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Transient anisotropic kernel for probabilistic learning on manifolds

Christian Soize®*, Roger Ghanem”

“Université Gustave Eiffel, MSME UMR 8208, 5 bd Descartes, 77454 Marne-la-Vallée, France
b University of Southern California, 210 KAP Hall, Los Angeles, CA 90089, United States

Abstract

PLoM (Probabilistic Learning on Manifolds) is a method introduced in 2016 for handling small training datasets by
projecting an It6 equation from a stochastic dissipative Hamiltonian dynamical system, acting as the MCMC generator,
for which the KDE-estimated probability measure with the training dataset is the invariant measure. PLoM performs
a projection on a reduced-order vector basis related to the training dataset, using the diffusion maps (DMAPS) basis
constructed with a time-independent isotropic kernel. In this paper, we propose a new ISDE projection vector basis
built from a transient anisotropic kernel, providing an alternative to the DMAPS basis to improve statistical surrogates
for stochastic manifolds with heterogeneous data. The construction ensures that for times near the initial time, the
DMAPS basis coincides with the transient basis. For larger times, the differences between the two bases are char-
acterized by the angle of their spanned vector subspaces. The optimal instant yielding the optimal transient basis is
determined using an estimation of mutual information from Information Theory, which is normalized by the entropy
estimation to account for the effects of the number of realizations used in the estimations. Consequently, this new
vector basis better represents statistical dependencies in the learned probability measure for any dimension. Three ap-
plications with varying levels of statistical complexity and data heterogeneity validate the proposed theory, showing
that the transient anisotropic kernel improves the learned probability measure.

Keywords: Transient kernel, probabilistic learning, PLoM, diffusion maps, Fokker-Planck operator, spectrum

1. Introduction

1.1. Objectives of the paper

PLoM (Probabilistic Learning on Manifolds), introduced in 2016 [1], is a method and algorithm specifically
developed for cases where the training dataset consists of a small number of data points. This method is based on
projecting, along the data axis, a matrix-valued It6 equation associated with a stochastic dissipative Hamiltonian
dynamical system, which acts as the MCMC generator for the probability measure estimated using the Gaussian
Kernel Density Estimation method (GKDE) applied to the points of the training dataset. The projection basis is the
diffusion maps (DMAPS) basis associated with a time-independent isotropic kernel, introduced in [2, 3], and will be
named the reduced-order DMAPS basis (RODB) in the context of the PLoM method.

Since 2016, all extensions and applications of PLoM (see Section 1.2) have been carried out using the isotropic
kernel. Through these applications, we have seen that the isotropic kernel allows for obtaining quality results, even
for heterogeneous data and systems of great statistical complexity in small and large dimensions.

However, improving the construction of statistical surrogates for stochastic manifolds involving conditional statis-
tics using PLoM based on a projection basis derived from a transient anisotropic kernel (time-dependent) is an inter-
esting problem. Some important works on anisotropic diffusions in stochastic dynamical systems have already been
published [2, 3, 4, 5, 6]. The approach presented here differs from these published works. In the present work, the
stochastic system considered comes from a numerical simulation stochastic model of a generally complex physical
system, from which we build a training dataset. This dataset is not considered as a structured and ordered family of
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points indexed by a physical parameter such as time ¢. The only available information is a probability measure of
a random vector estimated using the training dataset. Therefore, we are not dealing with a case where a stochastic
dynamic system is known and given. Both the anisotropic and transient characters are described using a completely
data-driven formalism.

In this paper, we propose a novel construction of the ISDE projection vector basis, built from a transient anisotropic
kernel, which enhances the representation of the statistical dependencies of the learned joint probability measure in
any dimension. However, to clarify the objectives of this paper, it is necessary to address certain points right now.

The first algorithmic step of PLoM involves performing a principal component analysis (PCA) on the non-
Gaussian random vector X, which is generally in high dimension. This vector X results from concatenating the
random vector @, representing the quantities of interest (Qol), with the random vector W, representing the random
control variables of the considered stochastic system. Additionally, this system depends on random latent/uncontrolled
variables. The vector-valued random Qol, Q = F(W), is connected to W by an unknown random nonlinear mapping.
Denoting by %,, the support of the probability measure of W, the random graph {(w, F(w)) |w € %,,} forms a stochas-
tic manifold due to the latent random variables in the system implying the randomness of mapping F. The PCA is
performed on the training dataset of X. The new coordinates resulting from the PCA form a random vector H with a
reduced dimension. The training dataset of H is obtained through the PCA projection of the training dataset of X. By
construction, H is a non-Gaussian normalized random vector, which is centered and has a covariance matrix equal to
the identity matrix.

Under these conditions, the available information is only the training dataset of H. Using this dataset, we construct
the probability measure of H by using a modification of the GKDE method. Thus, the only available information is
represented by the probability density function of H with respect to the Lebesgue measure. Given the normalization
of H, the challenges in constructing the learned dataset of H, with or without constraints, involve preserving the
concentration of the learned probability measure for H (induced by the random manifold) and ensuring the ”good
quality” of the learned joint probability measure of the components of H, not just the marginal probability measure
of each component. The quality of the statistical surrogate model of Q given W, based on conditional statistics, is
directly linked to the learned joint probability measure of the components of H. These aspects will be analyzed in
detail in this paper. To simplify the presentation, we will construct the model directly on H rather than starting from
X = (Q,W). For numerical illustration, three applications will be formulated directly on H. It should be noted that,
in terms of practical applications, the PLoM method is suitable for complex systems with high-dimensional X. For
more on this aspect, we refer the reader to the publications referenced at the end of Section 1.2. The difficulty in
accurately representing the learned joint probability measure of the components of H is not due to the dimension of H
(even though its dimension is 46 for the third application), but rather to the complexity of the support of its probability
measure. It is with this objective in mind that we built the three applications.

This paper proposes an analysis, using information theory, of the quality of the learned joint probability measure
of the components of H, using PLoM with the RODB. Additionally, and most importantly, it introduces a new pro-
jection basis for PLoM, derived from a time-dependent anisotropic kernel. The objective is to determine if this new
basis, named the reduced-order transient basis (ROTB), improves the construction of statistical surrogate models for
stochastic manifolds involving conditional statistics.

It is important to note the following points regarding this objective. We construct a time-dependent family of
learned probability measures for H provided by PLoM, where the projection basis is a time-dependent family of
reduced-order transient basis named as ROTB(¢), associated with a transient anisotropic kernel. This construction
is performed so that this time-dependent family converges to the solution provided by PLoM with the RODB as ¢
approaches the initial time. The given points at the initial time are the points of the training dataset of H. The novel
basis ROTB for PLoM is obtained by selecting the basis ROTB(%,,) from the time-dependent family ROTB(¥) at the
time £, for which the quality of the learned probability measure of H is optimal, according to the chosen information
theory criterion.

The ISDE chosen to generate the time-dependent solution family must have a drift vector (which is nonlinear)
and a diffusion matrix that are independent of time because we want the asymptotic solution for large ¢ to converge
to the stationary solution, for which the marginal law is the invariant measure. This choice was made to ensure this
property. Building an ISDE with time-dependent coefficients would require arbitrarily constructing the drift vector
and the diffusion matrix as functions of time ¢. These quantities should become independent of time for sufficiently
large t; otherwise, there would be no stationary solution and thus no invariant measure. In the framework of the pro-
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posed PLoM method, the only available information is the training dataset of H, which is not generated by a known
structured family parameterized by time. Therefore, in this context, there is no information available in the training
dataset to construct time-dependent drift vector and diffusion matrix. Thus, for the framework used, the proposed
approach is entirely data-driven without any assumptions beyond an intrinsic structure extracted from the data them-
selves. The stochastic differential equation and the associated FKP equation are formulated and solved without any
assumptions. The proposed theory is independent of any underlying dynamics specified by the character of the data.
If the training dataset is obtained from a non-autonomous system, then this character will exist in the training data set
and will be encoded in the joint probability density function of the random observations. For constructing the novel
projection basis for PLoM with the transient anisotropic kernel, we have chosen a first-order ISDE, while PLoM is
based on a second-order ISDE (dissipative Hamiltonian stochastic system as mentioned above) for generating the
learned realizations. The choice of a first-order ISDE is justified by our interest in transient stochastic responses. The
choice of a second-order dissipative Hamiltonian stochastic equation for PLoM, made in 2016, was to quickly reach
the stationary stochastic solution of the ISDE.

Finally, the methodological objective for dealing with real-word applications using the proposed approach can
be summarized as follows. The PLoM method has been applied to a large number of complex applications, as
explained above and in Section 1.2, demonstrating its usefulness for real-world applications. The random vector H is
a quasi-equivalent reduced representation of the random vector X that can represent complex real-world systems. The
proposed improvement of this PLoM method, which is connected to it as previously explained, concerns the quality of
the learned joint probability measure of the components of H. This quality is quantified by a criterion from information
theory, allowing for intrinsic validation of the improvement obtained. This means that for each application, for which
we only have a small training dataset, the quality of the learned joint probability measure constructed by PLoM with
RODB can be quantified and potentially improved using PLoM with ROTB, thus quantifying this improvement if it
exists. Furthermore, additional information is extracted from the training dataset that is not used in the original PLoM.
Specifically, the path from each datapoint to the collective invariant measure carries a signature of heterogeneity, which
is leveraged in the present work. The three proposed applications, for which the support of the probability measure is
complex, show that in these cases, an improvement is obtained.

1.2. Framework of the considered problem

Machine learning tools and artificial intelligence [7, 8, 9, 10], such as probabilistic and statistical learning [11,
12, 13, 14, 15], are used in UQ for problems that would require computer resources not available with the most
usual approaches. Thus, methods have emerged in the field of engineering sciences, such as learning on manifolds
[16, 1, 17, 18, 19] and physics-informed probabilistic learning [20, 21, 22].

Probabilistic learning is a very active domain of research for constructing surrogate models (see for instance, [23,
16, 24, 25, 26, 18, 20]). Probabilistic Learning on Manifolds (PLoM) is a tool in computational statistics, introduced
in 2016 [1], which can be viewed as a tool for scientific machine learning. The PLoM approach has specifically
been developed for small dataset cases [1, 27, 28, 29, 30]. The method avoids the scattering of learned realizations
associated with the probability distribution to preserve its concentration in the neighborhood of the random manifold
defined by the parameterized computational model. This method allows for solving unsupervised and supervised
problems under uncertainty when the training datasets are small. This situation is encountered in many problems in
physics and engineering science with expensive function evaluations. The exploration of the admissible solution space
in these situations is thus hampered by available computational resources.

Several extensions have been proposed to account for implicit constraints induced by physics, computational mod-
els, and measurements [21, 22, 31], to reduce the stochastic dimension using a statistical partition approach [32], and
to update the prior probability distribution with a target dataset, whose points are, for instance, experimental realiza-
tions of the system observations [33]. Consequently, PLoM, constrained by a stochastic computational model and
statistical moments or samples/realizations, allows for performing probabilistic learning inference and constructing
predictive statistical surrogate models for large parameterized stochastic computational models.

This last capability of PLoM can also be viewed as an alternative method to Bayesian inference for high dimen-
sions [34, 35, 36, 37, 38, 39, 40, 41, 42, 43] and is a complementary approach to existing methods in machine learning
for sampling distributions on manifolds under constraints. Although a Bayesian inference methodology has also been
developed using probabilistic learning on manifolds for high dimensions [29].



PLoM has successfully been adapted to tackle these challenges for several related problems, including nonconvex
optimization under uncertainty [44, 45, 46, 47, 48, 49, 50, 51], fracture paths in random composites [52], concurrent
multiscale simulations in random media [53], stochastic homogenization in random elastic media [54], ultrasonic
transmission techniques in cortical bone microstructures [29], updating digital twins under uncertainties [55], up-
dating under-observed dynamical systems [56, 57], calculation of the Sobol indices [58], dynamic monitoring [59],
surrogate modeling of structural seismic response [60], probabilistic-learning-based stochastic surrogate models from
small incomplete datasets [61], and polynomial-chaos-based conditional statistics for probabilistic learning of atomic
collisions [62], as well as for aeroacoustic liner impedance metamodels from simulation and experimental data [63].

1.3. Methodology proposed and organization of the paper

Starting with a training dataset of n, realizations of v random variables, we consider the probability flow from
each of these n, realizations towards the v-dimensional sampling probability distribution of the training dataset. We
construct the associated coupled Fokker-Planck (FKP) equations with each of the realizations as initial condition.
These describe the evolution of the transition probability measures over the graph described by the training dataset, that
transport each independent realization, viewed as a concentrated measure at the initial time, into the joint probability
measure, consisting of the common stationary probability measure (also called the steady-state solution) of the FKP
equations. This evolution describes a trajectory along which transition probabilities are consistent with both the
training dataset and its postulated joint probability density function (that we approximate using a Gaussian Kernel
Density Estimate (KDE)). Each of these probabilities provides a distinct geometric characterization of the training
dataset, with its own plausible model of statistical dependence, resulting in a transient anisotropic kernel from which
we construct a time evolving PLoM. We then set criteria for selecting among these PLoM models, which is tantamount
to identifying the most appropriate statistical dependence structure for the learned dataset, along the flow characterized
by the FKP equations. The following description of the paper’s organization provides a coherent summary of the
proposed methodology.

In Section 2, we define the training dataset constituted of given realizations of a non-Gaussian normalized vector-
valued random variable H (centered and with an identity covariance matrix) and define the associated probability
measure Py, whose density is estimated using the Gaussian Kernel Density Estimation (GKDE) method.

Section 3 deals with a short summary of formal results, introducing an Itd stochastic differential equation (ISDE)
and the derived Fokker-Planck (FPK) equation for which Pg is the invariant measure, which is the steady-state solu-
tion. We then introduce a formal formulation of the eigenvalue problem of the FPK operator and the nonstationary
solution of the Fokker-Planck equation with a deterministic initial condition.

Section 4 is devoted to the time-dependent kernel &, derived from the time-dependent solution of the Fokker-
Planck equation with a deterministic initial condition. We then define the time-dependent operator K, associated with
the transient kernel k;, which is a Hilbert-Schmidt operator. We propose a construction of its finite approximation,
represented by a matrix [K()], using a sampling of Py of the bilinear form associated with K;, and introduce the
corresponding finite approximation of the eigenvalue problem.

In Section 5, we present the direct construction of matrix [E (H)]. We introduce the transition probability density
function as the solution of the ISDE with a deterministic initial condition and study its existence, uniqueness, and
properties. We then rewrite the ISDE in matrix form and propose a time-discrete approximation of this matrix-valued
ISDE based on an Euler scheme. We introduce convergence criteria to verify convergence. Finally, we construct
an explicit representation of the matrix [K(1)] based on the nonstationary solution of the matrix-valued ISDE with a
deterministic initial condition.

A numerical illustration of the proposed formulation is given in Section 6, for which an explicit solution is known.

Section 7 deals with the construction and study of the vector basis for PLoM derived from the transient anisotropic
kernel, connected to the DMAPS basis constructed with the isotropic kernel. We construct a time-dependent matrix
[K(nAf)] of the transient anisotropic kernel derived from the matrix (K (nAr)], whose fundamental property is its
convergence to the matrix [Kpy ] of the DMAPS isotropic kernel as time approaches zero. The time-dependent reduced-
order transient basis is then the eigenvectors of [K(nAf)] associated with its dominant positive eigenvalues. In order
to qualify and quantify the gain of the constructed reduced-order transient basis, ROTB(nA¢) at a sampling time nAt,
with respect to the reduced-order DMAPS basis, RODB, we introduce the angle between the subspaces spanned by
ROTB(nAt) and RODB. We propose a methodology for identifying the optimal value of the sampling time nA¢, which
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maximizes a selection criterion. This criterion is based on the estimation of mutual information from Information
Theory, normalized using entropy estimation to account for the effects of the number of realizations used in the
statistical estimators. Such a criterion allows for selecting the best joint learned probability measure with respect to
statistical dependencies.

In Section 8, we present three applications, each with a specific level of complexity and data heterogeneity in the
training dataset. The first application is created such that the probability measure of H in R, defined by the points of
the training dataset, is concentrated in a multiconnected domain of R°. The constituent connected parts are manifolds
of dimensions much lower than 9, each with different dimensions. These parts may or may not be connected to each
other. The training dataset of the second application consists of realizations of the random vector H with values in
R3, generated using a polynomial chaos expansion of degree 6 of a real-valued random variable, whose random germ
has a dimension of 2, with each of the two random germs being a uniform random variable with different support.
There are therefore 28 terms in this expansion, and the 8 components of H are defined as the random terms of given
rank, defining a relatively complex random manifold in R®. The third application results from a statistical treatment of
an experimental database containing photon measurements in the ATLAS detector at CERN. The PCA step of PLoM
has been performed, and 45 components have been extracted to obtain the training dataset for the R*’-valued random
variable H. This application is in higher dimension than the first two but has less statistical complexity.

The paper is completed by two appendices. Appendix A presents an overview of the probabilistic learning
on manifolds (PLoM) algorithm and its parameterization, using either the DMAPS basis (RODB) or the transient
basis (ROTB(nAf)) as the projection basis. Appendix B provides the formulas for estimating the Kullback-Leibler
divergence, mutual information, and entropy from a set of realizations.

It should be noted that there are some very brief repetitions, which have been deliberately made to facilitate
reading.

1.4. Convention for the variables, vectors, and matrices

x,n: lower-case Latin or Greek letters are deterministic real variables.

x, 17: boldface lower-case Latin or Greek letters are deterministic vectors.

X: upper-case Latin letters are real-valued random variables.

X: boldface upper-case Latin letters are vector-valued random variables.

[x]: lower-case Latin letters between brackets are deterministic matrices.

[X]: boldface upper-case letters between brackets are matrix-valued random variables.

1.5. Algebraic notations

N, N*: set of natural numbers including 0, excluding 0.

R,R*, R™: set of real numbers, subset [0, +oo[, subset ]0, +oo].

R”: Euclidean vector space of dimension v.

M,.m» My, : set of the (n X m), (n X n), real matrices.

My, M,;'O: set of the positive-definite, positive, (n X n) real matrices.
[1,]: identity matrix in M,,.

[| [x]||F: Frobenius norm of matrix [x].

V, div: gradient and divergence operators in R”.

dp: Dirac measure on R” at point 0,.

1.6. Convention used for random variables

In this paper, for any finite integer m > 1, the Euclidean space R™ is equipped with the o-algebra Bgn. If Y
is a R™-valued random variable defined on the probability space (®,7,%), Y is a mapping 6 — Y () from O into
R™, measurable from (®,7") into (R™, Br»), and Y(6) is a realization (sample) of ¥ for 8 € @. The probability
distribution of Y is the probability measure Py(dy) on the measurable set (R™, Brn) (we will simply say on R™). The
Lebesgue measure on R™ is noted dy and when Py(dy) is written as py(y)dy, py is the probability density function
(pdf) on R™ of Py(dy) with respect to dy. Finally, E denotes the mathematical expectation operator that is such that
E{Y} = [,y Py(dy).



2. Defining the probability measure Py of random vector H

Let Duain(m) = {7/, j = 1,...,n4} be the set of ny; > 1 independent realizations / € R, with v > 1, of a
second-order R”-valued random variable defined on a probability space (®, 7 ,P). Let n, € R and [C4] € M,,, be the
associated empirical estimates of the mean value and the covariance matrix constructed with the points of Dyin (1),

1 < . 1 <4, 4
[ J = J J —
n,= § I §(n n)®0-n). 2.1
4= 4T A

It is assumed that Dyiy (1) is such that
n,=0, . [Cad=IL]. 22)
Let n — pg(n) be the probability density function on R”, with respect to the Lebesgue measure dn, defined by

1 & 1 1 §
pa(p) = — ) ———exp (——Alln - -7l ) . VYpeR, (23)
ng J:Zl (V2r 5y 252 s

where § and s are defined by

4 1/(v+4) s
_ 5= _ (2.4)
’ (nd(2 + V)) ’ V2 + (ng — 1)/ny

Eqgs. (2.3) and (2.4) correspond to the Gaussian kernel-density estimation (KDE) constructed using the n,; independent
realizations of Dy,in(17) involving the modification [64] of the usual formulation [65, 36, 66], in which s is the Sil-
verman bandwidth. Let H be the second-order R”-valued random variable, defined on a probability space (®,7,P),
whose probability measure Py (dn) = pu(n)dn on RY is defined by the probability density function py given by
Eq. (2.3). It can be seen that, for any fixed n; > 1, we have

1
252

E{H} = va nPuldn=-5n,=0,, 2.5

2 —1
E\H® H) = f n@n Pyt = 11,1+ 5 "D
RV

[Cal =[1]. (2.6)
ng

Egs. (2.5) and (2.6) show that H is a normalized R”-valued random variable. The probability density function py
defined by Eq. (2.3) is rewritten, for all 7 in R”, as

pa() =c, &@) . £ =e P, 2.7)

in which ¢, = (\/ﬁ §)™ and where ®(n7) = —log(£(n)) is such that

1 ¢ 1 5 .

() = —log(— D, exp (— Sl - —nfnz)] ., VneR’. 2.8)
na = 28 s

3. Short summary of formal results

This section is limited to a summary of essential results, which will be used in Section 4 and which are formally
presented.



3.1. It6 stochastic differential equation related to Py
We introduce an It stochastic differential equation (ISDE) on R”, with initial condition, for which Py (dn) is the
invariant measure. A classical candidate to such an ISDE is written as

dY() =b(Y(0))dt + dAW(@) , t>0, 3.1)
Y(0)=x €R", a.s., (3.2)

where the drift vector is the function y — b(y) from R” into R” defined by
1
b(y) = ) Vo) , VYyeR’. (3.3)

In Eq. (3.1), W(&) = (Wi(2),..., W,(?)) is the normalized Wiener stochastic process [67] on R*, with values in R”,
which is a stochastic process with independent increments, such that W(0) = 0, a.s, and for 0 < 7 < ¢ < +oo, the
increment AW, = W(t)— W(r) is a Gaussian R”-valued second-order random variable, centered and with a covariance

matrix that is written as
[Caw, ] = E{AW, @ AW} = (¢ - 1) [1,]. 3.4

It should be noted that Egs. (3.1) and (3.2) is equivalent to

Y :x+f b(Y(T))d‘r+f dw(r)y , t=0. (3.5)
0 0

In Section 5, we will see that {Y(z),# € R*} is a homogeneous diffusion stochastic process, which is asymptotically
stationary for t — +oco. Assuming that the transition probability measure of Y (#) given Y(0) = x admits a density with
respect to dy, such that, for all # > 0, for all x and y in R", and for any Borelian B in R", we have

P{Y(t)eBIY(O)zx}zfp(y,tlx,O)dy, 3.6)
8
tlirg p(y,t|x,0)dy = do(y — x), 3.7
f p(y,t|x,0)dy =1. (3.8)
RV

3.2. FKP equation associated with the ISDE
For all x in R”, the transition probability density function (y, ) + p(y,t|x,0) from R” X R* into R* verifies the
following Fokker-Planck (FKP) equation (see for instance [68, 69, 70]),

%“'LFKP(p):O , >0, (39)

with the initial condition for # = 0 defined by Eq. (3.7). The Fokker-Planck operator Lrxp can be written, after a small
algebraic manipulation and for any sufficiently differentiable function y — v(y) from R into R, as

1
{Lexe(W}(y) = _zdiV {PH()’)V(p\;I({;) )} . (3.10)

The detailed balance (the probability current vanishes) is satisfied and the steady state solution of Eq. (3.9) is the pdf
pp defined by Eq. (2.3) [70, 71, 72]. We then have, for v = pp,

Lexe(py) = 0. 3.11)

3.3. Return to the invariant measure Py
The invariant measure (see Proposition 5) Pg(dy) = pu(y) dy is such that, for all y in R” and for all ¢ > 0,

pr(y) = fRVp(y,tlx, 0) pua(x)dx. (3.12)

The ISDE defined by Egs. (3.1) and (3.2) admits an asymptotic (t — +oo) stationary solution whose marginal proba-
bility density function of order one is pg. Consequently, for all x and y in R”, we have

Jim p(y, t]x,0) = pr(y). (3.13)
7



3.4. Formal formulation of the eigenvalue problem of the FKP operator
The eigenvalue problem, posed in an adapted functional space, is written as

Legp(v) = Av, (3.14)
for which the current must vanish at infinity, yielding the condition,

lim pur() I V(pu(»)~'v)II=0. (3.15)

[lyll—=+oc0

Continuing the development within a formal framework, such as that used in [72], we introduce the change of function,

Vo) =pr'?q(y) . yeR . q:R >R. (3.16)
Let Lygp be the linear operator defined, for ¢ belonging to an admissible set of functions,
{Lexe@)¥) = pr) ™ Lie(pu)'* q() . y€eR’. (3.17)
Therefore, the eigenvalue problem defined by Eqs. (3.14) and (3.15) can be rewritten in ¢ as
Lexe(q) = 2q., (3.18)
with the condition at infinity,
plim " 1V (P *qy) 1= 0. (3.19)

Remark 1 (Another algebraic representation of operator Legp). Using Eq. (2.7), which shows that pg(y) ™' Vpa(y)
-V, and using Eqgs. (3.10) and (3.17), it can be seen that

N 1
(L (@)0) = V3 q) = 5V2q0) . yeR’, (3.20)
in which V2 is the Laplacian operator in R” and where y — V(y) is the function from R” into R, which is defined, for
allyinR”, as
1 1
Vo) = gIVO) P~ V20 (y). (3.21)

3.5. Properties of operator Ligp
Let ¢ be a function from R” into R, belonging to the admissible set that allows the evaluation of the bracket

(Eexelq)6) = fR (L @)3) 5q) dy .

Removing y and using Eq. (3.17) with Eq. (3.10) yields

N 1 _ _
(Lexe(q) 69) = =3 fR (P 69) divipu V(py* @)} dy . (3.22)

Using the condition at infinity, defined by Eq. (3.19), Eq. (3.22) can be rewritten as,
7 1 -172 -1/2
(Lxe(q) ,6q) = 2 ) P Vpg™ @), Vpg '~ 6@)rr dy . (3.23)

(a) Eq. (3.23) shows that Lexp is a symmetric and positive operator.
(b) Egs. (3.11) and (3.17) show that

Lexe(qo) =0 for g0 = py’. (3.24)
In Proposition 5, it will be proven that the ISDE defined by Eq. (3.1), with the initial condition defined by (3.2), has a
unique solution and a unique invariant measure pg(y) dy. Consequently the dimension of the null space of operator
Ligp is 1. Since py(y) dy is a bounded positive measure (probability measure), the right-hand side of Eq. (3.23) shows
that the null space of Lxp, which is also of dimension 1, is constituted of the function go = le/z. For g = 6q # qo, and
llgoll# O, we have (iFKp(q) ,q) > 0. Therefore, Lixp is a positive operator (in the quotient space by the null space).
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Hypothesis 1 (On the spectrum of operator Frgp). Tt is assumed that pn defined by Eq. (2.3), which is constructed
with the ny points {5/, j = 1,...,ny} of the training dataset, is such that the spectrum of L rxp is countable. Due to (a)
and (b), we then deduce that the eigenvalues of Lexp (defined by Eqgs. (3.18) and (3.19)) are positive except one that is
zero. We will also assume that the multiplicity of each eigenvalue is finite.

3.6. Eigenvalue problem for operator Legp

Under Hypothesis 1, the eigenvalue problem ﬁFKP(qQ) = A,q, for operator Lxp, with the condition defined by
Eq. (3.19), is such that
O=Adg< 1< <., (3.25)

the multiplicity of each eigenvalue being finite. We will assume that the family {g,, @ € N} of the eigenfunctions is a
Hilbert basis of L>(R”). We then have

o = [ 001 ap0)dy = 0. (3.26)
The eigenfunction gq associated with 1y = 0, is such that (see Eq. (3.24)),
qo=py . lqllp=1, (3.27)
and we have
> 4e() ga(x)dy = 60(y — x). (3.28)
aeN
From Egs. (3.26) and (3.27), it can be deduced that
vazt [ )P amds =0, (3.29)
RV

3.7. Nonstationary solution of the Fokker-Planck equation with initial condition

The transition probability density function p(y, 7| x, 0) introduced in Section 3.1 and satisfying Eq. (3.9) with the
initial condition defined by Eq. (3.7), can be written, using the Hilbert basis {g,, @ € N} defined in Section 3.6, as

P, 11%,0) = pu()' pu(0)™? Y e Mgy qulx) 1> 0. (3.30)

aeN

This representation of p(y, t| x, 0), defined by Eq. (3.30), actually satisfied all the required properties:
Egs. (3.25), (3.27), and (3.29) yield va p(y,tx,0)dy = 1.
Egs. (3.25) and (3.27) yield lim;, ;. p(y, | x,0) dy = pg(y).
Eq. (3.28) yields lim,,0, p(y, | x,0)dy = 6o(y — x).
Egs. (3.27) and (3.29) yield va p(y,t|x,0) pg(x)dx = pg(y) thatis Eq. (3.12).

4. Time-dependent kernel, its associated operator, and finite approximation

In this section, we define the kernel k;(y, x) and give its basic properties directly deduced from the properties of
p(y.t|x,0)and pg(y), without using the spectral representation defined by Eq. (3.30). From the spectral representation
of k,(y, x), we deduce its spectral representation using the spectral representation of p(y, ¢ | x, 0), defined by Eq. (3.30).
Finally, we define the linear operator K, associated with kernel k, and we give the spectral representation of operator
K.



4.1. Definition of the kernel k; and its basic probabilistic properties
The kernel k,(y, x) associated with the transition probability density function p(y, f| x, 0) is defined as follows.

Definition 1 (Kernel k; on R X R”). For every fixed ¢ > 0, the kernel function (y, x) — k(y, x), from R” X R” into

R*, is defined by

Py, t|x,0)
pr(y)

The following Lemma gives basic properties of kernel k;.

ki(y, x) = 4.1

Lemma 1 (Properties of kernel k;). For every fixedt > 0, and for all y and x in R”, we have the following properties:

(@) fR k(X prdy =1, fR Ky, ) pr(x)dx = 1, (42)
(b) fR ) fR k. x) pr(y) pr(x)dy dx =1, (4.3)
(©)  limki(y,x) pp(y)dy = oy =) . lLim k(y.,x)=1, (4.4)
d) (y,%) - p(y,1]x,0) € C°/(R" xR") = (y,x) = k(y,x) € C°(R" xR"), 4.5)
(e) kt(y’x) = kt(x7 .Y) . (46)

PROOF. (Lemma 1). Definition 1 is used.

(a) The first equation in Eq. (4.2) is due to Eq. (3.8) and the second one is due to Eq. (3.12).

(b) Eq. (4.3) is directly deduced from Eq. (4.2).

(c) The first equation in Eq. (4.4) is due to Eq. (3.7) and the second one is due to Eq. (3.13).

(d) For all y in R”, pg(y) > 0 and py € C°(R¥). The hypothesis p(-, | -,0) € CO(R” x R”) yields Eq. (4.5).

(e) let pyw,u (. t; x, 0) be the joint pdf of Y (r) with H in which Y (¢) is the solution of Eq. (3.1) for fixed ¢ > 0, with the
random initial condition Y(0) = H. We have the classical property related to the definition of the invariant measure,
Py, 1) = va Py, H(Y, 1 x,0)dx = va p(y,t|x,0) pg(x)dx = py(y). For all y and x in R”, and for ¢ > 0, we have,
Py, t1x,0) pu(x) = pyp a¥,t:%,0) = payp(x,0;y,1) = p(x,0]y,0) pyey(¥.t) = p(x,0]y,t) pu(y). Consequently,
k(y,x) = p(y,11x,0) pa(x)/(pu(y) pr(x)) = p(x,01y,1) pu(¥)/(Pu(y) pr(x)) = ki(x, ).

4.2. Hypothesis and properties of kernel k, from its representation

In Section 3, we introduced an hypothesis of existence of a discrete (countable) spectrum {4,, @ € N} of the FKP
operator Lgp. In this section, we study the spectral representation of kernel k,, for every fixed r > 0, deduced from
the time-dependent spectral representation of p(y, | x, 0), defined by Eq. (3.30).

Definition 2 (Hilbert space H = L>(R”; py)). Let H = L*(R"; py) be the Hilbert space of the square-integrable real-
valued functions on R”, with respect to the probability measure pg(y) dy on R”, equipped with the inner product and
the associated norm,

@, V)n = fR VD) prOYY s llli= ) 47

Lemma 2 (Hilbert basis in H). Let {g,, @ € N} be the Hilbert basis of L>(R”) introduced in Section 3.6. For all
a € N, we defined the real-valued function ¥, on R” such that

Ya®) = g pr)? . VyeR". (4.8)
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Then, {,a € N} is a Hilbert basis of H and we have,

@ voeH . Wolk=llgl=1 . YaeN, *9)
6 W= [ 00 puO)dy =b0g . Vi@ ENXN, (4.10)
© W)= 1Yy R . lglh=1. @11
@ [ nopatidy=0 . vaen 4.12)
© S0 prO)y =6y =) . VG0 R R @13

PROOF. (Lemma 2).

(a) Since pj, /> € C*(R"), Egs. (4.8) yields Eq. (4.9); combined with Eq. (3.29), this yields [lelln=" [, go(y)* dy =
llgallz2= 1.

(b) Using Eq. (3.26) yields (¢ , ¥p)H = va 4o(¥) qg(¥) dy = {qa »qp)12 = Oqp- Thus {/y, @ € N} is an orthonormal
family in H. For all u in L>(R"), the linear mapping u - v = up;ll/ % is a continuous injection from L*(R) into H with
[[VI[4= |lu||z2. Therefore, {¥,,a@ € N} is a Hilbert basis of H.

(c) The two equations in Eq. (4.11) are directly deduced from Egs. (3.27) and (4.8).

(d) Since (¥ , o)1 = 0 for all @ € N*, we obtain Eq. (4.12).

(e) Since {¢,, @ € N} is a Hilbert basis of H, Eq. (4.13) holds.

Proposition 1 (Spectral representation of kernel k;). Let {,, @ € N} be the Hilbert basis of H defined in Lemma 2.
(a) For every fixed t > 0, the symmetric kernel k; can be written, for all y and x in R”, as

(3, 0) = > ba)) o) Yal®), (4.14)

aeN

in which the family of positive real numbers {b,(t) = exp(—A, 1), @ € N}, is such that
1=bo(t) >b1(t) =2 by(t) > ... . 4.15)
(b) If for every fixed t > 0, kernel k; satisfies

[ 6027 puts) pue)dy dx = é < e, (4.16)
where ¢, > 1 is a positive constant depending on t, then,
Z bo(D)? = ¢ < +c0. 4.17)
aeN

PROOF. (Proposition 1).

(a) Substituting Eq. (3.30) with g,(y) = ¥ (¥) pH(y)”2 (see Eq. (4.8)) into Eq. (4.1) yields Eq. (4.14). From Eq. (3.25)
and since b, (f) = exp(—A, t), we obtain Eq. (4.15).

(b) Assuming Eq. (4.16), substituting Eq. (4.14) into Eq. (4.16), and using Eq. (4.10) yields Eq. (4.17). Since by(¢) = 1,
it can be deduced that ¢? > 1 and thus, ¢; > 1.

4.3. Hilbert-Schmidt operator K; associated with kernel k;
We now introduce the linear operator in H, defined by kernel k,, and we study its properties and spectrum.

Definition 3 (Operator K, associated with kernel k;). For every fixed ¢ > 0, we defined the linear operator K, from
H into H such that, for all ¥ and v in H,

Ky, V) = f f k(9. ) u(x) v(y) prr(y) pr () dy dx . @.18)

where the symmetric kernel k, verifies the condition defined by Eq. (4.16).
11



Proposition 2 (K, as a Hilbert-Schmidt operator in H). For every fixed t > 0, let K, be the continuous linear oper-
ator defined by Eq. (4.18), in which kernel k; is symmetric on R” X R”, and verifies Eq. (4.16).
(a) For all u and v in H, operator K, is such that

(Kot V= " bolt) (0, )i (VY (4.19)
aeN
and is a positive symmetric operator in H. For all u in H,
Kiu= " bot) (W, o) o - (4.20)

aeN

(b) Forall @ in N, Y, € H is the eigenfunction independent of t, associated with the positive eigenvalue b, (t), satisfying
Eq. (4.15), of operator K;,

K; Yo = bo () Vo bo(t) = eXP(—/laf) , a€N, (4.21)
which shows that, for all @ and 3 in N,
(Ki o s Ygdn = bo(t) Oqp - 4.22)
(c) For all u in H, we have
K, = > bal0? e, iy 4.23)
aeN
and for Hilbert basis {¢/, , @ € N} of H,
DK Wally= ¢} < +oo, (4.24)
aeN

where c?, defined by Eq. (4.16), is such that ¢* = Y ,cn bo(t)?, and therefore, is a Hilbert-Schmidt operator in H.

PROOF. (Proposition 2). Under the condition defined by Eq. (4.16), it is well known that operator K; is continuous
from H into H.

(a) Substituting Eq. (4.14) into Eq. (4.18) and using Eq. (4.7) yield Eq. (4.19). This equation shows that K, is a
symmetric and positive operator because (K, u ,uyy > 0 for all u in H with [|lu]|q# 0. Note that Eq. (4.20) is directly
deduced from Eq. (4.19).

(b) From Eqgs. (4.8) and (4.9), we have y, € H. Taking u = ¥ in Eq. (4.20) and using Eq. (4.10) yield K,y =
2iaeN Do) (W , W) e = bg(t) Y, Eq. (4.22) is obtained from Eq. (4.19) by taking u = i, and v = 5. The
relationship between b, (f) and 4, comes from Proposition 1.

(c) Using Eqgs. (4.20) and (4.10) yields Eq. (4.23). Taking u = ¢, in Eq. (4.23) yields ||K; ¢’a||£|= bo(?)>. From
Eq. (4.17) and ) ,enIIK: ¢a||,24= 3 wen ba(?)?, we obtain Eq. (4.24). It can be deduced (see for instance [73]) that K, is
a Hilbert-Schmidt operator in H.

4.4. Finite approximation of operator K, and of its eigenvalue problem

The Hilbert-Schmidt operator K, defined by Eq. (4.18), operates in infinite dimension. The Hilbert basis {¢, ,a €
N} (which relates to the Hilbert basis {g,,a € N}, see Lemma 2 and Eq. (3.18)) is not explicitly known, thereby
preventing the use of the representation defined by Eq. (4.20). We must thus construct a finite approximation of
K;. Since R is an unbounded set and v can be very large, classical discretization such as finite-difference or finite-
element methods (see [74, 75, 76, 77] for Fokker-Planck equation and [78] for fractional Fokker-Planck equation) or
such methods based on shape-morphing modes for solving the Fokker-Planck equation as proposed in [79], are not
directly adapted for solving the eigenvalue problem of operator Lgp. Another classical method consists in introducing
a finite family of functions in H, generating a finite dimension subspace of H, and in performing the projection of K, on
this finite subspace. Such an approach is not really adapted to operator Ly for which a large number of eigenvalues
and associated eigenfunctions have to be computed. It should be noted that a related problem, but distinct from the one
addressed, is that of the numerical method for Schrédinger operator and the associated equation (see for instance [80]
for solving the Schrédinger Equation, [81] for the solution of the Schrodinger equation by spectral methods, [82] for
numerically solving the time-dependent Schrodinger equation, and [83] for the numerical solution of the Schrodinger
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equation using finite-difference method). Nevertheless, such approaches are not well adapted to the objective of
the actual developments, which has been detailed in Section 1. We then propose to use a statistical sampling of
R” equipped with the probability measure py(n)dn, which will be well adapted to our objective of performing a
construction connected to the DMAPS approach.

Proposition 3 (Probabilistic interpretation of the bilinear form (K,u, v)y). Let us assume that, for every fixed t >
0, we have (y,x) — p(y,t|x,0) € C°(R” xRY). From Eq. (4.5), it can be deduced that (y, x) — k(y, x) € C°(R” x R").
For every fixed t > 0, for all u and v in HN CY(RY), the restriction to (H N CO(R")) x (HN C°(R”)) of the bilinear form
(u, v) = (K, vy, defined on Hx H by Eq. (4.18) with the continuous symmetric function k, verifying Eq. (4.16), can
be written as

(K, vn = Elk,(H, H) u(H) v(H)} , (4.25)

in which H is an independent copy of H. The joint probability measure Py y(dy,dx) of H with H is pu(y) X
pu(x)dy dx. The real-valued random variables u(H), v(H), and the positive-valued random variable k,(H, H), de-
fined on (®, 7T, P), are second-order random variables,

E{u(H)*} < +c0 , E{V(H)’})<+c0 , E{k(H,H)*} < +c. (4.26)
Let Z; .y be the real-valued random variable, defined on (®, 7T, P), such that
Ziuy = k(H, H) u(H) v(H). 4.27)

Then, 7, is such that,
E{Z v} < +00. (4.28)

PROOF. (Proposition 3).
(a) Since u and v are continuous functions in H, u(H) and v(H) are real-valued random variables defined on (®, 7, P)
and are second-order because,

E{u(H)") = fR u(x)pa(x)dx = July< +oo . E{V(H)} = fR VO’ pu()dy = IVl < +oo.

Since k; € CO(RY x R”) (see Eq. (4.5)) and due to Eq. (4.16), k,(H, H) is a second-order positive-valued random
variable defined on (®, 7, P),

E(k,(H, H)*) = f f kv, X pr(y) pr(x) dy dx = ¢ < +co.
RV v

(b) For all u in H and for ¢ > 0, from Eq. (4.18), it can be seen that (K;u)(y) = va k(y, %) pa(x)'? u(x) pa(x)'/? dx.
Using the Cauchy-Schwarz inequality and Eq. (4.16) yield

K ullfy < Nluliy f f ki(y, x)* pr(y) pa(x)dy dx = ¢ lully,

(which, in passing, shows the continuity of the operator K; in H as stated at the beginning of the proof of Proposition 2).
Consequently, we have (K,u, v)?, < [|Kull?, |Iv|2,, which shows that

(K, g < e llullfy VI < +o0, (4.29)
and therefore, Eq. (4.28) holds.

Deﬁnition 4 (Estimator constructed with a statistical sampling and associated estimation). Let (H',i = 1,...,ny}
and {H’, j =1,...,ny4} be n; independent copies of H and H, respectively. For every fixed ¢ > 0, and for all # and v
inHN CO'R), let Z

.y D€ the real valued random variable on (®, 7, P), such that, for all i and jin {1,...,n4},
77, = k(H', H') u(H') v(H'). (4.30)
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Let Z"? be the real-valued random variable on (®,7,P), defined by

tu,v

Ng g
200 =532 431)
d i=1 j=1
Then, Z.%*) is an estimator of
< = E{Zz‘,u,v} = (Kiu,V)H, 4.32)

=tuv

where Z,,, is given by Eq. (4.27). Let {5/, j = 1,...,n4} be the n, independent realizations of H introduced in
Section 2. Since H' and H’ are independent copies of H (because H is an independent copy of H), an estimation of

z,,, s arealization z<”f’) of the estimator Z,(Zdv) , which is written as

ng g

dn == kan ) uCp) vap) 33)
1 j=1

i=

Lemma 3 (Convergence of the sequence of estimators {Z,(Z"V)}nd). Under the hypotheses and notations of Defini-

— (na) }

tion 4, the sequence of real-valued random variables {Z, ' },, on (©, 7 ,P) is convergent in probability to z,,

tu,v
Ve>0 , lim P(IZ1 -z |>¢€=0. (4.34)
ng—+oo = ,u,v
We have also the almost sure convergence, thanks to the strong law of large numbers,
P( lim Z5) =z y=1. (4.35)
ng—+00

PROOF. (Lemma 3). The proof uses the usual results from mathematical statistics (see for instance [84]).

Remark 2. (a) As is well known, the speed of convergence is proportional to 1/ \/% = 1/n4 and is independent of

dimension v. The quantification of the approximation error could traditionally be estimated using the central limit
theorem, which involves the variance of the estimator (see, for instance, [84, 66, 85]). In the numerical illustration
provided in Section 6, we will show the numerical calculation of the first eigenvalues of the Fokker-Planck operator
for which a reference is known.

(b) Lemma 3 with Definition 4 and Proposition 3 allow a finite approximation of (K;u, v)y to be constructed and
consequently, to deduce the corresponding finite approximation of the eigenvalue problem defined by Eq. (4.21).

Proposition 4 (Finite approximation of the eigenvalue problem). For every fixed t > 0, for all u and v in HN
CO(RY), and for ny sufficiently large, we have (in the sense of the convergence described in Lemma 3),

(K, Vyn =~ (KO, V)rea (4.36)

in which (-, -)rm is the usual Euclidean inner product in R™ and where [K(t)] € M,J;? is such that, for all i and j in
{1,...,n4),

— 1 o
[K®)]ij = . U OF (4.37)

and where the vectors @t and v in R” are such that

o (u(p) u(n’”)) . (V(n') V(n”"))
= e , V= e, . (4.38)
( Vna Vna Vna Via
The corresponding finite approximation of the eigenvalue problem defined by Eq. (4.21) is written as
[KOa()) = b a(d) . Fold) €R™, (4.39)
in which
bo(t) = bi(t) = ... = by,1(t) 20, (4.40)
and where the normalization of the eigenvectors is chosen so that for « and B in {0, 1,...,n4s — 1},
o0, ()R = S - (4.41)
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PROOF. (Proposition 4). From Eqgs. (4.32), (4.33), and (4.37), it can be deduced that, for n, sufficiently large,
(K, Vym = n2 30 Z';i] k', )Yy u(n)) v(y). Since k(n', ) = k,(np/,57) by symmetry of k, (see Eq. (4.6)), the
right-hand side member can be written as ([I? (O], V)ra Where [E ()], &, and ¥ are defined by Eqgs. (4.37) and (4.38).
From Proposition 2, K; is a positive operator in H, and as Hilbert-Schmidt operator, b,(f) — 0, as @ — +oo. For
the finite approximation, matrix [K(1)] is then symmetric and positive. Using Eq. (4.36), the finite approximation of
Eq. (4.21) is then written as Eq. (4.39). Since [E(Z)] is real, symmetric, and positive, we have Eqs. (4.40) and we
choose the normalization of {tﬁg(t)}ck so that (4.41) holds.

Remark 3 (About the finite approximation of the eigenvalue problem). (a) It should be noted that we have chosen
the construction of {@a(t)}a as an orthonormal basis in R". Consequently, lﬁa(t) is not related to ¢, by a simple
sampling, similar to the one described in Eq. (4.38).

(b) In addition, lﬁ[,(t) depends, a priori, on ¢, while i, is independent of 7. Only for n; — +oo, z}a(t) goes to a vector
independent of ¢. Similarly, although by(#) = exp(—Apt) = 1 because 4y = 0 (see Eq. (4.15)), we do not have, a priori,
by(#) = 1, but this equality holds for ny — +co. Nevertheless, for n, finite, we will exploit this existing dependence
on ¢ for the construction of the reduced transient basis at time ¢, which will be connected to the reduced DMAPS basis
fort — 0.

(c) Note that as ny — +oo, l;a(t) tends to b, (t). Since b, (t) = exp(—A,t), that is to say 4, = —% log b, (1), we choose
to define A,(7) by a similar formula, such that for ¢ > 0 and « for which B(I(t) >0,

A, = —% log bq(1). (4.42)

(d) For every fixed ¢t > 0, to solve the eigenvalue problem defined by Eq. (4.39), we have to construct matrix [E 0]
with an adapted methodology. This will be the object of Section 5. In particular, the matrix defined by Eq. (4.37) will
be evaluated thanks to Proposition 6.

5. Construction of the matrix of the finite approximation

In this section, we present the methodology to construct matrix [K (t)] as deﬁned in Proposition 4. This construc-
tion requires the numerical evaluation of kernel k;, because the entry [K ()];; of [K(t)] is given by k,(i7, 3/)/ny (see
Eq. (4.37)). According to Definition 1 (see Eq. (4.1)), fori and jin {1,...,n4},

1 pGp',tly’,0)

: 5.1
pa(m’) ©.1)

(K =

In Eq. (5.1), pg is explicitly defined by Eq. (2.3), and p(y, f| x, 0) is the transient probability density function of the
stochastic process {Y(¢),t > 0}, starting from Y(0) = x in R”. This function is the solution of the ISDE defined by
Eq. (3.1) for t+ > 0 and with the initial condition ¥(0) = x (see Eq. (3.2)). We will begin by using a a classical
mathematical result concerning the solution of the ISDE, which must be validated for the specific case where the
invariant measure is defined in Section 2. Additionally, we will obtain a proof of the properties introduced in Sec-
tion 3.2. Then, we will present the numerical method for constructing [K(1)] by numerically solving the ISDE and
using nonparametric statistics to estimate o', t1n/,0). Subsequently, we will derive an explicit algebraic formula for

[K(D)];;.

5.1. Existence and uniqueness of the solution of ISDE and properties of the transition probability
Let Y = {Y(¢),t > 0} be the R”-valued stochastic process satisfying (see Eqs. (3.1) and (3.2)),

dY() =b(Y(@))dt +dW() , >0, (5.2)
YO0)=xeR",as., (5.3)

with x € RY, where the drift y — b(y) : R” — R” is defined by Eq. (3.3) with Eq. (2.7), and where {W(¢), 7 > 0} is the
normalized Wiener process defined on (®, 7, P).
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Proposition 5 (Existence and uniqueness). Egs. (5.2) and (5.3) define a unique homogeneous diffusion R”-valued
stochastic process Y defined on (©,7 ,P), whose transition probability measure is homogeneous (that is to say, it
depends onlyont -0 =1t),

Pypy0)(B,t1x,0) =PY) e BIYO0)=x} , >0, (5.4

where B is any Borel set in R”. For all t > 0 and for all x in R”, Pyuyo)(dy.t|x,0) admits a density function
y i p(y,t]x,0) : RV -]0, +0o[ with respect to the Lebesgue measure dy on R”, such that

Py(;)|y(0)(dy,l|x, 0) =p(y,t|x,0)dy , t>0, (5.5
lir(? p(y,t]x,0)dy = 6o(y — x). (5.6
10,

Stochastic process Y has almost-surely continuous trajectories and for all t > 0, Y(¢) is a second-order random

variable,
Vi>0 , E{IYO} < +. 5.7

Fort — +0o, Y is asymptotic to a stationary stochastic process whose first-order marginal probability measure is the
invariant measure pg(y) dy,
Jim p(y,71x,0)dy = pu(y)dy. (5.8)

The function (y, x) — p(y,t|x,0) is continuous from R” X R” into R**,
p(,1]-,0) € C°(R" x R",R*™). (5.9)

PROOF. (Proposition 5). The proof is presented in five steps.
(a) It is easy to prove that drift function b is continuous on R”.

(b) Since the diffusion matrix is the identity matrix and b belongs to C%(R”,R), we can establish the existence of a
unique diffusion stochastic process (see [68] Ch. VIII, Sec. 2; [86] Ch. IV, Secs. 2, 3, and 5; or [69] Ch. V), provided
that for all y and y’ in R”, we have

b)) = bO)HI< clly =yl . [IBOI< CA+]yl). (5.10)
Using Egs. (2.3), (2.7), and (3.3), b(y) can be rewritten, for all y in R”, as

1 1 13
b(y) = 5 £0)7'VED) §@)=—Ze><p{— Ilgn’—yl|2}>0. (5.11)

2
ny P 2§

Calculating V&(y), it can be seen that

1 S 1 5 . 1
21 ——— > 2 |ip’ - Znf =y + =yl
bl )y ;:1 L ||exp{ s =)l } = Wl

,,,,,

Since ny is finite and since E{||H|]*} = t Z;f":] llp/II>= v is also finite, we have sup,_, _, [l/|l= ¢, < +co and therefore,

S

115
bl < 5(

1
§36n+§—zllyll) <Cd+yl) , 0<C< oo,

The second inequality in Eq. (5.10) is then proven. It can now be verified that

1
lb(y) = bOYOIl < 77 If ) = FOOI+1y =y,
in which f(y) = a(y)/B(y) where a(y) and 5(y) are written as

S 15 S 15
== J - Znl —yI? = - Znl —yl?
a(y) s;n exp{ sal=n y||} . B Zexp{ sal=n y||}.

=1
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We must have || f(y) = fO)I < clly=y'll, that is true if || [Vf(¥)] ||r £ ¢ < +o0, in which the (v X v)-real matrix [V f(y)]
is written as [Vf(y)] = B8(y)~! [Va(y)] B % a(y) ® VB(y), and where || - || is the Frobenius norm. Introducing,
temporary, the notation e; = exp{ 5zl Yi]’ yllz}, we have

T X ejer n’®n’—n’®'l’)
Z an ejey

e
Vf0)] = 5 5=

It can then be deduced that,
2

1§ . . . .
IVFOIIr < = Zsuplr’ @' —n' @0’
5L

As previously, since sup; In/ll= ¢, < +o0, we have || [Vf()]|lr < & with & a finite positive constant independent of
y, that yields the proof for the Lipchitz continuity of b.

(c) We will admit that, for all # > 0 and for all x in R, the transition probability measure has a density y — p(y, t| x,0)
on R” with respect to dy, and that (y, x) — p(y,t|x,0) is continuous on R” X R” (for all # > 0) (see for instance [87]
Ch III, Secs. 6 t0 9, or [88] Ch. 10).

(d) As a diffusion stochastic process, the trajectories are almost surely continuous functions. Since b is continuous
and [|b()|| < ¢ (1 + |ly|]) implies ||b(y)||> < 2¢? (1 + |ly|[*), and since E{||Y(0)||*} = |lx|[>< +oo for all fixed x in R”, we
have Eq. (5.7) (see [86] Ch. IV, Sec. 2).

(e) The existence of the asymptotic stationary solution with Eq. (5.8) can be found in [87] Ch. III, or [70] Ch. VI,
Secs. 5 and 6.

5.2. Rewriting the Ito equation in a matrix form

Let {Y/(#),t > 0} be the solution of Egs. (5.2) and (5.3) with the initial condition ¥/(0) = 5/ € R”, in which 7/ is
defined in Section 2. We then have

p(.t17’,0)dy = Py vi0)(dy. 117, 0). (5.12)
Let {[Y(9)],¢ > O} be the M, ,,,-valued stochastic process and [7,] be the matrix in M, ,, such that
YO = [Y'0)...Y"®)] , [nal=1[n"...0"]. (5.13)

Therefore, {[Y(¢)],t > 0} is solution of the matrix-valued ISDE,

dlY@] = % [LAY(O)DIdt +d[W(®)] , t>0, (5.14)
[Y(O)] =[n4]. a.s., (5.15)

where [y] — [L([y])] is the function from M, ,,, into M, ,,,, defined, for k € {1,...,v}and j € {1,...,n4}, by

1 ¢y
[L([yDlx; = - — (5.16)
T oy
In Eq. (5.16), y/ is the j-th column of [y] = [y'...y"], where y/ = ,...,yv) Additionally, £(y) is defined by

Eq. (5.11), and {[W(8)], t > 0} is the normalized M, ,,-valued Wiener stochastlc process.
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5.3. Time-discrete approximation of the ISDE and convergence analysis

To estimate [K: (nAr)];;, defined by Eq. (5.1), using nonparametric statistics, we need to generate realizations of
Egs. (5.14) and (5.15). Consequently, a first stage involves introducing a time-discrete approximation of Eq. (5.14)
and analyzing the convergence.

(i) Time sampling At and 6t. We first define a time sampling nAt,n > 1 to be used for estimating [E(nAt)]. The
time step Ar will be defined in Section 7. However, At may not be sufficiently small to achieve a satisfactory rate of
convergence. We then introduce ¢ < At such that At = ny X 6t, with ng > 1. To discretize Eq. (5.14), we use the time
sampling {u o6t,u > 1}.

(ii) ISDE discretization. Assuming that 67 is sufficiently small relative to 1, employing the Euler scheme (as seen, for
example, in [89]) to discretize the solution {[Y(#)],¢ > 0} of Egs. (5.14) and (5.15) yields

1)
[Y,] = [Y,1] + { (LAY, D]+ Vot L, . pu>1, (5.17)

(Yol =[n4l, a.s., (5.18)

where [Y,] is the approximation of [Y(?)] at t = p6t, and where {[T,1x;;k = 1,...,v;j = 1,...,ng;u 2 1} is an
infinite family of independent normalized Gaussian real-valued random variables.

(iii) Convergence of the time-discrete approximation. For each jin 1,...,ny, Proposition 5 can be applied to the
stochastic process {Y/(¢),t > 0}, where Y/(¢) represents the j-th column of [Y(#)]. Let {[Y%(£)],¢ > 0} be the time-
discrete approximation of {[¥(¢)], t > 0}. Take any fixed positive real number 7', let ur = int(7/6¢) denotes the nearest
integer to 7'/dt. It can be observed that as 6t approaches 0, ur tends to +00. The following classical result holds (see,
for instance, [89], Page 323).

Lemma 4 (Strong convergence). Under Proposition 5, the time-discrete approximation {[Y°(1)],t = 0} of {[Y (D], ¢ >
0} converges strongly at time T if
lim E{[|[Y,,] - [Y(D)]Il} =0, (5.19)

where [Y,,, ] is determined by Egs. (5.17) and (5.18) up to u = pr.

(iv) Criterion to determine if 6t is small enough. We can employ a criterion based on weak convergence, which is
related to the covariance matrix [Cyi¢)] € M{ of the R”-valued random variable Y/(¢), for t fixed in the interval 10, T].
Let 03.(1) be defined by

oy (1) = EITY(0] - EQYOD I3} = Z Z E((Y{(t) - E{Y](O})"). (5.20)
j=1 k=1
It can easily be seen that

ng

o3 = Z t[Cys] (5.21)

j=1

Let 0'%, be the corresponding quantity for random matrix [¥,, ],
Hr

= E(II[Y,,] - E{Y,, I} = Ztr[Cyf ] (5.22)

The criterion can then be based on the following properties,

lim oy, —oy(T)|= 0. (5.23)
6t—0 T

We will detailed this criterion in paragraph (vi).
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(v) Generation of independent realizations of the time-discrete approximation. Let ny > 1 and N > 1 be two fixed
integers. Let At be fixed and let 6t = At/n;. Note that y7 introduced in Section 5.3-(iv) is such that uy = ny X N. We
define T', N, and N, by,

T=NxAt=nxNx6& , N={L,....,N} , Ny={l,...,ngxN}. (5.24)

For all u in Ny, let {[yﬁ] € M,,,,€ = 1,...,ny} be ny independent realizations of the random matrix [I,]. As
discussed in Section 5.3-(ii), it can be seen that the family {[yﬁ] 0 =1,...,nuc;p € Ny} consists of nye X ng X N
independent realizations. For each € in {1,..., ny}, the realization {[jzﬁ] i € N} of the time-discrete approximation
{lY,],u € N,} is computed using the following recurrence (refer to Eqs. (5.17) and (5.18)),

UPMJ+HMHm+@%],MN, (5.25)
[56] =741, (5.26)

In the following, for performing the statistical estimations, we will use the subsequence {[yf;] ,n € N}of {[jzfi] JU €
N}, such that
VneN . D=0 . p=nxn. (5.27)

(vi) Practical criteria for controlling the convergence parameters. Let At be fixed, as well as ny, meaning 6t is fixed,
to ensure satisfaction of the convergence criteria introduced in Section 5.3-(iv). An additional practical criterion can
be applied to verify the adequacy of all the convergence parameters, as provided in Lemma 5.

Lemma 5 (Practical criteria for controlling the convergence). For k € {1,...,v}, j € {l,...,ng}, and n € N, let
[y 1and[o,] be the matrices in M,,,,, defined by,

ym——me,qmm-—ZmM by ) (5.28)
MC[I

Let n — y(n) and n — o(n) be the positive-valued functions defined, for n € N, by

1 1
n)= ——— , o) = o . 5.29
y(m) Ny Iy a(n) Ny o] lF (5.29)
Then, for 6t — 0 and ny. — +00, we have
Nligloo X(n) =0 , NILIPOO on)=1. (5.30)

PROOF. (Lemma 5). It can be seen that [y I; and ([0, ]« j)2 are the empirical estimates of the mean value and the

variance of the time-discrete approximation [¥,]; for y = ng xn of ¥ ,ﬁ (nAr). From Proposition 5, we know that, for
t — +oo, {¥(#),t > 0}, and consequently, {Y/(¢),¢ > 0}, is asymptotically stationary and that Eq. (5.8) holds. Since
E{H} =0, and E{H @ H} = [I,] (see Egs. (2.5) and (2.6)), if 6t — 0 and nyc — +oo, we have for N — +oo, [y—n]kj -

E{H;} = 0 and ([07];)* = [Calu = 1. Since || ly, 1IE= 2r- 25y ]k,)2 and || [o7] [I7= X)- 12?21([%]@)2, using
the same normalization 1/ +/v X n, for )_J(n) and g(n) we obtain Eq. (5. 30)

5.4. Estimation of the matrix of the finite approximation

‘We now can estimate [I? (nAn)];; defined by Eq. (5.1) using the realizations { f;], t=1,...,ny}forn € N, defined
by Eq. (5.27).

Proposition 6 (Estimation of matrix/[j{\ (nAt)]). Under Propositions 4 and 5, results and notations of Section 5.3-
(v), for n € N, an estimate of matrix [K(nAt)], whose entries are defined by Eq. (4.37), is written as

[K(nAD)] = [B]"' [K(nAD)], (5.31)
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in which [E] is the diagonal matrix in M,,, for which its entries are

— L |
[B]i,-=6ijZeXp{— |In—§n’||2}- (5.32)

L 252
J=1

The entries of matrix [7?(nAt)] in M, are written as,
1 Nyie AV 1 )4 T]i [y(’] 2
—~ K k — Unlkj
[K(nAr)];j = — (VV—) expy—= [—] , (5.33)
! Ny ; SSB Hk:][o-n]kj p 2 k=1 SSB[O-n]kj

in which s and § are defined by Eq. (2.4), where sgg is written as

4 1/(v+4)
Sep = {—} , (5.34)

Muc(2 +v)
where [yﬁ] € M,,,, is defined by Eq. (5.27), and where [0,] € M,,,,, is defined by Eq. (5.28).

PROOF. (Proposition 6). Eq. (5.31) is deduced from Eq. (5.1) with t = nAt and with pg(p) given by Eq. (2.3) in
which i = 7', and with the estimate of p(, nAt |5/, 0) given by the Gaussian kernel-density estimation method (see
[65, 90]) with the Silverman bandwidth sy, defined by Eq. (5.34), which is written as

i 2
; : 1S 1 1< (11 = Dk
pGr', nit |, 0) = — ' exp —EZ("—’ :

e S (V2rsg)” TThz [0l =\ Se[onlij

Remark 4. (a) In Section 6, we will provide an illustration by numerically solving the eigenvalue problem defined
by Eq. (4.39) for t = nAt, using Eq. (5.31). Specifically, we consider the Gaussian case with dimension v = 1. In
this scenario, H represents a normalized Gaussian real-valued random variable. For this case, a reference solution is
available.

(b) Nevertheless, it would be challenging to employ such a formulation with reasonable convergence in very high
dimensions, where v equals several tens or even hundreds. This would necessitate a large value of n,.

(c) In fact, Proposition 6 will be employed in Section 7 to derive an expression that connects to the kernel [Kyylij =

exp {— 481DM ln' —n/ IIZ}, which is used to calculate the DMAPS basis and proves efficient for large values of v.

6. Numerical illustration of the proposed formulation

As explained in Remark 4-(a), this section presents a numerical illustration of the formulation introduced in
Section 5 to solve the approximated eigenvalue problem defined by Eq.(4.39), which is derived from the eigenvalue
problem in Eq.(4.21). To validate the formulation, we select a reference case where the eigenvalue problem defined
by Eq. (4.21) can be exactly solved. This is feasible when the dimension v of H is 1 and H is a normalized Gaussian
real-valued random variable.

6.1. Reference case definition and explicit solution

The quantities related to the reference case will be indexed by letter ». The probability density function of H, on
Ris pu,(v) = (21)~12 exp(—y?/2). The potential function @, (see Eq. (2.7)) is ®,(y) = y*/2 and the drift b, defined
by Eq. (3.3) is b,(y) = —y/2. The ISDE defined by Egs. (5.2) and (5.3) are rewritten as

dy,.(t) = —%Yr(t) dt+dw.(t)y , t>0, 6.1)
Y, (0)=x€eR. (6.2)
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Consequently, {Y,(¢),t > 0} is a second-order Gaussian stochastic process, which is explicitly defined by
t
Y () =xe? + f eI aw (7). (6.3)
0

A simple calculation shows that the mean value m,(f) = E{Y,(f)} and the standard deviation o,(r) = (E{(Y,(?) —
m,(£))2})'/? of the random variable Y,(¢) for fixed ¢ > 0, are written as

m()=xe? | o()= VIi—e. (6.4)

For all t > 0, as {Y,(¢) | Y,(0) = x} is a Gaussian random variable, the transition probability density function is

or(y,t]x,0) = - m ) } (6.5)

1
Var o) exp{ 20,07

Note that Egs. (6.4) and (6.5) show that, we effectively have lim,_,o, p,(y,¢|x,0)dy = do(y — x) (see Eq. (5.6)) and
lim, 100 0+ (3, 2| x,0) = pu,(¥) (see Eq. (5.8)). It can be deduced that the kernel k,,(y, x) on R X R, defined by Eq. (4.1)
is written, for ¢ > 0, as

1 1 -
——ex
Vier p{ 3T
Let {h,(y), @ € N} be the Hermite polynomials and {A,(y)/ Va!,a € N} the Hilbert basis in LA(R; DH,)s

a()’) ﬁ(y)
Nl VB

Let {h,(y), @ € N} be the polynomials defined by

kr,t(y7 .X) =

O + x* 2ef/2yx)2}. (6.6)
d
P (Mdy =060 , h=1 , =y , he1(y) =yha(y) - & hao(y) .

1
ho() = — ho(=) . ha() = V27 h(V2).
(v NoT \/E y y

We have the formula [91],

1 4a ., RN
\/1——4aZGXP{I gy -ak -4y )} Z i ha(x) ha(®).

Taking x = V2%, y = V2§, anda = %e’t/z < 1/2for t > 0, Eq. (6.6) can be rewritten as

aeN

s, 2) = ) € Y0 (3) Y (X) 6.7)
aeN
a 1 y 1
/lra/ == ra = ha —) = _haf s 6.8
0= )= =) = =) (68)

and thus, for @ and 8in N,
fR lpr,a(y) lprﬁ(y) PH,(Y) dy = 6a,ﬂ . (69)

Comparing Eqgs. (6.7) and (6.9) with Eqgs. (4.14) and (4.10) shows that, for this reference case, the eigenvalues of the
Fokker-Planck operator Lgyp are

ang . aeN. (6.10)
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(a) Graph of function n X(”)' (b) Graph of function n — o(n).

Figure 1: Criteria defined in Lemma 5 for controlling the convergence of the Gaussian-case reference with v = 1, ny = 1, ny = 1200, and
nyvc = 1200.

6.2. Estimating the eigenvalues with the proposed numerical formulation

(i) For the convergence analysis, we consider 10 values of n, constituting the set N; = {100, 300, 400, 800, 1000, 1200,
1500, 1800, 2000, 2200}. For each n; € Ny, the matrix [r;] = [771 ...11"] € M, is generated with an adapted
generator (instruction randn(1, n,) for Matlab Gaussian generator).

(i1) For each value of n; in Ny, the generation of ny. = n; independent realizations {U}ﬁ],,u € N,} with N, =
{1,...,ny X N} is performed using Egs. (5.25) and (5.26) with n; = 1, 6t = At = 0.061796, N = 150. For n; = 1200
and ny = 1200, Figs. 1a and 1b display the graphs of functions n — y(n) and n — o(n) computed using Eq. (5.29)
with Eq. (5.28). It can be seen that the criterion defined by Eq. (5.30) is satisfied.

(iii) For every ny; € N, matrix [I?(Z AD)] € M;{f is calculated using Eq. (5.31) with § = 0.2486, §/s = 0.9690, and
sss = 0.2565. The first 6 largest eigenvalues, 50(2 A1) of [E(Z Ar)] and/ia(Z At), simply denoted by A,, are obtained
from Eq. (4.42). Fig. 2b shows the graph of function n,  errj(n,) that quantifies the relative error between @ — 4,4
and @ — A, written as erry(ny) = ZZZO(A,,(, —A,)?/ 22:0 /lf,a. It can be seen that the error decreases as n; increases.
For ny; = ny. = 1200, Fig. 2a compares the reference eigenvalues 4,, = a/2 (see Eq. (6.10)) with the computed

eigenvaluesd, fora@ =0, 1,...,5. The comparison is good enough.
4
0.3
3
<3 0.25
<
.2 __ 02
,5 1 5; 0.15
g
0 0.1
0.05
-1
0 2 a 4 6 0

0 500 1000 1500 2000 2500
nd

ga) graphs @ +— A,, (diamond) and a
Aq (circle). (b) Graph ny — err,(ng).

Figure 2: (a) Comparison of the reference eigenvalues A,, (diamond) with the computed eigenvalues/ia (circle) for@ = 0, 1,...,5. (b) Graph of
ng = erry(ng) quantifying the relative error between @ — A, and o - Ay

7. Vector basis for PLoM derived from the transient anisotropic kernel, connected to the DMAPS basis

We revisit the objective presented in Section 1. The diffusion-maps (DMAPS) basis, used by PLoM [1, 30, 32],
is associated with the isotropic kernel detailed in [2, 3]. This section introduces the construction of a transient vector
basis, based on the transient anisotropic kernel described in Section 5 (see Proposition 6). This approach incorporates
the requirement that as Az — 0, the transient kernel at the first time Ar coincides with the DMAPS isotropic kernel.
Consequently, the two vector bases will be linked asymptotically as ¢ — 0, and we will refer to this property as “’con-
nected”. To develop such a "connected” transient anisotropic kernel to the DMAPS isotropic kernel, we undertake a
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reparameterization of Eqs.(5.31) to (5.33), which defines the matrix [E (nAn)] € M:;f for n € N. While the formula-
tion defined by Eqgs.(5.31) to (5.33) of Proposition 6 suffers from the curse of dimensionality, the reparameterization
defined by Eqs.(7.1) to (7.3) does not suffer from the curse of dimensionality. This reformulation enables the con-
struction of the vector basis for high dimensions (large values of v) and relatively small n,, as implemented in PLoM,
designed for probabilistic learning with small training datasets.

7.1. Transient anisotropic kernel connected to the DMAPS isotropic kernel

The following definition provides the construction of a transient anisotropic kernel that is linked to the DMAPS
isotropic kernel. This construction draws inspiration from the expression of [ K(Af)] defined by Eq. (5.31).

Definition 5 (Transient anisotropic kernel connected to DMAPS). For each n in N, for Az defined in Section 5.3-
(i), for nyc and [yf;] defined in Section 5.3-(v), for [o,] defined by Eq. (5.28), and for a given real g, > 0, we define
the matrix K(nAr)] € M9, such that

[K(nAf)] = [B]"' [K(nAD)], (7.1

such that, for all i and jin {1,...,ny}, the matrix [K(nAt)] € M, has entries,

e )4 i A 2
[K(nAD);; = ni ; (I ey /A0 eXp{— 4;DM ;[{’:L}/y\]&] } : (7.2)
and [B] € M, is a diagonal matrix whose entries are,
ngq 1 ) ;
[Bl;j = 51‘ij=1 exp {_48DM lln' —n’ ||2} . (7.3)

Remark 5 (About the choice of the smoothing parameter &;,). An optimal value, &,,, for the smoothing parame-
ter &y, is proposed for the PLoM algorithm in [32] and is detailed in Appendix A.2-(i). This optimal value enables
the analysis of high-dimensional problems (large value of v). It should be noted that Proposition 7 will explain the
definition of [K(nAf)] as defined by Egs. (7.1) to (7.3), showing the connection with DMAPS.

Proposition 7 (Limit of [K(Ar)] for Ar — 0). We use the notation introduced in Definition 5. Let [Kpy] € M;? be the
matrix of the DMAPS isotropic kernel, defined for all i, j € {1,...,ng}, by

1
4g

[Komlij = exp{— g’ - nfuZ} . (7.4)

Let [Kpy] € M,,, be the matrix defined by
[Kon] = [BI™ [Koul » (1.5)

where [B] is the diagonal matrix defined by Eq. (7.3). Let At be defined by
At=%/k , k>1, (7.6)
where § is defined by Eq. (2.4). Then, as k — +0o, and consequently At — 0, we have
[K(AD] = [Koul s (1.7)

which means that, for n = 1, the matrix [K(nAt)] of the transient anisotropic kernel, defined by Eq. (1.1), converges
to the matrix [Kyy] of the DMAPS isotropic kernel as At — 0.

PROOF. (Proposition 7). For n = 1, for k — +oo, that is to say, for Ar — 0, Egs. (5.2) and (5.3) show that, for

all ¢ € {1,...,nuc}, k € {1,...,v},and j € {1,...,n4}, we have [yf]kj - ni and [o,]x; — VAt, and consequently,
[K(AD)] — [Kopm]- From Egs. (7.1) and (7.5), it can be deduced Eq. (7.7).
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7.2. Construction of the reduced-order transient basis and its counterpart for the DMAPS basis

In this section, we: (i) review the construction of the reduced-order diffusion-maps (DMAPS) basis (RODB) rep-
resented by a matrix [gpy] € M,,d,,,,up‘ with mg, < ng, and (ii) construct, for each n € N, the reduced-order transient
basis (ROTB(nA?)) represented by a matrix [g(nAr)] € Mn[,’mopl.

(i) Reminder of the construction of the RODB. This construction, due to [2], is the one used by the PLoM algorithm
[1, 30]. The matrix [K),,], defined by Eq. (7.5), has positive entries and represents the transition matrix of a Markov
chain. The eigenvalues by 1, . . ., bpyn, and the associated eigenvectors géM, ..., g are such that

(Konl 85 = bowp 8o+ 1= byt > bowa 2 ... 2 boys, - (7.8)

Using Eq. (7.5), this eigenvalue problem is rewritten as the symmetric eigenvalue problem,

PS. 0% =bopd” . (W97 )=0p . gh =B 9P, (1.9)

in which PgM = [BI"V2[Ku]1 [B]™ V% is a symmetric matrix. The diffusion-maps basis { g})M, ..., g forms a vector

basis of R™. As explained in [1, 30], PLoM uses the RODB of order m, which is defined by { gll)M ...gMr}. This basis
depends on &y and m. The optimal value m,, of m is defined (see [32]) by

Moy =V +1. (7.10)
The optimal value &, of &, is estimated to obtain
l =bpyy1 >bpup =... = bDM’mOpl > bDM,mOP‘H >...2bpyy, >0, (7.11)
in which the jump amplitude
Jomt = Dosmgy+1/Dosimey » (7.12)

must be equal to J,y = 0.1 (following [30]), but which can also be chosen in the interval [0.1,0.5] when v is large.
Therefore, the RODB is defined for m = m,, and is represented by the matrix,

[gDM] = [gll)M e ggl]\(/‘lpl] € Mn[l,mopl : (7']3)

(ii) Construction of the ROTB(nAf). For each n in N, the ROTB(nAr) represented by [g(nAf)] is constructed as
the eigenvectors of matrix [K(nAt)] defined by Eq. (7.1). Taking into account Eq. (7.7), we want that for n = 1,
[g(AD)] € My, my, gO€S 10 [gom] € My, m,, as At — 0. For n > 1, matrix [K(nAD] is a priori symmetric, but matrix
[K(nA1)] is not symmetric. For applying a similar approach to the one defined by Eq. (7.9), we then symmetrize the
matrix [P(nAf)] = [B]""2[KnAD] [B]~"2, introducing [PS (nAf)] = ([P(nA?)] + [P(nAf)]T)/2. The transient basis
{g'(nA?), ..., g"(nAr)} associated with the eigenvalues by (nAf) > by(nAt) > ... > b, ,(nAt) are then computed by
solving the symmetric eigenvalue problem

[PS (nAn)] @P(nAr) = by(nAr) P(nAr) ,  (pP(nAr), 9P (nAt)) = 5gp . (7.14)
gP(nAr) = [BI" 2P (nAr) . (7.15)

The ROTB(nAr) is then defined by the matrix

[¢(nAD] = [g' (nAr) ... g"*(nAD)] € My, » (7.16)

in which m,, is defined as explained in Section 7.2-(i).
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7.3. Criteria for comparing the reduced-order transient basis with the reduced-order DMAPS basis

The PLoM algorithm is based on the use of the RODB (see Appendix A). With such an RODB based on the
isotropic kernel, PLoM has proven generally efficient, even in extremely difficult cases, as demonstrated in numerous
publications since 2016. This efficacy will also be evident through the applications presented in Section 8. However,
for cases involving very heterogeneous data in the training dataset, the learned statistical dependence between the
components of the random vector H (through the learned probability measure for H) can a priori be improved using
ROTB(nAt) for given n. To assess a possible improvement with this reduced-order transient basis compared to the
reduced-order DMAPS basis, quantitative criteria are necessary. In this section, we introduce criteria for comparing
the two vector bases, and then, in Section 7.4, we will present a methodology for identifying the instance, nAt, that
maximizes the selection criteria of the ROTB(nAf).

(1) The first criterion will be the angle between the two vector subspaces generated by the two vector bases,
ROTB(nAf) and RODB. If this angle is close to zero then the two bases coincide. This must be the case when we
choose the instant n = 1 for the ROTB(nAf) (See Proposition 7).

(i1) The second criterion is the concentration of the learned probability measure in relation to the concentration of
the probability measure of the training dataset. It has been proven that the PLoM algorithm, which uses the RODB,
was designed to preserve the concentration of the learned probability measure from a small training dataset. For this,
in [30, 32], we introduced the indicator d2, linked to the mean-square convergence, which we will recall and use. We
also introduce a second concentration criterion, KL, based on the Kullback-Leibler divergence [92, 93] between the
learned probability measure and the probability measure of the training dataset.

(iii) The third criterion is mutual information [94, 95], which is defined as the relative entropy introduced by
Kullback and Leibler [93]. This will be used to quantify the level of statistical dependencies among the components
of the centered random vector H, whose covariance matrix is the identity matrix. Such mutual information will be
estimated for the learned probability measure generated by PLoM, comparing the RODB and the ROTB(nAf) as a
function of n.

(iv) The last criterion is the Entropy from Information Theory [96, 95, 97], introduced by Shannon [98]. The
estimation of this entropy is a function of the number of realizations used for estimating the probability measure. This
property will be used in Section 7.4 to normalize the estimation of the mutual information.

7.3.1. Angle between the subspaces spanned by ROTB(nAt) and RODB
Let n be fixed in NV. It is assumed that rank([gpy]) = rank([g(nAf)]) = m,, in which the two matrices are defined
by Egs. (7.13) and (7.16). In addition, it is assumed that the null space of the matrix [g(nAN]” [gou] is {0}. Let
V(nAt) = span{g!(nArf), ..., g"»(nAt)} be the mqy-dimension subspace of R™ (spanned by the ROTB(nAt)). Let
Vou = span{gl,,..., g "} be the mqy-dimension subspace of R™ (spanned by the RODB). For 8 € {1,...m,,}, let
8P = g% /It |l be the normalized vector g2, and let 28(nAr) = gP(nAr)/||lgP(nAt)|| be the normalized vector g#(nAt).
AMopt

Let [2ou] = [8hy - - - 8om ] and [3(nAD)] = [§'(nA7) ... g(nAr)™] be matrices in M,, ... The angle y(nAr) between the
subspaces V(nAt) and Vp,, is defined by

Y(nAr) = arccos(0min([2(2AN]" [Zou]) » (7.17)

in which o, denotes the smallest singular value. If the angle is close to 0, the two subspaces are nearly linearly
dependent.

7.3.2. Indicators related to the learned probability measure

In this section, we detail the indicators used for comparison: concentration of the learned probability measure,
mutual information, and entropy. These will be employed to compare the probability measures associated with the
training dataset and the learned dataset generated by the PLoM algorithm, as summarized in Appendix A. Specifically,
we use the reduced-order DMAPS basis (RODB) and, alternatively, the reduced-order transient basis (ROTB(nA?)). To
facilitate the comparisons presented in the numerical illustrations, we introduce the necessary notations for clarifying
the diverse quantities and their numerical calculations.

- Training dataset. In Section 2, the independent realizations of the R”-valued random variable H are ', ..., 77",
and the matrix [n,] = ['...5"] € M, ., represents one realization of the random matrix [H], used by PLoM, and
defined in Appendix A.1. The probability density function of H is py defined by Eq. (2.3).
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- Learned dataset. In Appendix A, the learned realizations generated by PLoM are those of the M, ,, -valued
random variable [H,] and are written as [nfr],{’ =1,...,nyy (see Appendix A.3). The corresponding realizations
qf;, €=1,...,n,, wWith n, = ng X nyey, of the R¥-valued random variable H,, are obtained by reshaping. The learned
probability density function of H,, is denoted by py, . When PLoM is used with RODB, [H,,], [nfr], qfr and py,, will
be rewritten as [Hy;], [nf;B], qf)/B, and py;, respectively. When PLoM is used with ROTB(nAt), [H,], [nfr], I]f;, and pp,,
will be rewritten as [Hy(nA)], [, (nAD], p%,(nAf), and pr(. ; nAt), respectively.

(i) Concentration of the learned probability measure for RODB and ROTB(nAt). Based on the mean-square norm, for
PLoM with RODB and ROTB(nAf), the learned probability measure concentration is written (see Eq. (A.6)) as

d2 (o) = EU| [Hyps] = [nal 1P}/ 1 nal 17 (7.18)
d2 (mop; nAL) = E{|| [Hys(nAD] = [0l 1P}/ 11 Tal 17 - (7.19)

Using the realizations, these quantities are estimated by

NmcH

Ay o) = (1) D (151 = [al 1P}/ 11 Tl 1P (7.20)
=1

82, megnAD) = (U myen) D (10 (n80)] = (1) I}/ ) (7.21)
=1

The concentration of the learned probability measure can also be estimated using the Kullback-Leiber divergence and
its estimation from a set of realizations as presented in Appendix B.1. For the PLoM formulated with RODB and
ROTB(nAt), we then have,

D(pos | pr) = f Pos(1) log (pL(n)) dn, (7.22)

RY pu(n)
Prs(; nAt)) d
pu(n)
(ii) Mutual-information-based components statistical dependencies of the learned probability measure for RODB and
ROTB(nAt). The mutual information and its estimation from a set of realizations are presented in Appendix B.2. For
the training dataset and for PLoM formulated with RODB and ROTB(nAf), we have , for R”-valued random variables
H, H,;, and H;(nAt),

D(p(.;nAD || pg) = fR ) Pre(17; nAL) log( (7.23)

pu(n)
I(H) = D(py || ®}_ ,=f lo (—)d, 7.24
(D) = D8] pm) = | pu) og | 20 s (24)
- v _ Pos(1)
I(Hy) = D(PDB ||®k:]pDB,k) = PDB(’]) 10g v . dl], (7.25)
R Hk: 1 pDB,k(nk)
. _ . v . _ . (1 nAL)
[(Hyy; nAt) = D(pry(- s nAD || &y pro(- 5nAD) = | pra(np; nAr) log| — : dn, (7.26)
R” szlpTB,k(r]k ;AL

in which pps is the pdf of component Hy,x of Hpy and where prg (- ; nAt) is the pdf of component Hyy i (nAf) of
H. ;(nAt).

(iii) Entropy for RODB and ROTB(nAt). The entropy and its estimation from a set of realizations are presented in

Appendix B.3. For the training dataset and for PLoM formulated with RODB and ROTB(nAf), we have for R”-valued
random variables H, H,;, and H.;(nAt),

S =- fR pu(D) log pupdy . Sew = - fR Poul) log pou(n) . (7.27)

Sw(nAr) = - f P13 nAL) 1og pry(n s nAt) dny . (7.28)
RV
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7.4. Identification methodology for the instant maximizing the selection criterion of the ROTB(nAt)

In this section, all quantities denoted with a hat (such as /(H)) represent the estimated values of the corresponding
quantities without a hat (such as /(H)), using the realizations as explained in Appendix B. Let n; be the number of
points in the training dataset and n,, = ng X nyey > ng be the number of learned realizations with PLoM (see Appendix
A.3), either with the RODB or with the ROTB(nAf).

(i) Defining the subset €y of N containing the admissible values of n. Let N be the largest value of n for which the
ROTB(nAt), represented by matrix [g(nAtr)], is computed. This value N being fixed, the set N' = {1,..., N} defined
by Eq. (5.24) is fixed. The subset %y of the admissible values of n is then defined by

1.
Cn =(neN, —di(mp;nAt) <1, < 1}, (7.29)
4

where chZB (mop; nAL) is defined by Eq. (7.21) and where 0 < 7. < 1 is fixed sufficiently small with respect to 1 in order
to preserve the concentration of the learned probability measure (see Section 7.3-(i) and Appendix A.4). It should be
noted that the maximum value of d2,(n) is 2 (corresponding to a measure concentration completely lost, which can
be obtained with classical MCMC algorithms). The PLoM algorithm allows for preserving the concentration of the
learned probability measure [30] yielding values of the order 0.01 to 0.1 through all the performed applications. For

defining the concentration criterion in Eq. (7.29), we have normalized with respect to dimension v.

(ii) Characterizing a better ROTB(nAt) compared to RODB. From Proposition 7, in particular from Eq. (7.7), it can
be deduced that, for n = 1, we have IA(HTB ;1 XA = f(HUB) for At sufficiently small (which is the considered case).
Let us assume that | (H) < i (Hoyy,). For n fixed in Gy, we will say that the ROTB(nAf), represented by matrix [g(nAt)],
is better than the RODB, represented by matrix [gpy], if

J(H) < [(Hy ;nAY) < [(Hpy) . (7.30)

(iii) Determining the optimal value n of n in €y. The underlying idea is to select a reduced-order transient basis that
gives a learned probability measure whose mutual information is as close as possible to the mutual information of the
probability measure pg(n), dn. Based on paragraph (ii) above, the optimal transient basis [g(n,)] among the set of
possible transient bases {[g(nAf)],n € N} is obtained for n = n,, such that

Nop = arg min [(H, ;nA?) . (7.31)
neéy

(iv) Defining the normalized estimate of the mutual information. As explained in Appendix B.3, if n15amp 18 the number
of realizations (either ny or n,), the entropy estimation asymptotically decreases as —l0g(fsamp) When ngmp increases.
For comparing the estimate of the mutual information for H, which uses n, realizations, with the one of H,; or
H.;(nAt), which uses n,, > n, learned realizations, we must normalize the estimated mutual information with respect
to the number of realizations. Taking into account the relationship between the mutual information and the entropy
estimates (see Appendix B.3), we chose to normalize the estimated mutual information by dividing by the function
X + log(nsamp) (With ngmp = ng Or ngamp = n,,), wWhere y is a real number that must be identified and which must be
such that y + log(ny) > 0. Since n,. > ny this condition implies that y + log(n,,) > 0 is automatically verified. For the
R”-valued random variables H, Hy;, and H;(nAt), the normalized estimated mutual information are then defined by

I(H)
X +log(ng)

I(Hy)

i(HTB ; nAr)
X + log(n)

fnorm(H) = .
x +log(n,)

v Lom(Hp) = s Lyn(Hg 3 nAD) = (7.32)

in which /(H), I(H.), and I(H, ; nAt) are the estimates (computed with Eq. (B.6)) of the mutual information I(H),
I(Hy), and I(H.y ; nAtr) defined by Eqgs. (7.24) to (7.26). Based on paragraph (iii) above, constant y is defined as
follows. Let y,, be the solution in y of the equation,

i [(Hoy 3 o At)
x +loglng)  x +log(n,)
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If xop + log(ng) > 0, then y, is the desired value of y. It should be noted that the optimal value n,, is calculated
with the estimation of the non-normalized mutual information (see Eq. (7.31). Normalization is only introduced for
the purpose of comparing the value of this criterion for H and H.

(v) Identification of the instant maximizing the selection criterion of the ROTB(nAt). Let n,, be defined by Eq. (7.31),
and let y,,, be identified by solving Eq. (7.33). Then, we have

Lo (H) = L (Hog 3 A1) < Lpo(Ho s0AD) V€ Gy . (7.34)

We can then conclude that the ROTB(#n,,At), represented by matrix [g(n,,A?)], is better than the RODB, represented
by matrix [gpy]. The proof is straightforward.

8. Numerical applications

8.1. Preamble

We will present three applications, each with its own specificities. However, as the generation of the training
dataset related to the random vector X is relatively complex to describe, we will start with the training dataset related
to the normalized random vector H with values in R”. The number of realizations in the training dataset is 4, and the
training dataset is represented by the matrix [r;] € M, ,,,. This means that the PCA step of PLoM, which transforms
X into H (see Appendix A.l), is not detailed here. Readers interested in the training dataset for H can request, from
the ’corresponding author” of the article, the transfer of the matrix [r,] for each application presented. We will still
briefly give the main specificities of these 3 applications.

Application 1. This application (Appli 1) was created so that the probability measure of H in R® (v = 9), which
is defined by the points of the training dataset, is concentrated in a multiconnected domain of R°, with the constituent
connected parts being manifolds of dimensions much lower than 9, each having different dimensions. These parts
may or may not be connected to each other.

Application 2. For the second application (Appli 2), the ny realizations of the random vector H with values in R®
are generated using a polynomial chaos expansion of degree 6 of a real random variable, whose random germ is of
dimension 2, with each of the two random germs being a uniform random variable of different support. There are
therefore 28 terms in this expansion, and the 8 components of H are defined as the random terms of rank 2, 3, 6, 8§,
12, 13, 17, and 19. We thus define a relatively complex random manifold in RS,

Application 3. The third application (Appli 3) results from a statistical treatment of an experimental database
containing photon measurements in the ATLAS detector at CERN. This dataset was obtained by loading the file
"pid22°E262144 eta’20°25 voxalisation.csv’ from the free access CERN Open Data Portal. The PCA step of PLoM
has been performed, and an extraction of 45 components has been done to obtain the training dataset for the R*-
valued random variable H. This application is in higher dimension than the first two, but the statistical complexity is
less.

The following text gives explanations for how the figures must be read and interpreted. The probability density
functions (pdfs) of components of H, which correspond to the training dataset, and the learned dataset constructed
with a classical MCMC algorithm, are plotted. Since the training dataset is small, there is a well-known smoothing
effect; however, there are training data points in the multiconnected domain that should induce a multimodality in
each first-order marginal pdf (this aspect can be visualized by examining the clouds of points). On the other hand, the
use of a classical MCMC method results in a scattering of the learned realizations, and therefore the pdfs are smooth,
causing the multimodal character to be lost. In other words, the required concentration of the learned probability
measure is lost. Conversely, the figures show that PLoM with RODB preserves the concentration of the probability
measure, allowing for a multimodal first-order marginal probability density function. These good properties of PLoM
with RODB are also obtained by PLoM with ROTB, and for the first-order marginal pdfs, there are no significant
differences, which are the expected results. As explained in Section 1.1, the objective of PLoM with ROTB instead
of RODM is to see if it is possible to improve the learned joint probability measure of the components of H, because
the quality of this joint probability measure directly impacts the quality of the statistical surrogate model of Q given
W, built using conditional statistics. Such an improvement cannot be qualified by a simple graphical comparison of
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the joint probability density function of the components of H, which is of dimension v > 1 (in the applications v is
8, 9 and 46). This is why a quantification has been introduced by the objective criterion of mutual information from
the Information Theory. This improvement or not of the quality of the joint probability measure is demonstrated by
comparing the graphs of mutual information n — f,‘(,,m(H )and n — IAm,,m(HTB; nAt), and which allow the optimal time
to be identified.

8.2. Additional convergence analysis conducted for the three applications

For each of the three applications, we will provide detailed analyses of the calculation of the optimal value of the
instant n,,At, which allows for the selection of the best reduced-order transient basis (ROTB). We will also present
the convergence results of the PLoM algorithms under the normalization constraints (see Appendix A.6). However,
we cannot show all the convergence results for the other parameters. Below are the different analyses that were carried
out with respect to the parameters that control the construction of the reduced-order transient basis:

(i) Convergence with respect to the value of k. This point is important because Ar must be sufficiently small to apply
Proposition 7. For the three applications, we found that « = 30 is an appropriate value.

(ii) Convergence with respect to the size of ¢¢, that is to say, the value of n,. For the three applications, we found
that once At is fixed by the value of «, the criterion associated with Eq. (5.30) was satisfied for ny = 1, as well as the
evolution of the angle y(nqpAf) at the optimal instant was very insensitive to the values of n greater than 1. This is
due to the fact that At is already small enough to achieve good accuracy with the Euler scheme used to integrate the
ISDE. We found that ny = 1, thus 67 = At is a good value.

(iii) Convergence with respect to nyc. This analysis was performed by examining the convergence of the angle y(nAr)
for n € N. We observed that a large value of n,. was necessary to achieve convergence. This point is particularly
important and must be carefully checked for the applications.

8.3. Parameters defining the training dataset and controlling the construction of the RODB

For each application, Table 1 provides the values of the parameters that define the training dataset and the prob-
ability measure Py (dn) = pu(n)dn on RY, as well as the parameters defined in Section 7.2-(i), which control the
construction of the reduced-order DMAPS basis (RODB).

Table 1: For each application, values of the parameters defining the training dataset and parameters controlling the construction of the RODB

Training RODB
v ng s S §/s Jom | Mopt | Epm
Appli 1 400 | 0.5835 | 0.5044 | 0.8645 || 0.2 | 10 | 56
Appli2 || 8 | 400 | 0.5623 | 0.4946 | 0.8725 || 0.1 | 10 | 53

Appli3 || 46 | 560 | 0.8357 | 0.6416 | 0.7677 || 0.5 | 46 | 74

=]

8.4. Parameters controlling the construction of the ROTB(nAt)

For each application, Table 2 provides the values of the parameters that control the construction of the reduced-
order transient basis ROTB(nAf). In particular, the optimal time n,,At is estimated using the indicators defined in
Section 7.3.2. The evolution of these indicators as a function of n will be presented in detail in Sections 8.6 to 8.8 for
the three applications.
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Table 2: For each application, values of the parameters controlling the construction of the ROTB(nAf)

ROTB((nAr)
N T, K At ng ot Ny Tlopt
Appli 1 9 | 0.002 | 30 | 0.00848 0.00848 | 400000 | 9
Appli2 || 10 | 0.002 | 30 | 0.00802 0.00802 | 400000 | 5
Appli3 || 9 | 0.002 | 30 | 0.01370 0.01370 | 448000 | 9

—_

8.5. Parameters of PLoM with RODB and ROTB

For each of the three applications, Table 3 provides the values of the parameters defined in Appendix A.5 and
Appendix A.6 used by the PLoM algorithm with the reduced-order DMAPS basis (RODM) or the reduced-order
transient basis ROTB(nA¢). Taking into account the convergence analysis carried out on ny. and the expertise on the
statistical convergence of the quantities considered, we choose nycy = nyc, a sufficiently large value (see Appendix
A.5). For the PLoM algorithm, the constraints related to normalization, defined by Eq. (A.12), are always applied in
the computation (see Appendix A.6)

Table 3: Values of the parameters of PLoM with RODB and ROTB(nAt) for each application

PLoM with RODB and with ROTB (71, Af)
fo| Aty [ My | muew | ne [ B [ Bo | io | e | err(iag)

Appli 1 withRODB || 4 | 0.1585 | 30 | 1000 | 400000 || 0.001 | 0.05 | 20 | 2563 | 0.000998
Appli 1 with ROTB || 4 | 0.1585 | 30 | 1000 | 400000 || 0.001 | 0.05 | 20 | 3438 | 0.000994
Appli 2 with RODB || 4 | 0.1541 | 30 | 1000 | 400000 || 0.001 | 0.05 | 20 | 1882 | 0.000999
Appli 2 with ROTB || 4 | 0.1541 | 30 | 1000 | 400000 || 0.001 | 0.05 | 20 | 2589 | 0.000998
Appli 3 with RODB || 4 | 0.2016 | 30 | 800 | 448000 || 0.001 | 0.05 | 20 | 6000 | 0.00261
Appli 3 with ROTB || 4 | 0.2016 | 30 | 800 | 448000 | 0.001 | 0.05 | 20 | 6000 | 0.00383

8.6. Results for Application 1

(i) Figure 3 displays the graphs of the probability density function (pdf) of components 1, 2, 4, and 5 for H estimated
with the n, realizations of the training dataset, and the pdf estimated with n,, learned realizations, for H,, using MCMC
without PLoM (a,d,g.j), for Hy,; using PLoM with RODB (b, €, h, k), and for H,;; using PLoM with ROTB(n,,A?) (c,
f, 1, 1).

(ii) Figure 4 shows the joint probability density function of components 4 and 5 of H estimated with the n, realizations
of the training dataset (a) and estimated with n,, learned realizations for H,. using MCMC without PLoM (b), for H,;
using PLoM with RODB (c), and for H,; using PLoM with ROTB(n,,,Af) (d).

(iii) In Fig. 5, the clouds of n, points corresponding to n, learned realizations can be seen for components 1, 2, 3
(a,b,c) and components 3, 4, 5 (d,e,f). These are shown for H,, using MCMC without PLoM (a,d), for Hy,; using
PLoM with RODB (b,e), and for H.; using PLoM with ROTB(n,,,At) (c,f).

(iv) Figure 6 plots the functions that characterize the reduced-order transient basis ROTB(nAf) as a function of time
nAt:

* The eigenvalues of matrix [K,y] and those of the of symmetrized matrix [K(nAt)] are shown in Fig. 6a.

» The probability-measure concentration using the d?/v-criterion is shown in Fig. 6b. For the learning without
PLoM, the d2-concentration is 0.6465, which shows that the concentration is lost, and for the PLoM with the
RODM, the concentration is 0.0116, which shows that the concentration is preserved.
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* The other criterion of the probability-measure concentration is given by Kullback-Leibler divergence measure,
shown in Fig. 6¢. For the learning without PLoM, Kullback-Leibler divergence is 0.3486, and for the PLoM
with the RODM, Kullback-Leibler divergence is 3.9435. Comparing Figs. 6b and 6¢ shows that the two criteria
are consistent and give the same analysis of the concentration.

* The angle between the subspaces spanned by RODB and ROTB(nAf) is displayed in Fig. 6d. It can be seen
that, for the optimal time 9 At¢, the angle is 53.03°, which is a significant angle showing that the two bases are
different while the d>-concentration remains small at 0.0174.

* The entropy estimation of pdf p(- ; nAt) is given in Fig. 6e.

* The normalized mutual information (MI) of the pdfs py and p.;(- ; nAf) is shown in Fig. 6f. This figure shows
that the optimal value of n is n,, = 9. For the non-normalized estimation of the mutual information, we have
I(H) = 4.4668, [(H, ; nopAt) = 6.9996, and [(Hy,,) = 7.0945. For the normalized one, we have I, (H) =
Lo (Ho 3 1o AY) = 0.3666 and I,,,,(Hyy) = 0.3716.

(v) Finally, examination of these figures shows that traditional learning without PLoM gives poor results compared to
PLoM, which allows the concentration to be preserved and properly learns the geometry of the probability measure
support. We also see that PLoM with the optimal ROTB provides an improvement in learning compared to PLoM
with RODM and, therefore, should improve the estimates of conditional statistics thanks to better learning of the joint
probability measure.

8.7. Results for Application 2

(i) Figure 7 displays the graphs of the probability density function (pdf) of components 3, 5, 6, and 8 for H estimated
with the n, realizations of the training dataset, and the pdf estimated with n,, learned realizations, for H,, using MCMC
without PLoM (a,d,g,j), for H,; using PLoM with RODB (b, €, h, k), and for H; using PLoM with ROTB(n,,A?) (c,
f,i,1).

(ii) Figure 8 shows the joint probability density function of components 6 and 8 of H estimated with the n, realizations
of the training dataset (a) and estimated with n,, learned realizations for H,, using MCMC without PLoM (b), for Hy;
using PLoM with RODB (c), and for H.; using PLoM with ROTB(n,,Af) (d).

(iii) In Fig. 9, the clouds of n,. points corresponding to n, learned realizations can be seen for components 2, 5, 6
(a,b,c) and components 3, 6, 8 (d,e,f). These are shown for H,, using MCMC without PLoM (a,d), for Hy,; using
PLoM with RODB (b,e), and for H.; using PLoM with ROTB(n,,,A?) (c,f).

(iv) Figure 10 plots the functions that characterize the reduced-order transient basis ROTB(nAf) as a function of time
nAt:

* The eigenvalues of matrix [Kpy] and those of the of symmetrized matrix [K(nAf)] are shown in Fig. 10a.

» The probability-measure concentration using the d?/v-criterion is shown in Fig. 10b. For the learning without
PLoM, the d2-concentration is 0.951, which shows that the concentration is lost, and for the PLoM with the
RODM, the concentration is 0.0091, which shows that the concentration is preserved.

* The other criterion of the probability-measure concentration is given by Kullback-Leibler divergence measure,
shown in Fig. 10c. For the learning without PLoM, Kullback-Leibler divergence is 0.4594, and for the PLoM
with the RODM, Kullback-Leibler divergence is 3.4473. Comparing Figs. 10b and 10c shows, similarly to
Application 1 that the two criteria are consistent and give the same analysis of the concentration.

* The angle between the subspaces spanned by RODB and ROTB(nAf) is displayed in Fig. 10d. It can be seen
that, for the optimal time 5 A¢, the angle is 17.1°, which is significant, although less than the optimal angle of
Application 1. This shows that the two bases are different while the d>-concentration remains small at 0.0153.

* The entropy of pdf p(-; nAf) is given in Fig. 6e.

31



pdf(m)

pdf(n:)

pdf(14)

pdf(ns)

) j%\
0
-4 -2 0 2 4
m

0.5

0

(a) pdf of Hy and Hyy,; .

-4

0.8

0.6

0.4

0.2

0

0.8

0.6

0.4

0.2

-2 0 2
M2

(d) pdf of H, and Hyr.

4 2 0 2
2

(g) pdf of Hy and Hyr 4.

4

-2 0 2

75

(j) pdf of Hs and Hy 5.

4

pdf(m)

pdf(n2)

pdf(m)

pdf(n5)

0

(b) pdf of H1 and HDB,I .

i

2

(e) pdf of H, and Hpp .

0.8

0

-4 -2 0 2
4

(h) pdf of H4 and HDB,4~

0.8

0.6

0.4

0.2

(k) pdf of H5 and HD}gys,

pdf(m)

0
-4 2 0 2 4
m

(c) pdf of Hy and Hrg ) at time nopt Af.

2

1.5

pdf(n.)

1

0.5 /\
0
-4 2 0 2 4
2

(f) pdf of H; and Hrp > at time nopt At.

0.8

pdf(n)
S 2

o
S

0
4

(i) pdf of Hy and Hrp 4 at time nopt At.

0.8

pdi(n5)
o
=

75

(1) pdf of Hs and Hrg s at time nopt At.

Figure 3: Application 1. Probability density function (pdf) of components 1, 2, 4, and 5 for H estimated with the n, realizations of the training
dataset (thin black line) and pdf estimated with n,, learned realizations (thick blue line), for H, using MCMC without PLoM (a,d,g.,j), for Hpp
using PLoM with RODB (b,e,h,k), and for Hrg using PLoM with ROTB(nopA?) (c, £, i, 1).

¢ The normalized mutual information (MI) of the pdfs pg and p.;(- ; nAf) is shown in Fig. 10f. This figure shows
that the optimal value of n is n,, = 5. Unlike Application 1, the normalized mutual information presents a
local minimum, which is also a global minimum over the admissible set %y. For the non-normalized estimation
of the mutual information, we have I(H) = 3.4994, [(H., ; n,,At) = 5.8763, and I(Hyy) = 5.9382. For the

normalized one, we have IA"(,rm(H ) = IA“(,,.,“(HTB s NopAT) = 0.3441, and IAnm.m(HDM) =0.34717.
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(v) As for Application 1, examination of these figures shows that traditional learning without PLoM gives poor results
compared to PLoM, which allows the concentration to be preserved and properly learns the geometry of the probability
measure support. We also see that PLoM with the optimal ROTB provides an improvement in learning compared to
PLoM with RODM. However, this improvement is less than in the case of Application 1 for which the data are much
more heterogeneous (in correlation with the geometric complexity of the probability-measure support). Nevertheless,
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Figure 4: Application 1. Joint probability density function of components 4 with 5 of H estimated with the n, realizations of the training dataset
(a) and estimated with ng, learned realizations, for Hyr using MCMC without PLoM (b), for Hpg using PLoM with RODB (c), and for Hp using
PLoM with ROTB (noAt) (d).

PLoM with the optimal ROTB is an improvement over PLoM with RODB and consequently, should improve the
estimates of conditional statistics thanks to better learning of the joint probability measure.

8.8. Results for Application 3

(i) Figure 11 displays the graphs of the probability density function (pdf) of components 1, 6, 25, and 40 for H
estimated with the n, realizations of the training dataset, and the pdf estimated with n, learned realizations, for H,,
using MCMC without PLoM (a,d,g,j), for H,; using PLoM with RODB (b, e, h, k), and for Hy; using PLoM with
ROTB(n,Af) (c, £, 1, 1).

(i1) Figure 12 shows the joint probability density function of components 25 and 40 of H estimated with the ny
realizations of the training dataset (a) and estimated with n,, learned realizations for H,, using MCMC without PLoM
(b), for Hy,; using PLoM with RODB (c), and for H; using PLoM with ROTB(n,,At) (d).

(iii) In Fig. 13, the clouds of n,, points corresponding to n,, learned realizations can be seen for components 1, 6, 12
(a,b,c) and components 12, 25, 40 (d,e,f). These are shown for H,. using MCMC without PLoM (a,d), for H,; using
PLoM with RODB (b,e), and for H.; using PLoM with ROTB(n,,At) (c,f).

(iv) Figure 14 plots the functions that characterize the reduced-order transient basis ROTB(nAf) as a function of time
nAt:

* The eigenvalues of matrix [Kpy] and those of the of symmetrized matrix [K(nAf)] are shown in Fig. 14a.

+ The probability-measure concentration using the d?/v-criterion is shown in Fig. 14b. For the learning without
PLoM, the d2-concentration is 0.574, which shows that the concentration is lost, and for the PLoM with the
RODM, the concentration is 0.067, which shows that the concentration is preserved.

* The other criterion of the probability-measure concentration is given by Kullback-Leibler divergence measure,
shown in Fig. 14c. For the learning without PLoM, Kullback-Leibler divergence is 14.35, and for the PLoM
with the RODM, Kullback-Leibler divergence is 5.72. Comparing Figs. 14b and 14c shows, similarly to Appli-
cations 1 and 2 that the two criteria are consistent and give the same analysis of the concentration.

e The angle between the subspaces spanned by RODB and ROTB(nA?) is displayed in Fig. 14d. It can be seen
that, for the optimal time 9 At, the angle is 9.7°, which is significant, although less than the optimal angle of
Applications 1 and 2. This shows that the two bases are different while the d 2-concentration remains small at
0.078.

e The entropy of pdf ps(: ; nAt) is given in Fig. 14e.

¢ The normalized mutual information (MI) of the pdfs pg and p.;(- ; nAf) is shown in Fig. 14f. This figure shows
that the optimal value of 7 is n,, = 9. The behavior of the normalized mutual information is similar to that of
Application 1 and does not present a local minimum as in Application 2. For the non-normalized estimation
of the mutual information, we have I(H) = 24.167, [(H., ; noyAt) = 25.115, and I(Hyy) = 25.673. For the
normalized one, we have /,,.,(H) = Ipm(Hs 3 1oy Af) = 0.1418 and 1,,,,,(Hyy) = 0.1450.
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Figure 5: Application 1. Clouds of n,, points corresponding to ng, learned realizations, for components 1, 2, 3 (a,b,c) and components 3, 4, 5 (d,e,f),
for Hyr using MCMC without PLoM (a,d), for Hpg using PLoM with RODB (b,e), and for Hrg using PLoM with ROTB(roptA?) (c,f).

(v) As for Applications 1 and 2, examination of these figures shows that traditional learning without PLoM gives poor
results compared to PLoM, which allows the concentration to be preserved and properly learns the geometry of the
probability measure support. We also see that PLoM with the optimal ROTB provides an improvement in learning
compared to PLoM with RODM. However, this improvement is less than in the case of Applications 1 and 2. For
this application, relative to a relatively high dimension of v = 45, the data are more homogeneous than for the other
applications (in correlation with the geometric complexity of the probability-measure support). Nevertheless, PLoM
with the optimal ROTB is an improvement over PLoM with RODB and, consequently, should improve the estimates
of conditional statistics thanks to better learning of the joint probability measure.

9. Conclusion

In this paper, we have presented the theoretical elements of constructing a time-dependent anisotropic kernel,
which allows us to create a data projection basis for PLoM. This basis serves as an alternative to the DMAPS basis
built using a time-independent isotropic kernel used by PLoM. We have demonstrated that an optimal time can be
determined to obtain an optimal transient basis, best respecting the statistical dependence between the components for
the learned joint probability measure.

The proposed theory has been developed to improve PLoM in cases of highly heterogeneous data. The improve-
ment of the learned joint probability measure is quantified by estimating an objective criterion from information theory,
namely the mutual information, which we have normalized relative to the number of realizations using entropy.

This theory is consistent in the sense that, for a time close to the initial time, the DMAPS basis constructed with the
time-independent isotropic kernel coincides with the transient basis constructed with the time-dependent anisotropic
kernel. Thus, we can characterize the difference between the two bases by the angle of the vector subspaces they
generate.

The theory is illustrated through three applications with decreasing levels of data heterogeneity. The three ap-
plications confirm that PLoM with the DMAPS basis (time-independent isotropic kernel) always results in learning
that preserves the concentration of the measure, unlike the classic MCMC approach. The applications show that it is
possible to improve the learned joint probability measure with the transient anisotropic kernel, which a priori allows
for better estimates of conditional statistics.
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Figure 6: Application 1. Functions characterizing the reduced-order transient basis ROTB(nAf) as a function of time nAt: eigenvalues of [Kpy ] and
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Appendix A. Overview of the probabilistic learning on manifolds (PLoM) algorithm and its parameterization

The PLoM approach [1, 30, 32], which has specifically been developed for small data (as opposed to big data)
starts from a training dataset 9, made up of a relatively small number n, of points. It is assumed that 9, is generated
with an underlying stochastic manifold related to a R"-valued random variable X = (Q, W), defined on a probability
space (®, 7, ), in which Q is the quantity of interest that is a R"-random variable, where W is the control parameter
that is a R"™-random variable, and where n, = n, + n,,. Another R"- valued random variable U defined on (®, 7, P)
is also be considered, which is an uncontrolled parameter and/or a noise. Random variable Q is assumed to be written
as @ = f(U,W) in which the measurable mapping f is not explicitly known. The joint probability distribution
Py y(dw,du) of W and U is assumed to be given. The non-Gaussian probability measure Px(x) = Pow(dq,dw) of
X = (0, W) is concentrated in a region of R™* for which the only available information is the cloud of the points of
training dataset ,. The PLoM method makes it possible to generate the learned dataset D,, for X whose n,, > ny
points (learned realizations) are generated by the non-Gaussian probability measure that is estimated using the training
dataset. The concentration of the probability measure is preserved thanks to the use of a diffusion-maps basis that
allows to enrich the available information from the training dataset. The training dataset Dy is made up of the ny
independent realizations x) = (¢q/,w)) in R* = R™ x R™ for j € {l,...,n4} of random variable X = (Q,W).
The PLoM method allows for generating the learned dataset 9, made up of n,. > n, learned realizations {xfr, =
1,...,n,} of random vector X. As soon as the learned dataset has been constructed, the learned realizations for Q and
W can be extracted as (g, w’) = x{ for ¢ = 1,...,n,. Using the learned dataset D,,, PLoM allows for carrying out
any conditional statistics such as w — E{&(Q)|W = w} from %,, in R, in which £ is a given measurable mapping
from R™ into R™, that is to say to construct statistical surrogate models (metamodels) in a probabilistic framework.
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Figure 7: Application 2. Probability density function (pdf) of components 3, 5, 6, and 8 for H estimated with the n, realizations of the training
dataset (thin black line) and pdf estimated with n,, learned realizations (thick blue line), for H,r using MCMC without PLoM (a,d,g,j), for Hpp
using PLoM with RODB (b,e,h.k), and for Hrg using PLoM with ROTB(nopA?) (c, 1, i, ).

Appendix A.l. Reduced representation

The n,; independent realizations {xfl, j=1,...,n4} are represented by the matrix [x;] = [x[ll .. .xZ"] in My, ,,. Let
[X] = [X!,..., X"] be the random matrix with values in M, .n,» Whose columns are n, independent copies of random
vector X. Using the PCA of X, random matrix [X] is written as,

[X] = [x] + [¢] [{1"* [H], (A.1)

in which [H] = [H',..., H"]is a M,,,-valued random matrix, where v < n,, and where [{] is the (v X v) diagonal
matrix of the v positive eigenvalues of the empirical estimate of the covariance matrix of X. The (n, X v) matrix [¢]
is made up of the associated eigenvectors such [¢]7 [¢] = [1,]. The matrix [x] in M,_,, has identical columns, each
one being equal to the empirical estimate x € R"™ of the mean value of random vector X. The columns of [H] are
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Figure 8: Application 2. Joint probability density function of components 6 with 8 of H estimated with the n, realizations of the training dataset
(a) and estimated with ny, learned realizations, for Hy, using MCMC without PLoM (b), for Hpg using PLoM with RODB (c), and for Hg using
PLoM with ROTB(ngptAt) (d).

ng independent copies of a random vector H with values in R”. The realization [174] = [7)l ... € My, of [H] is
computed by [174] = [£17%[¢]" ([x4] — [x]). The value v is classically calculated in order that the L?- error function
v i errx(v) defined by

D=1 Lo
E(|IX|}°

be smaller than &pcy. If v < 1y, then there is a statistical reduction.

erry(v) =1 - (A2)

Appendix A.2. Construction of a reduced-order diffusion-maps basis (RODB) and reduced-order transient basis
(ROTB(nAt))

In this section, we begin with the construction of the RODB that is the basis initially used in the PLoM algorithm
(see [1]). Concerning the construction of the ROTB(nAf), we refer the read to 7.2-(ii).

(i) Construction of RODB. This construction corresponds to the one initailly proposed in the PLoM algorithm. For
preserving the concentration of the learned realizations in the region in which the points of the training dataset are
concentrated, the PLoM relies on the diffusion-maps method [3, 99]. This is an algebraic basis of vector space
R which is constructed using the diffusion maps. Let [K,] and [B] be the matrices such that, for all i and j
in {1, na)y [Konliy = expl=@ eI = p/IP} and [Bly; = 6i; expl—(d o)l — pil2), in which epy > 0 is
a smoothing parameter. The eigenvalues by 1, ..., bpu,, and the associated eigenvectors g,lm, ..., g of the right-
eigenvalue problem [B]™' [yl gﬁM = bpup &py are such that 1 = byy; > bpyp = ... 2 bpyy,, and are computed
by solving the eigenvalue problem [B]™"/?[Kou] [B]™V/? ¢# = by ¢# with the normalization (¢%, ¢y = 4, and
gﬁM = [B]"'/2¢P. The eigenvector g., associated with by, ; = 1 is a constant vector. The diffusion-maps basis

(gl -2 8%, ghd) is a vector basis of R". For a given integer m < ng, the reduced-order diffusion-maps basis of
order m is defined as the family géM, ..., g ). This basis depends on two parameters, py and m, which have to be

identified. As explained in [32], the optimal value m,, of my,, is chosen as m,, = v + 1, and the optimal value &, of
&pu 18 such that
1 =bpm1 > bpyp = ... = bDM,mop[ > bDM,m(,p(+1 2...2 bDM,n[, >0, (A3)

with the jump amplitude J, = bDM,mop[H / bDM,mop‘, which is Jpy = 0.1 (following [30]), but which can also be chosen
in the interval [0.1,0.5]. Consequently, the RODB is defined for m = m,,, and is represented by the matrix

Mopt

[gom] = [gll)M .- 8om 1€ Mru,mop‘ . (A4)

(ii) Construction of ROTB(nAt). Because PLoM will also use the reduced-order transient basis to quantify its efficiency
relative to the reduced-order DMAPS basis, we introduce this basis in this Appendix. For n fixed in {1,..., N}, the
reduced-order transient basis, ROTB(nAf), is represented by the matrix

[g(nAD] = [g' (nAT) . .. " (nAD] € My, (A.5)
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Figure 9: Application 2. Clouds of ny, points corresponding to ny, learned realizations, for components 2, 5, 6 (a,b,c) and components 3, 6, 8 (d,e,f),
for Hyr using MCMC without PLoM (a,d), for Hpg using PLoM with RODB (b,e), and for Hrg using PLoM with ROTB(roptAf) (c,f).

in which m, is the optimal value identified in Appendix A.2-(i), and where [g(nA?)] is constructed in Section 7.2-(ii)
(see Eq. (7.16).

(iii) Reduced-order basis for PLoM. In this Appendix, the PLoM reduced-order basis will be represented by the
matrix [gop] € My, m,, - Depending on the context of its use, this matrix will either be [gpy], representing the reduced-
order DMAPS basis (RODB) as used in the initial construction of the PLoM, or [g(nAt)] for a fixed n, representing
the reduced-order transient basis (ROTB(nAf)) as proposed in this paper. The latter is introduced with the goal of
comparing the efficiency of the two reduced-order vector bases.

Appendix A.3. Reduced-order representation of the random matrices

The reduced-order basis represented by matrix [gop] € My, m,, Spans a subspace of R™ that characterizes, for the
optimal values m,, and &y, the local geometry structure of dataset {rp/, j = 1, ..., ng4}. So the PLoM method introduces
the M, ,,,-valued random matrix [H,] = [Z] [gopt]T with m,, < ny, corresponding to a data-reduction representation
of random matrix [H], in which [Z] is a Mv,mopl-valued random matrix. The MCMC generator of random matrix
[Z] belongs to the class of Hamiltonian Monte Carlo methods, is explicitly described in [1], and is mathematically
detailed in Theorem 6.3 of [30]. This generator allows for computing nye realizations {[z5],£ = 1,...,nye} of [Z]
and therefore, for deducing the ny, realizations {[nfr], C=1,...,ny} of [H,]. The reshaping of matrix [nfr] eM,,,
allows for obtaining n,, = nyey X 1y learned realizations {qf;, ¢ =1,...,n,} of H,. These learned realizations allow
for estimating converged statistics on H, and then on X,, = x + [¢] [{ 1Y2 H,,, such as pdf, moments, or conditional
expectation of the type E{£(Q)|W = w} for w given in R™ and for any given vector-valued function € defined on R.

Appendix A.4. Criterion for quantifying the concentration of the probability measure of random matrix [H,]

The concentration of the probability measure of random matrix [H,] is defined (see [30]) by

d*(moy) = E(ILH.] = 2111}/ lna111% - (A.6)

Let M = {mgy, moy+1, . . ., ng} in which m,, is the optimal value of m. Theorem 7.8 of [30] shows that min,,ex( d 2(m) <
L+ myy/(ng — 1) < d?*(ny), which means that the PLoM method, for m = Moy and [goy] is a better method than the
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Figure 10: Application 2. Functions characterizing the reduced-order transient basis ROTB(nAf) as a function of time nAt: eigenvalues of [Kpy]
and of symmetrized [K(nAt)] (a); measure concentration with d 2 /y-criterion (b) and with Kullback-Leibler divergence criteria (c); angle between
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usual one corresponding to Py =1+ng/(ng—1) = 2. Using the nyy, realizations {[nfr], C=1,..., 0yt of [Hy],
we have the estimate,

Nyvicu

A (mepe) = (/e Y Al] = (nallP}/lnall (A7)
=1

Appendix A.5. Generation of learned realizations {7]5;, ' =1,..., n,} of random vector H,,

Let {([Z(®)], [Y()]), t € R} be the unique asymptotic (for + — +oo) stationary diffusion stochastic process
with values in M, X M, . of the following reduced-order ISDE (stochastic nonlinear second-order dissipative
Hamiltonian dynamic system), for ¢ > 0,

d[Z(] =Y ()]dt,
1 .
dlY )] = [L{Z®OD]dt - Efo Y (D)]dt + \fo AW ()],
with [Z(0)] = [14] [a] and [Y(0)] = [V ][a], in which

[a] = [gop] ([8op]" [8opt]) ™" € Mgy -

(D) [LAZ®D] = [LAZ®][8ox]))] [a] is a random matrix with values in M,,, .. For all [u] = [u'...u"] in M,,,
withu/ = (u],...,u}) in R, the matrix [L([«])] in M, is defined, for all k = 1,...,v and forall j = 1,...,ng, by

1 .
[L([uDlkj = —— N p@)}i, (A.8)
pu))
ph = L 3 expt- LSy —wi)
na 4 252 s ’
PN o LS i
Vo pu))=— (=1’ —w)) exp{— -0/ - |},
§%ng £-'s 25%"s
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Figure 11: Application 3. Probability density function (pdf) of components 1, 6, 25, and 40 for H estimated with the n, realizations of the training
dataset (thin black line) and pdf estimated with n,, learned realizations (thick blue line), for H, using MCMC without PLoM (a,d,g,j), for Hpp
using PLoM with RODB (b,e,h.k), and for Hrg using PLoM with ROTB(nopiAf) (c, 1, 1, 1).

in which § is the modified Silverman bandwidth s, which has been introduced in [64],

s 4 1/(v+4)
_— , §=—— .
ng — 1 {w0+w}

s2 +

v
Il

nq

(2) [WYe(5)] = [WYier()] [a] where {{WYer(5)], € R*} is the M,,,-valued normalized Wiener process.

(3) [N ]1is the M, -valued normalized Gaussian random matrix that is independent of process [Wwien],

(4) The free parameter f, such that 0 < fy < 4/5, allows the dissipation term of the nonlinear second-order dynamic
system (dissipative Hamiltonian system) to be controlled in order to kill the transient part induced by the initial
conditions. A common value is fy = 4 (note that § < 1).
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Figure 12: Application 3. Joint probability density function of components 24 with 40 of H estimated with the 4 realizations of the training dataset
(a) and estimated with ny, learned realizations, for Hy, using MCMC without PLoM (b), for Hpg using PLoM with RODB (c), and for Hg using
PLoM with ROTB(r0tAt) (d).
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4
(a) clouds for (Har,1, Har,6> Har,12)- (b) clouds for (Hpp, 1, Hpp.6» HpB,12)- (c) clouds for (Hrp,,Hrpge,Hrp12) at
time nopt At.
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(d) clouds for (Har,12, Har,25, Har.40)- (e) clouds for (Hpg,12, HpB 25, HpB 40)- (f) clouds for (Hrg 12, HtB 25, HTB 40) at

time nopt At.

Figure 13: Application 3. Clouds of n,, points corresponding to n,, learned realizations, for components 1, 6, 12 (a,b,c) and components 12, 25, 40
(d.e,f), for Hyr using MCMC without PLoM (a,d), for Hpg using PLoM with RODB (b,e), and for Hrg using PLoM with ROTB (nopiAf) (c,f).

(5) We then have [Z] = lim,_, .. [Z(?)] in probability distribution. The Stérmer-Verlet scheme is used [1] for solving
the reduced-order ISDE, which allows for generating the learned realizations, [zir], ..., [gven], and then generating the
learned realizations [n} ], ..., [p™<] such that [7] = [z{]1[gopx]” . The implementation of the Stérmer-Verlet scheme
is detailed, for instance, in the Appendix of [22] for parallel computation, introducing the following parameters: the
integration time step Aty, the initial time #; = 0, and the final integration time #; = My X Ay, at which the stationary
solution is reached.

(6) The learned realizations {x,f;, " = 1,...,n,} of random vector X are then calculated (see Eq. (A.1)) by xfr =

x + [¢] [1]'2 n.

Appendix A.6. Constraints on the second-order moments of the components of H,,

In general, the mean value of H, estimated using the n,, learned realizations {nf;, ¢ =1,...,n,}, is sufficiently
close to zero. Likewise, the estimate of the covariance matrix of H,,, which must be the identity matrix, is sufficiently
close to a diagonal matrix. However, sometimes the diagonal entries of the estimated covariance matrix can be lower
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Figure 14: Application 3. Functions characterizing the reduced-order transient basis ROTB(nAf) as a function of time nAt: eigenvalues of [Kpy]
and of symmetrized [K(nAf)] (a); measure concentration with d? /v-criterion (b) and with Kullback-Leibler divergence criteria (c); angle between
the subspaces spanned by RODB and ROTB(nAt) (d); entropy of pdf prg(- ; nAf) (e); normalized mutual information (MI) of pdf pg and prg(- ; nAf)
().

than 1. Normalization can be recovered by imposing constraints
E{(Ho?) =1, k=1,....v, (A9)

in the algorithm presented in Appendix A.5. For that, we use the method and the iterative algorithm presented in [32]
(that is based on Sections 5.5 and 5.6 of [21]). The constraints are imposed by using the Kullback-Leibler minimum
cross-entropy principle. The resulting optimization problem is formulated using a Lagrange multiplier A = (44, ..., 4,)
associated with the constraints. The optimal solution of the Lagrange multiplier is computed using an efficient iterative
algorithm. At each iteration, the MCMC generator detailed in Appendix A.5 is used. The constraints are rewritten as

E{th(H,)}=b, (A.10)

in which the function h = (hy, ..., h,) and the vector b = (b4, ...,b,) are such that i (H,) = (H.dr?k)2 and by = 1 for k
in {1,...,v}. To take into account the constraints in the algorithm presented in Appendix A.5, Eq. (A.8) is replaced
by the following one,

1 , ,
[La([uD]x; = h) (Vi p@))l = 2 .. (A.11)

It should be noted that Eqs. (A.9) to (A.11) can be straightforwardly extended to the case in which the constraint
defined by Eq. (A.9) is replaced by the full second-order moment constraints E{H,.} = 0, and E{H,, ® H,;} = [I,],
that is to say,

E(Hu ) =0, E{(Huex)Y =1, k=1,...,v , E{HyHuw}=0, 1<k<k <v. (A.12)
The iteration algorithm for computing A™*! as a function of A’ is the following,

AL = A 7D, 020,
=0,
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in which I"(X) = b — E{h(H )} and [T”(X)] = [cov{h(H )}] (the covariance matrix), and where q; is a relaxation
function (less than 1) that is introduced for controlling the convergence as a function of iteration number i. For given
ip > 2, for given §; and B, such that 0 < 8; < 8, < 1, @; can be defined by:

-fori<iy, ai=p1+ B2 - B -1/ - 1);

-fori> i, a; = Bs.

The convergence of the iteration algorithm is controlled by the error function i — err(i) defined by

err(i) = |lb — EXh(H)MI/11BI - (A.13)

At each iteration i, E{h(H )} and [cov{h(H ;)}] are estimated by using the n,, learned realizations of H, obtained by
reshaping the learned realizations. If ij,g is the last iteration corresponding to convergence, we have H,, = Hy with

[ = Iast-

Appendix B. Estimation of the Kullback-Leibler divergence, the mutual information, and the entropy from a
set of realizations

The definition Kullback-Leibler divergence, the mutual information, and the entropy can be found in [95, 96, 98].
The estimation of these quantities from a set of independent realizations is carried out using the Gaussian kernel
density estimation (GKDE) method [65, 36, 66].

Forv > 1,let X = (Xy,...,X,)and Y = (Y},...,Y,) be R"-valued random variables defined on the probability
space (O, 7, P), whose probability measures are Px(dx) = px(x)dx and Py(dy) = py(y) dy, in which the probability
density functions py and py are assumed to be strictly positive. Let (x(,6=1,...,N.)be N, independent realizations
of X and let { yj ,Jj=1,...,N,} be N, independent realizations of ¥. For k = 1,...,v, let ox, and oy, be the standard
deviation of X} and Y} that are estimated (empirical estimator) with the independent realizations. Finally, we introduce
the Silverman bandwidth for the Gaussian KDE estimation of px and py,

4 1/(v+4) 4 1/(v+4)
Sp=d— R £ : (B.1)
N2 +v) N,2+ )

Appendix B.1. Estimation of the Kullback-Leibler divergence from a set of realizations
The Kullback-Leibler divergence (or the relative entropy) between px and py is defined by

X
D(pxllpy) = fR px(x) log(” x ))dx—E{log(” K ))} (B.2)

pr(x) py(X)
The GKDE, D(px||py), of D(px|lpy) yields the formula,

N Oy, X... X0y,
Dipxl py) =vlog( > ) tog | )+ log| M

Ox, X...X0y,
1 N, 2221 exp( 2 Zk 1(Xk Xk)z)
o Zlog : (B.3)

N,y X -y
t o= j]exp( zsz 1(k k)z)

Appendix B.2. Estimation of the mutual information from a set of realizations

The mutual information /(X) of X allows to quantify the level of statistical dependencies of the components
Xi,...., X, of X = (Xy,...,X,). Let px, be the pdf of real-valued random variable X,

Dpx, (xx) = f 1 PX(X15 0oy Xkm1s Xy Xkt 15 -+ X)) dX1 o odXpoy dXpy - . dx, . (B.4)
R

The mutual information /(X) is defined by

, px(X)
I(X)=D =Ejql ' B
X) (px 1®;-;Px,) { Og(pX1 (X)) X ... % pr(Xv))} ©
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Eq. (B.5) shows that, if the components X1, ..., X, are statistically independent, then /(X) = 0. The GKDE, f(X) of
1(X) yields the formula,

it
R e C =
Ix) = = > log — — (B.6)
¥ o [T;- (E 2o €Xp (—T@_(—k(rxkk )2))
Appendix B.3. Estimation of the entropy from a set of realizations
The entropy related to py is defined by
Sx=- f px(x) log px(x)dx = ~E {log px(X)} . (B.7)
RV

The GKDE, Sy, of S x yields the formula,

Sx =vlog(sN2r) + log(oy, X ... X oy,
1 v
N. N. v A ¢
1 & 1 & 1 A
——§1 —§ ——§— . B.8
N, &4 2\ N, leeXp[ 252 k:l( ox, )] (B.8)

Since Jg(Ny) = vlog(sV2m) is asymptotically for Ny — +oco in —log(Ny), the entropy decreases when N, increases.
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