p =1,2, ..., we have

Nip(E) = 2SNy ()4 22 S N, () (39)
éH—p él §i+p+1 - §i+1
The displacement u and electric potential ¢ fields are approximated by

n m

u(x) =) } RUH(E,muj; = Ny’ (40)
i=1j=1
n m

o(x) =) Y RI7(§,n)¢° = Nyo* (41)

and their derivatives are given by
e=Bu’, E=—-By¢°, u j=H,u’ (42)
For the open circuit condition, substituting (??)-(??) to (??)-(??), then the discrete dynamic
electromechanical system can be obtained as

Mii +Du+K,u+KL ¢ =T,
K¢uu+K¢¢¢ = fq)

(43)



and

Ku=Y / [BICB,+HI'GH,)dQ (44)
e Q,
Kou=Y. [ [BjeB,+ Bl uH,Jd0 (45)
e Qe
Koo =—Y / [Bj aB;dQ (46)
e Q,
M = Z/ po{NTN +72BTB,}dQ (47)
e Qe
D = BiM+ oKy )
f,= / N4 (49)
Q
fo = | Njpiao (50)
Q

where M is mass matrix and D is Rayleigh damping matrix. By, B, and H, are the matrices con-
taining the gradient and Hessian of the corresponding basis functions Ny and N, which are defined
in Appendix.??. The matrix forms of the stiffness tensor C;y, dielectric tensor o;;, flexoelectric
tensor U;jx; and strain-gradient tensor Gjjk;mn are given in Appendix.??. i and f3, are constants
of proportionality calculated by two damping ratios &; and &;, as well as the first two resonance

frequencies of the structure @; and @,

Bi| 20w, |0 o | |& 51)
) 2
[ )

The external vibration and the steady state response are assumed harmonic form with the same

frequency,
f, =F, e/ fy =Fye!” u=Ue/" ¢ =P/ (52)

Substituting (??) into (??), the coupling governing equations can be obtained in frequency

domain
Ky +joD—o*™M K{, | |U|l |F, 53)

V. TOPOLOGY OPTIMIZATION OF FLEXOELECTRIC MICRO AND MACRO
STRUCTURES

In this work, we propose a two-scale topology optimization of an electromechanical energy

harvester made of non-piezoelectric material. At the microscale (see Fig. ?? (a)), the periodic mi-
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Microstructure Microstructure

Initial design Optimized design
Energy harvester Energy harvester

with optimized microstructure ~ with optimized microstructure
Initial design Optmized design

FIG. 2: Multiscale topology optimization strategy for the design of the electromechanical energy
harvester made of a non-piezoelectric material: (a) micro scale topology optimization problem;

(b) macro scale topology optimization problem

crostructure of the material is optimized to maximize its flexoelectric effective properties. Then,
homogenization is performed to obtain the corresponding coefficient of the macroscopic elec-
tromechanical properties. At the structural level (macro scale, see Fig. ?? (b)), a second topology
optimization step is performed to maximize the electromechanical coupling factor (ECF) of the

harvester under dynamic conditions. The overall procedure is summarized in Fig. ??.

A. SIMP framework with IGA

A SIMP?? Topology Optimization is adopted, where the geometry is defined within a design
domain by means of densities p defined over the nodes of a mesh. In the present work, an
Isogeometric Analysis (IGA) scheme is used both for solving equilibrium equations at micro and
macro scales, but also to define the interpolation of densities within the Topology Optimization
scheme’ . The main advantage of IGA in the present framework is to allow C! continuity, which
is required to solve the equations of the strain -gradient flexoelectric problems at both micro and
macro scales. A complete description of the IGA discretization scheme which is used in this work
can be found in our previous paper’ . The density design variables are defined on control points,
i.e. nodal densities. These densities are used to interpolate the material properties in a continuous

manner, using penalty exponents to enforce local densities to values close to 0 or 1. In SIMP, the
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material properties are interpolated as follows, where the elastic tensor is taken as illustration:

Cijut(P) = Cligt + PP (Clyy — CPih) (54)

where l’;’,’{’} are small numerical values associated with void (no material). The same interpolation
scheme is used to interpolate the other material tensors, at both micro and macro scales. The
coefficients p. is a numerical penalty exponent. The penalty corresponding to the interpolation
of piezoelectric, flexoelectric and dielectric properties are denoted by pe, pu, pa, respectively.

Different coefficients can be used for the other material properties.

B. Microstructure topology optimization problem

At the micro scale, the objective is to obtain the largest effective flexoelectric coefficients by
designing the microstructure of the periodic flexoelectric composites. The topology optimization
problem is then formulated so as to maximize one specific component of the effective flexoelectric

tensor in (??).

Man3 Hij
Ri(p)=0
R =0 (55)
Subject to : 2(P)
Jo, AV < 7
| 0<p <,

where f™ is the micro volume fraction constraint, or density of the material.

C. Macroscopic dynamic electromechanical topology optimization

Once the microstructure is optimized from the previous section description, the obtained ho-
mogenized properties (see’ to obtain a detailed description of the expression of the homogenized
tensors) are used as material properties in the macro equations describing the behavior of the
energy harverster in Eqs. (??)-(2?), (2?)-(??). Then, a second Topology Optimization step is
performed at the macro structural level. Here, the objective is to maximize the dynamic elec-

tromechanical response of the structure. More specifically, the electromechanical coupling factor
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(ECF) of an electromechanical systems under harmonic excitation for a given frequency is defined

as:
I ()
K, =) 56
eff I1,,() (56)
1 v\
(o) =3 /QEi (0)0;E (@) (57)
1 . -
(o) =5 | &(0)Cijuen(®) (58)
2Jo Y
where the IT, (@) and IT,,(®) are electric and mechanical energies, respectively, and E; = —97,
with ¢* is the complex conjugate to ¢, and g; = —Viu;, with uj is the complex conjugate to u;.

The topology optimization problem is formulated so as maximizing the ECF szf at a given

excitation frequency, under volume and compliance constraints:

T _ 1 _ HOp(wp)
1\/{)1n. J(p)= 2,(p)  Te(@p)

(fQMPdV <¥r
R3(p) =0 (59)
Subject to : R4(p) =0
C(p) < Cme
0<p<l,

\

In the above, V? is the design domain volume and V"% is the maximum volume of the struc-
ture. In Eq. (?2), C(p) =I1,(0) is the static average compliance, which it is expected to
eliminate disconnected domain by ensuring a minimal stiffness to the structure. The micro and
macro optimization problems in (??) and (??) are solved by the conservative convex separable
approximations (CCSAs) optimizer’ based on the adjoint sensitivity (detailed sensitivity analysis

in Appendix.??).

VI. APPLICATIONS

In the following examples, we first design the microstructure of a periodic porous material
made of a non-piezoelectric material, but possessing flexoelectric behavior, so as to maximize
its apparent flexoelectric properties. The resulting material has homogenized (apparent) non-zero
piezoelectric properties. In a second step, we optimize the design of structures serving as energy

harvesters in a dynamic regime and made with this material. The objective is to show that energy
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harvesters using electromechanical transduction can be designed using fully non-piezoelectric ma-

terials. The polynomial orders of NURBS mesh are chosen as p = g = 3 for all cases.

A. Topology optimization of a non-piezoelectric microstructure made of a flexoelectric

material

We first conduct the Topology Optimization (TO) of a microstructure made of a non-piezoelectric
material, but having flexoelectric behavior. Since the energy harvester structures considered in
this work mainly involve bending, we perform the TO of the microstructure so as to maximize the
effective flexoelectric coefficient Uy112, which characterizes the polarization under bending. The
flexoelectric microstructure is made of centrosymmetric flexoelectric (non-piezoelectric) material
SrTiO3 (STO), whose parameters are given in Table ??. The second phase is void (air). For
this material, U112 = 12 = 7 nC/m and here, all penalty exponents used in the TO numerical

procedure (see Eq. (??)) are chosen as equal to 3.

TABLE I: Material properties of SrTiO3 (STO)??

Density Elastic coefficients Dielectric coefficients Flexoelectric coefficients
Po = 5.12g/cm3 c11 = ¢ =319 GPa o = 300¢ Ui =0.2nC/m

ci2 = 100 GPa o33 =300 U2 =7nC/m

c44 = 110 GPa € = 8.854 x 10712C/V. m pg4 = 5.8 nC/m

The microstructural optimized topologies are provided for different volume fractions in Fig. 2?.
The optimized values of the flexoelectric component 15112 corresponding to the volume fractions
f1 =0.5, fo =0.6, f3 =0.7 and f4 =0.8 are respectively obtained as 7.14 nC/m, 9.19 nC/m, 10.10
nC/m and 12.15 nC/m, which represent a significant improvement as compared to STO of 2.00%,
31.29%, 44.29% and 73.57%, respectively. Note that even though non-piezoelectric, the material
with optimized microstructure actually exhibits an apparent piezoelectric behavior due to local
flexoelectricity. The respective values of the effective piezoelectric coefficient ;11 corresponding
to the volume fractions fi, f>, f3 and f4 are respectively obtained as 0.0032 nC/m?2, -0.0850
nC/m2, -0.0201 nC/m?2, 0.3061 nC/m? . The piezoelectric coefficients €111, €>11 and é32, of the
microstructures for the different volume fractions are summarized in Table ??.

In the following, we will use the optimized microstructure corresponding to the volume frac-
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(a) (b)

(© @

FIG. 3: Optimized microstructure with respect to the apparent flexoelectric coefficient fi; for

different volume fractions: (a) f; = 0.5; (b) f =0.6; (¢) f3 =0.7; (d) f4 =0.8.

tion f; = 0.8 (see Fig.??) as a constitutive material for energy harvesters designs. The effective
parameters corresponding to this optimized microstructure are provided in Egs. (??)-(??). Note
that such microstructures are complex, but may be fabricated with the recent advances in additive

manufacturing, including 3D printing of ceramics (see e.g.” ).

72.83 22.68 O
0.804 O
C= (2268 10321 0 |(GPa), a= (nC/V -m) (60)
0 1.121
0 0 29091
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TABLE II: Piezoelectric coefficients &;1, €11 and @227 (unit: nC/m?) of microstructures with

different volume fractions

Volume fraction &q1; e 2%

f1 =05 0.0163 0.0032 -0.0271
f2=0.6 -0.4471 -0.0850 -0.1472
f3=0.7 0.0318 -0.0201 -0.0584
fa=0.8 -0.0209 0.3061 0.1456

—0.0209 0.0512 —0.0697 )
e= (nC/m*) (61)
0.3061 0.1456 —0.0608

—0.16 —0.18 0.64 0.06 —0.05 2.38
w= (nC/m) (62)
0.07 12.15 —-0.05 1.37 0.62 —0.05

B. Design of a dynamic beam-like energy harvester

In this example, we use the proposed methodology to design a dynamic beam-like energy har-
vester in open circuits boundary condition as shown as Fig.??. The beam material is the one
obtained from the optimized microstructure in the previous section, whose coefficients are pro-
vided in (2?)-(??). The size of the beam is 4 = 200 nm, with an aspect ratio L/h = 6. The density
of the optimized microstructure is pg = 4.096g/cm>. The internal length scale of higher-order
elastic tensor (2?)is £ =1x 1078 m? . Askesetal’® suggested that the micro inertial length should
be ¢; > ¢. The author’ also observed a good agreement between the gradient elasticity model
and wave dispersion results of carbon nanotubes based on molecular dynamics (MD) obtained by
Wang et al® , when £ is in the range 3¢ - 35¢. Here, we choose micro inertial length in Eq. (2?)
as {4 = 10¢. The influence of micro inertial length on the numerical results of electromechani-
cal coupling factors and resonance frequency was investigated in’ . The modal damping ratios
(see’ ) are taken as & = & = 0.01. The excitation frequency is F (@) = Fpe/® and Fj = —1 N,
applied along the x,-direction on the top-right corner. The dynamic topology optimization is car-

ried out for the excitation frequencies 0 MHz (static), 10 MHz, 12 MHz, 15 MHz and 16 MHz.
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FIG. 4: Beam-like energy harverster with open circuit boundary conditions: design domain

The volume fraction constraint, defined as the quantity of material as compared to the design do-
main volume L X h is set as f =0.6 for all frequency cases. The compliance constraint is set as
Cmex = 8111 (0), where IT; (0) is the static strain energy of the undesigned flexoelectric beam. Here
the undesigned structure means that the relative densities in the whole rectangular design domain
are equal to 1. For comparison, a guess design consisting into a rectangular beam with 6 holes
as depicted in Fig.??(a)) is analyzed. The holes radii are R = 0.3568/h corresponding to a volume
fraction equal to 0.6. This structure will serve as a reference to be compared with the optimized
designs. The penalty exponents used in the TO numerical procedure (see Eqgs. (??)) are chosen
here as p. = p. = 3, p, = 1. These coefficients are different in this example for convergence
reasons. This combination of penalty exponents means that the mechanical and electromechanical
stiffness are penalized to make the optimal solution converge to 1 or 0, while the dielectric one is
interpolated by a linear material model.

The dynamic topology optimization of the flexoelectric cantilever beam is performed for dif-
ferent excitation frequencies. Initialization of the densities is performed by setting them uniformly
to p. = 0.6 in the rectangular design domain defined in Fig. ??. The final optimized geometries,
obtained respectively for the excitation frequencies 0 MHz, 10 MHz, 12 MHz, 15 MHz and 16
MHz, are depicted in Fig. ??. The corresponding electromechanical coupling factors (ECFs) are
listed in Table ??. The ECFs of the optimized structures for excitation frequencies 0 MHz, 10
MHz, 12 MHz, 15 MHz and 16 MHz increase by factors of 20.18, 20.07, 20.04, 19.99 and 19.97
times, respectively, as compared to the reference design in Fig.??(a).

The ECF frequency responses for the optimized geometries are compared to the reference re-
sponse in Fig.??, where the frequency ranges from O to 143 MHz. It is observed that the ECF

frequency responses of all optimal designs obtained by different excitation frequencies are much
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FIG. 5: (a) Reference design for the beam-like energy harvester; Optimized design corresponding

to excitation frequencies: (b) Static conditions; (c) 10 MHz; (d) 12 MHz; (e) 15 MHz; (f) 16 MHz

larger (about 20 times) than the reference in a large frequency range (roughly between 0 and 100
MHz), while it drops for frequencies larger than 100 MHz. Using different excitation frequen-
cies in the topology optimization does not modify significantly the ECF response of the optimized
structure. In conclusion, it is shown that the obtained optimized energy harvester structures have
good performances both with respect to the reference (guess design) and considering that the con-

stitutive material is not piezoelectric.

TABLE III: electromechanical coupling factors (ECF) of optimal designs for flexoelectric nano

beam under different excitation frequencies

Excitation ECF ECF Gain:

Frequency (optimized) (reference) ECF,,/ECF,.r

OMHz  0.03420 1.6149 x 1073 21.18
10MHz  0.03406 1.6165x 1073 21.07
12MHz  0.03402 1.6171 x 1073 21.04
I5MHz 0.03397 1.6184x 1073 20.99
16 MHz  0.03395 1.6189 x 1073 20.97
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FIG. 7: Energy harvester with truncated pyramid-shape under compression and open circuit

conditions: design domain

C. Design of dynamic truncated pyramid-like energy harvester

In this example, we consider the design of an energy harvester with truncated pyramid shape
and open circuit conditions, as shown in Fig.??. This shape is often chosen in flexoelectric sys-
tems as inducing strain gradient in compression’ . The initial design domain is defined by the

geometrical parameters a; = 400 nm, a, = 1200 nm and 49 = 400 nm. A spatially uniform and
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oscillating pressure po(®) = —1e/?" N is applied on the top surface along the x,—direction and
the displacement DOFs on the bottom surface are fixed. The material parameters and length scale
¢, ¢, are same as in the previous example. The volume fraction constraint is here set as f = 0.7.
The compliance constraint is set as C"* = 4I1,(0), where IT,(0) is the static strain energy of the
truncated pyramid design domain with p = 1. A reference guess design is defined in Fig.??(a),
consisting into a truncated pyramid including a circular void with radius R’ = 0.437h. The penalty
exponents used in the numerical TO procedure (see Eqgs. (??)) are chosen as p. = p. =3, p, = 1.

We perform the topology optimization of the flexoelectric truncated pyramid under the excita-
tion frequencies 0 MHz (static), 200 MHz, 600 MHz, 800 MHz and 1000 MHz. The final opti-
mized structures obtained for the excitation frequencies mentioned above are presented in Fig.??.
We can see that the vertical lengths of the voids in the topologies of the optimized structures be-
come shorter and the material is concentrated more towards the middle domain of the structures,
with the increasing frequencies of excitation in optimization. The ECFs of the reference and opti-
mized structures are summarized in Table ??. The ECFs of the optimized structures designed for
excitation frequencies 0 MHz, 200 MHz, 600 MHz, 800 MHz and 1000 MHz increase respectively
by 4.044, 3.293, 2.846, 2.403 and 2.089 times with respect to the reference design solutions. The
ECFs frequency responses of reference structure and optimized designs obtained for the differ-
ent excitation frequencies are shown in Fig.??, where the frequency ranges from O to 3.16 GHz.
Obviously, the ECF is improved by the optimized energy harvester as compared to the reference
design, and this for the whole frequency range. As another observation, the designs obtained by
the dynamic topology optimization (taking into account nonzero excitation frequencies), mainly
improves the ECF as compared to the ones obtained by static TO. Finally, it seems that increasing
the excitation frequency decreases the ECF at low frequencies, but for larger frequencies there is
not clear trend. Globally, the dynamic TO leads to a clear ECF improvement as compared to the

reference of static designs, showing the potential of this framework.

VII. CONCLUSIONS

In this work, an innovative multiscale topology optimization approach was presented for the
design of electromechanical energy harvesting systems using non-piezoelectric materials. The
microscopic scale optimization focuses on maximizing the effective flexoelectric properties of

a periodic, porous, and flexoelectric material. This leads to an effective material with apparent
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FIG. 8: (a) Reference design for the truncated pyramid-like energy harvester; Optimized design

corresponding to excitation frequencies: (b) Static conditions; (c) 200 MHz; (d) 600 MHz; (e)
800 MHz; (f) 1000 MHz

piezoelectric properties, achieved without the use of piezoelectric materials. Subsequently, at the
structure scale, a second topology optimization step is performed to maximize the Electromechan-
ical Coupling Factor (ECF) for a specified forced vibration frequency. The optimized structures
demonstrate significant improvements in ECF, ranging between 2 and 20 times, as compared to
non-optimized structures of same volume across various excitation frequencies.

This approach opens up new possibilities for the design of energy harvesting systems, without
the need for piezoelectric materials. The future implications of this research lie in the development
of new micro- and nanoscale energy harvesting systems, potentially using new sources of materials

and exploiting the potential of microstructure modifications to optimize their performance.
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TABLE IV: electromechanical coupling factors (ECF) of optimized designs for truncated

pyramid obtained by different excitation frequencies

Excitation ECF ECF Gain:

Frequency (optimized) (reference) ECF,,,/ECF,.s

O0MHz 7.4203x1073 1.4712x1073 5.044
200 MHz 6.3395x1073 1.4766x1073 4.293
600 MHz 5.9021x 1073 1.5346 x1073 3.846
800 MHz 5.4302x1073 1.5956x1073 3.403
1000 MHz 5.2058x 1073 1.6852x 1073 3.089
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FIG. 9: ECF frequency responses of reference and optimized designs for truncated pyramid for

different excitation frequencies
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Appendix A: Matrices of material and IGA discretization

By, B, and H, are the matrices containing the gradient and Hessian of the corresponding basis

functions Ny and N, which are given by

Ny
INL .. Ny Jx
B, — ox ox B — 0
T o a0
dy dy N .
dy
N, ON, )
Jdx  ox 0 ’ 0
AL IN,
B, = dy dy
Oy Ny
dy dy
JdN; JN,
| 0 0 S prall

IN,
c g0
dN; dN,
0 b ... o
Ny ONy .. Ny
dy OJx ox
[9°N 9*N, T
NS 0
%N, %Ny
2() 20 ayz 8y2
92N 9°N,
H. — oxdy ~ Jxdy 0 0
P 0 ... 0 LN PN
dxdy dxdy
Ny 9PN, 9PNy PN,
dxdy dxdy 9dx2 dx?
Ny . 9N, PNy .. 9N,
L 0y? dy? dxdy dxdy

The material parameters C, «, e, i and G are defined in the 2D matrix form as

ci1 ¢c12 0
C=lcncen 0],a=
0 0 C44

i 0 0 p2 0 pag

IJ, =
0 p iz 0 pag O
_CH 0 0 C12 0 0 |
0 Cl11 C12 0 0 0
0 crpeipr 0 0 O
G— 62 12 €11

cp 0 0 ¢y O O
0 0 0 O cg4 O
i 0 0 0 0 0 C44_

0 0 €15

e;3 e33 0
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Appendix B: Calculation of effective flexoelectric tensor

The strain and electric fields solutions, strain gradient fields solutions of the problem (??) can

be expressed as the functions of the effective strain, electric and strain gradient fields as

0 = 0 = | o=
€ij = Aijpg€pa — BijpEp —AijpgrVEpar (B1)
0 = 0F | o5
E; = D} €pg — hinE p — Dipyy VEpyr (B2)
0 = 0 & | g
Veijk = Jijipg€ra — LijipEpr = ijkpgrY Epar (B3)

We define the displacement and electric fields matrices:

U:{U¢;Uu}, V:{V¢;Vu}, W={W¢;Wu} (B4)
U, = [ul,uz,u3], V,= [u4,u5], W, = [u6,u7,u8,u9,u10,u“] (B5)
Uy =[¢", 8%, 8], Vo = [¢*, 0], Wy = [¢°,¢7,¢°,¢", 0", 9] (B6)

The displacement fields u’ and the electric fields ¢’ are the vector columns containing respec-
tively the nodal displacement and electric potentials solution of the localization problems Eqs.(??)
with the boundary conditions described in Table ??.

The matrices associated with the tensors AY, B?, A!, D A%, %, D', J°, 0% and J! in (22)-(2?)

can be computed according to

A(x) =B,(x)U,, BY(x)=B,(x)V,, A'(x)=B,(x)W,; (B7)
D’(x) = —By(x)Uy, h°(x)=—-By(x)Vy, D'(x)=-Bys(x)W, (B8)
I =H,0)U, Q) =H,(x)V,, J'(x)=H,(x)W, (BY)

Substituting (??)-(??) into (??), we have the effective flexoelectric tensor in matrix form as

fi =~ (VIBICB,W, ~ ViB]aBWq + VIH uByWo + Vi B uH,W, ) B0

Appendix C: Sensitivity analysis

To solve the effective flexoelectric coefficients enhancement problemn (??) for microstruc-
ture and the electromechanical coupling efficiency optimization problem (??) for energy harvester
based on the gradient-based mathematical programming method, The adjoint method is employed

to derive both the numerical sensitivities.
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Field |(€11,€2,€12)|(E1,E2)|(VE11,VEn, Ve, VEr, Ve, VEnr)
u', ¢! (1,0,0) (0,0) (0,0,0,0,0,0)
u?, ¢? (0,1,0) (0,0) (0,0,0,0,0,0)
w, o’ (0,0,3) (0,0 (0,0,0,0,0,0)
ut, ¢* (0,0,0) (1,0) (0,0,0,0,0,0)
w, ¢’ (0,0,0) (0,1) (0,0,0,0,0,0)
u®, ¢° (0,0,0) (0,0) (1,0,0,0,0,0)
u’, ¢’ (0,0,0) (0,0) (0,1,0,0,0,0)
u®, 8 (0,0,0) (0,0) (0,0,1,0,0,0)
v, ¢’ (0,0,0) (0,0) (0,0,0,1,0,0)
u'® ¢! (0,00 | 00 (0,0,0,0,1,0)
u'l, ¢ (0,00 (0,0) (0,0,0,0,0,1)

TABLE V: Elementary solution corresponding to the prescribed macroscopic strain, electric

potential and strain gradient components

1. Microstructure analysis

The effective flexoeletric tensor can be wirtten by compact form as

T —
1L |Ve| |Kgp Koyl |Wy cl
=", r 1)
m Vu K u Kuu Wu
We define
K;, K
K, K|

By using the adjoint method, the corresponding Lagrangian L™ for the effective flexoelectric
tensor components optimization problem (??) is formed by introducing adjoint vectors A;" and A"

as:
L"=5— (VIKg —Fy AT — (AT (KW —Fy 1) (C3)

Where VK —Fy” =0 and KGW —Fy7 = 0 are the IGA discrete forms of (??) with boundary

condition shown in Table.??, and they hold for arbitrary vectors A;" and AJ". Differentiating the
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Lagrangian L™ with respect to the design variable p™ gives:

70(KgW —Fy 1)
dp™

oL dp  I(V'Kg—FyT)
apm  JIpm apm

AT = (A7)

(C4)

We finally obtain the adjoint sensitivity of effective flexoelectric components with respect to

the density as

T
n . L V(IJ d K‘P‘P K¢M W‘P (C5)
Ip" Vu p" KqTﬁu Kuu W,

2. Energy harvester analysis

For the energy harvester in dynamics, the first derivative of the objective function J with respect

to the nodal design variable p; ; is calculated as

a1, dIl,
O _ dpi ke ndp (C6)
Ipi I
JIL,, GHe
The terms 5 o and are derived by chain rules, respectively
oIl,, JIl, dpi.; 9pi;
_9%m lz J 9Pij (C7)
dpij IPij IPij Ipi,
ane _ al}e ) al?i,j . 8/31',]' (C8)
dpij  9pij IPij Ipi;
Furthermore, 31_]’”_ and ‘mf is explicit calculated by introducing an adjoint vector A and A,

respectively. The correspondlng Lagrangian equations are constructed as:

LHm = Hm - )\ﬁ (KtotUtoz - Ftot) - Ag(Kthmt - m) (C9)
LHe - He - )\i (KtotUtot - Ftot) - )\E (KtotUtot - m) (CIO)

where the discrete system of coupling equilibrium equation K;,;U;o; = F;; 1s defined in (??), while

K;:U;or = Fypr 1s the corresponding conjugate counterpart. Both equilibrium equations hold for

arbitrary A° and A°. The sensitivities of the Lagrangian equations with respect to p; j are written
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as

aLl'[,,, _ al_Im 8IIm . aUtot aIIm . 9m 3¢ a(IitotUtot - Ftot) 3¢ a(IitotUtot - m)
8[31’] 8pl7] aIJ’I‘O[ aljl,_] 8Ut0t aljl,] 1 aﬁh] 2 aﬁl,]
(C11)
aLHe _ ane + arIe . aUz‘ol‘ aI—Ie . am Y a(I<toz‘ljz‘ot - Ftot) Y a(I<toz‘ljl‘ot _m)
pij 9Pij OUiw Opij Uy 9Pij 9pi.j ? 9pi.;j
(C12)
We finally obtain the sensitivities of mechanical and electrical energy w.r.t p; j,
dnm 1 —T aKW T am— T aKtot
_ — - _ R C __ AC . 1
dﬁid' 2U 8;3 U e (Al) ap Ul‘gt + ( 2) ap Umt (C 3)
dne 1—T aK¢,¢ Tam— TaKm,
—-= :—q) —_q)—R Ae —_U )\e = U C14
dﬁi,j 5 ap e ( 1) ap tor + ( 2) aﬁ tot ( )

where Re {-} mean the real part of the complex. The adjoint vectors are calculated by the following

adjoint equations

dIl
Kok = %IIJTtm,
Koo X = ?
KiaX = 50,

(C15)

(C16)

(C17)

(C18)

To solve the adjoint equations, we can use the same mechanical and electric boundary condition

as the problem (??). The derivatives of material density distribution field p with respect to nodal

density field p presented in (??)-(??) can be obtained as

35,’,,‘ _pPadE =
P =R;7(8,1)
Pij w(r;7)

apij Ly L wir;)

(C19)

(C20)

Substituting (??)-(??)-(??)-(??) into (??) and (??), finally into (??), the explicit sensitivity of

objection function with respect to nodal density variable p can therefore be obtained.
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