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Abstract

We aim at studying a novel mathematical model associated to a physical phenomenon of
infiltration in an homogeneous porous medium. The particularities of our system are connected
to the presence of a gravitational acceleration term proportional to the level of saturation, and
of a Brownian multiplicative perturbation. Furthermore, the boundary conditions intervene in
a Robin manner with the distinction of the behavior along the inflow and outflow respectively.
We provide qualitative results of well-posedness, the investigation being conducted through a
functional approach.

Keywords: stochastic porous media equations, Robin boundary conditions, maximal monotone
operators, Yosida approximation.
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1 Introduction

Our contribution primarily focuses on the qualitative study of a fairly involved mathematical model
which describes the infiltration of a liquid (water) in an homogeneous porous medium (soil) taking
into account the influence of the gravitational acceleration proportional to the level of saturation.
In order to provide the readers with a keener insight, we choose to present the physical model prior
to further considerations on the different aspects of the state-of-the-art.

1.1 The physical model

Along with delineating the physical model, we choose to present the units of measure for the
different notions in paranthesis, such as to guarantee coherence.



First we consider an incompressible fluid with constant density denoted by p (%) . Then, we
consider a reference elementary volume V. (m3) belonging to the flow domain, and we distinguish
between V,, the volume of voids and V,, the volume of water in V,.. The flow is said to be unsaturated
as long as all pores are not filled with water.

We further introduce the notion of soil moisture as a scalar dimensionless notion by setting

As in classical fluid dynamics theory, we combine the Darcy law and the equation of continuity (or
mass conservation) in order to get a Richards’ type equation which takes into consideration the
influence of the gravitational acceleration. The originality of the model consists in the fact that
we assumed that the influence of the gravity on the dynamic of the flow is proportional with the
moisture. In turn, this translates into further mathematical technical difficulties. The relevance of
such models is illustrated shortly after this brief description of the model of interest.

In a classical manner, we invoke Darcy’s law written down as

k .
q=——(Vp— pbgis),
I
where

e ¢ is the fluid volumetric flux (m/s),

e k is the isotropic permeability (m?),

w is the coefficient of viscosity (kg/ (m - s)),

p is the pressure (kg/ (m - s?)),

p is the density (kg/m?),

6 is the moisture (a dimensionless physical constant)

gi3 is the gravity acceleration vector (g being expressed in m/s?).

On the other hand, the equation of mass conservation yields

9 (pf)
ot

+ div(pq) = f,

where p, 0 and ¢ are as above and f is a water source.
By combining the two equations and keeping in mind that p is constant since the fluid is incom-
pressible, it follows that

00 k

— — —div(Vp — plgis) = f.

o (Vp — plygis) = f

The attentive reader will have noticed that we have used f instead of a p-renormalized source. We
have chosen to do so in order to keep notations to a manageable minimum. The hydraulic theory
ensures that the water capacity is nothing but the derivative of the moisture with respect to the
pressure, i.e.,

_df

=0

As a consequence, one can assume that a primitive of C' denoted by C* is a single-valued positive,
twice differentiable, strongly monotonically increasing and concave function such that § = C* (p).

C (p)



Since it is more convenient to work with the variable 6, we introduce the inverse (C*)™", in order
to obtain an equation of the form

09 k-1 kpg .. o\
N A;(C’) 0) + . div (0iz) = f.

_ k
By denoting ¥ (r) = E(C*) Y(r) and K = ﬂ, one can rewrite the previous equation in the
L
slightly more general form
00

(1) 55— AV (0) + Kdiv(0is) = J.

1.1.1 Numerical illustrations

Let us present some numerical illustrations of the impact of the gravity term in the model. In
Figure 1, we consider the porous medium mathematically modeled through ¥(r) = r3, and we can
observe that, for the same source on the top of the domain, the solution is quite different. The
humidity is more attracted towards bottom with the gravity term. This type of result motivates

the study of the model with the gravity term.

g-i3<0

Time

Figure 1: Illustration of the diffusion of the humidity inside the ground during time, from left to
right. On the top, without gravity, on the bottom with the gravity term.

1.2 A mathematical model

We are now able to introduce the rigorous mathematical model in the spirit of (1), in which the
source f is random and pertaining to a Brownian noise.

To this purpose, we consider a domain © which is an open bounded subset of R3 with smooth
boundary 0O = I'. This boundary is splited into two parts denoted respectively by I's (on the



surface) and T, (underground), and such that I' = I'; UT, and I'; N T, = (). This domain extends
from the soil surface I's to an underground boundary I', which is supposed to have a variable
permeability due to the presence of different types of soils. More precisely, we are interested in the
infiltration of the rain from surface boundary of the soil (source which is assumed to be known as
the average value of the previous precipitations) and underground water, taking also into account
the influence of the gravity on the diffusion process and a linear multiplicative stochastic noise
coming from the errors of the measurement.

Our mathematical model is the following

dX — AV (X)dt + Kngt =o(X)dW;, onQx(0,T)x O,

3

(2) X (0) ==, on O,
(KXiz — VU (X))v =s, on 2 x (0,T) x T,
(KXis — VU (X))v—a¥ (X) =u, on 2 x (0,7) x I'y,.

The solution X (w,t,&) of the equation (2) describes the moisture on a path w € Q. The solution
is sought with respect to a complete filtered probability space (Q, F, (]:t)tzo ,IP’), at each moment
t > 0 and at each point £ in space.

The nonlinear operator ¥ contains the physical pieces of information related to the hydraulic con-

ductivity of the soil, while the term K—— concerns the influence of the gravity on the diffusion
T3

process. We denote by v the outward normal to I' and by i3 the unit vector along the axis Oxs
directed downwards.

The functions s and u are supposed to be known on X3 = (0,7) x I'y and ¥, = (0,7) x [,
respectively. Note that the equation on I'y expresses the continuity of the normal component of the
inflow flux and the equation on I';, describes the behavior of the outflow. Finally, the function «
gives the variable permeability of the soil on the underground boundary I',,.

1.3 State of the art and main contributions

Several different models connected to the porous media diffusion are available. For general results
concerning the existence and uniqueness of the solution in the deterministic case for different models
including slow, fast and super fast diffusions in saturated or unsaturated flows, the reader is kindly
referred to, e.g., [1], [19] and [18].

The stochastic porous media equation has been intensively studied during the recent years. The
reader is invited to consuls [2] for a collection of results concerning the existence and uniqueness of
the solution for the case with Dirichlet homogeneous boundary conditions. For some critical cases,
the papers [8], [9], [14] are a good start. For some further qualitative properties of the solutions,
see [4], [12], [13], [15], [6], and for homogenization results see [10] and [11].

To the best of our knowledge, the only type of boundary conditions which was considered
previously in the literature for the stochastic porous media equations are of Dirichlet homogeneous
nature. On the other hand, the influence of the gravity on the diffusion process was never taken
into consideration for the stochastic porous media equations so far, again, to our best knowledge.

In the present work, we develop a new and more realistic physical model that takes into account
the influence of the gravity, as well as the different flows on the boundary, through Robin type
boundary conditions.

Our model implies several technical difficulties at the mathematical level. Since the usual
framework in L' or H~! are not appropriate for the Robin-type boundary conditions, one has to



consider a different space whose norm accounts for the different components of the flow, as well as
the source on the boundary. For this reason, several results, especially related to the construction
and the properties of the stochastic noise, and also to the activity of the porous media operator
needed to be adapted to the present case. The estimates and the convergences of the proof are of
a rather involved technical nature, because of the presence of several extra terms topping the more
complicated spaces and norms previously mentioned.

The paper is organized as follows. In section 2 we explain the fundamental mathematical setting
and the standing assumptions employed throughout the paper. The Gelfand triple with the appro-
priate norms is introduced in Subsection 2.1. The standing assumptions are gathered in Subsection
2.2; they concern the driving porous coefficient, the boundary inputs and the construction of the
noise coefficient. The notion of abstract solution is specified in Subsection 2.3, while the remaining
Subsection 2.4 concerns the (quasi-) accretivity properties of the abstract nonlinear operator. The
main result makes the object of Section 3, through Theorem 5. Its proof is divided into several
steps, and consists in two approximations, indexed by A,e > 0. Showing that the approximating
A, e-problem is well-posed in L? relies on Lemma 6, whose proof is relegated to the Appendix.
Passing to the limit as € — 0 relies on the estimates in Lemma 7, whose proof is given at the end
of Section 3. The remaining arguments are gathered in the proof of the main result.

2 Mathematical tools and assumptions

2.1 A Functional framework

In order to properly define the model, we need to introduce a functional setting which is appro-
priated to our problem. In particular, since we intend to rely on the Gelfand-triple arguments,
we introduce the norms on both the primal and the dual space in order to render the arguments
compatible with the homogeneous Robin conditions.

To this purpose, we denote by V the space H' (O) endowed with the following norm

1/2
\x|V=</O|w2ds+/F a(f)!w\2d§> |

where « is a strictly positive, continuous function, upper bounded and lower bounded away from 0.
One can easily check that the norm above is equivalent with the classical Hilbert norm of H'! (O)
(see Theorem 2.7 in the Appendix of [18]).

We denote by V' the dual of the space V' which is equipped with the scalar product

(x,T)y =z (p), Vax,zeV,

where ¢ € V satisfies the boundary value problem

—Ap =T, on O

0

£+a<p:0, on I'y
v

8785 = 0, on F5~

Here, z () represents the value of the functional x computed at ¢ € V, or the pairing be-
tween V and V' which reduces to the scalar product in L? (O) in the spirit of the Gelfand triple
VcL?*(O)cV.



We further consider the Laplace operator with Robin boundary conditions, and, more precisely
we are interested in the eigenvalues/ eigenfunctions problem

—Aej = )\jej, in O
e
(3) iyj +ae; =0, on I,
.
a—yj =0, on ['.

By the same argument as in the proof of Theorem 6.2 from [3] we obtain the existence of
a complete orthonormal system {ey}, in L?(O) of eigenfunctions of the Laplace operator with
Robin boundary conditions. We denote by {\}, the corresponding sequence of real and increasing
eigenvalues. We denote by C a general constant that may change from one line to another. The
fundamental boundedness properties are gathered in the first part of our Appendix.

2.2 Assumptions

Throughout the paper and unless stated otherwise, we will enforce the following.

1) The function ¥ : R — R is assumed to be a maximal monotone operator in R, continuous,
differentiable, increasing, i.e.

(U (r) =W (s)) (r—s)>Colr—s*, Vr,scR,
for some Cy > 0. Furthermore, we ask that
U (r)| <CL|r|™ + Co, VreR,
j(r) = [y ¥(s)ds > Cs Ir™ - Cyr? — Cs, Vr eR,
vU(0)=0

where C; >0, i € {1,...,5} and 1 < m. When K # 0, we ask that ¥ be strictly increasing,
i.e., Cyp > 0. We note that since ¥ is increasing, the mean value theorem implies that

r¥(r)>j(r), YreR

2) The function « : 'y, — [ay, apr] is positive and continuous such that
0<am<al(l)<aum,
for all £ € T'y,.

3) The functions u and s belong to L? (3,) and L? (X5) respectively, and are the traces in each
t of some functions 7 and § which belong to H' (O).

4) The Wiener process W is assumed to be cylindrical on L? (O) and given by
W)= Bj(t)e;,
j=1

where {f;} is a sequence of mutually independent Brownian motions on the filtered probability
(Q,F,(F), ,P) and {e;} is the orthonormal basis in L? (O) defined by the Robin-Laplace
operator.



5) In the noise we assume that ¥ is a linear operator from V' to the space of Hilbert-Schmidt
operators Ly (L* (O); V') of the form

S(x)h = pj(hej),ze;, VoeV', heL?(0).
j=1

In order to guarantee the Hilbert-Schmidt condition, i.e. 3772, [¥ (z) ej|%/, < oo, VxeV
we need to enforce the convergence of the serial

[e.9] [e.9]

d+1
Dk kel <CY i (1 + 4,7 ) oy
J=1 J

1

This inequality is guaranteed due to the estimates in the Appendix. For these reasons, we
ask that

o) ) dt1

> w <1+)\j2 > <C.

j=1

Remark 1 1. Note that, from the last two assumptions, we get that the form of the noise
coefficient is

S(X)dWy =Y Xejp;dB;(t), VX eV, t>0.
j=1

2. The assumption on j in the first point guarantees, in particular, that the range of ¥ covers

the whole R.

3. The constant C5 can be chosen to be positive and this guarantees coverage of cases when V¥ is
null on a compact domain, as it is the case, for instance, in Stefan-like problems.

2.3 A notion of solution

In order to explain the choice of the solution for equation (2), we shall first rewrite the equation as
a problem set on the space V'.

@ { dX (t) + A(X () dt + F, (t) dt + F, () dt = £ (X (t))dW,, fort € (0,T),

X (0) ==z,
where the nonlinear operator A : D (A) € V' — V' is defined by
0
v (AX), @)y = / (V\I/ (X) Ve — KXJ) d¢ +/ aTr (¥ (X)) Tr (p)do,
(@] 3 u
for all ¢ € V. The natural domain is
D(A)={X e L*(0); V(X)e H (0)}.

The reader is invited to note that, since ¥ (X) € H! (O), then the trace Tr (¥ (X)) € L?(I') and
therefore the operator A is well defined.

The second and the third operators from the equation (4) belong to L?(0,7T;V’), and they are
defined by
P (o)== [ u®Tr(e)ds. o,

u

7



respectively by
R =~ [ sTr()do, VpeV.

With the notations above, the equation (4) is well posed as a Cauchy problem in V' and we use this
formulation to construct a variational solution by testing the equality against the eigenfunctions,
i.e., by requiring

mwmww+4@uxmxmwm+A<&vxwwm+4<ﬂ@xwwm
= (z,€5) +/0 (E(X (r)dW,,e5),,, Ytel0,T],

P-a.s., and for all e; from the orthonormal basis specified above.

In order to define a more detailed form of the solution we make some explicit computations which
are also going to be useful throughout the paper in order to pass from the nonlinear operators of
type A to the underlying real functions V¥, respectively to K. We have:

(5) <A(X(r)),ej>v, = /OV\I!(X)-Vgojdg—/oKngdf—k/ aTr (U (X)) Tr (¢;)do

where ¢p; = )\j_lej satisfies the equation

dp

a . .
L] 52 =0, onl..

—Ap; =ej, on O, By

+ap; =0, on I'y,

The first term on the right-hand side in (5) is treated using Green’s formula to get
/ VU (X)-Ve;de = —/ \I/(X)Acpjd§+/ Tr(¥(X))Ve;-vdo
@ @ Ty

_ /@@ﬁﬂp- oTr (¥ (X)) Tr (¢;) do
@] Ly

and, therefore,

(6) <MXW%@W=/

(qz (X)e; — Kxa%'> de.
O

81‘3

We can now give a precise definition of what the solution of our equation should be seen as.

Definition 2 Let us consider an initial condition x € V'. A V'—wvalued continuous, F—adapted
stochastic process X is called solution to equation (2) on [0,T] if X € L> (0,T; L* (Q; V")) and the
following equality holds true for all the eigenfunctions e;:

<X(t)’€j>v'+/O\I[(X)ejd§_/oKngd£+/o <Fu(r),ej>v,d7“+/0 (Fs (1), e5)y, dr
@qm+é<dxwmm&mm vt e [0,7],

P-a.s. and for all e; from the orthonormal basis defined above and where ¢; satisfies the equation

Op; 0p;
(7) —Ap; =ej, on O, % +ap; =0, on Ty, % =0, on ;.



2.4 Quasi-m-accretivity of the operator A

Before proceeding to the main result, we look into monotonicity properties of the operator A
previously defined.

Lemma 3 Under the previous assumptions, the operator A is quasi m-accretive in V' provided that
Cy > 0. When K = Cy = 0,the operator remains quasi-accretive.

Proof. Let u be a positive real number which is assumed to be large enough. We aim at proving
that
(W +A)x—(u+A)y,x—y), >0, forall z,y € V.

When Cy > 0, we further prove that the range of the operator ul + A is full, i.e.,
R(pl+A)=V"

We denoted by I the identity operator on V’ and by R the range of the operator ul + A.
We start with the accretivity of the operator, i.e.

(0T + Az = (T + Ay =)y = le=sff+ [ (T () = V0 () - Ve
—K/ z—y a¢dg+/ a (T (z) — U (y)) pdo,
where
_ dp _ ¢ _
(8) —Ap=x—1y, on O, ey +ap =0, on Ty, ey =0, onT.

Using Green’s formula, we get

[ 0@ - Vate = - [ @) -vw)spds+ [ (@) -0 ) Fodo
o o . >
- [@@-ve) - [ () wdo
O

This further yields

(Wl +A)x = (pl + A)y,x = y)y
= —y|? x r—y T —y O
= o=yl [ (@) =¥ () @) - K/ D gL s

> ple =yl + Cole —ylizo) — Ko —yl20

3$ L2 (O) '

One easily notes that

Oy

03|12 (0)

9)

= |<V<Pai3>R3|L2(o) < |V‘P|L2(O)

On the other hand, from (8), it follows that

1z —yli = |=Apli, = (=Ap) (7) = (—Ap,7),,

where v is the solution of

0 0
—Ay=—-Ayp, on O, i 4+ ay =0, on Iy, 97 _ 0, on .
ov Oov



Since —Ay = = — y, by the uniqueness of the solution of the previous equation, it follows that
~v = ¢. Therefore, by invoking once again, Green’s formula,

|JU - yﬁ/' = <_A%0a 90>2 > |V80’%2(0) .
Going back to (9), it follows that

dp

(10) D25

S |33 - y|\// )
L2(0)

and, as a consequence,

(W + Az — (u + A)y, & —y)yr > ple —ylH + Colr — yliz0) — K |2 = yl 20 Iz — ylys

(11) .-

for p large enough. The reader is invited to note that the same holds true if K = 0, for every pu > 0,
and regardless of the value of Cy > 0. We shall prove now the maximality of the operator under
the assumption that Cy > 0. More precisely, we show that for every g € V' there exist § € D (A)
which solve the equation

(12) pr + Az = g.

Since V¥ is continuous and strongly monotone, increasing on (—oo, +00) and R (¥) = (—o0, +00),
one establishes that U~! is Lipschitz-continuous, and, therefore, it is continuous from V to L? (O).
(12) can be rewritten as p¥ =t (y) + A (y) = g, with A: V — V' defined by

v (AW ), = /O Vy . Vid — /O Kol <y>§2dm+ [ av wedo

u

for Vo € V.

By elementary computations, we can check that ¥ ! + A is continuous from V to V’, monotone
and coercive. By using Minty’s theorem (see [3]) we have that ¥=1 + A is surjective which implies
the existence of an unique solution to equation (12). m

Remark 4 We have chosen to give the proof here rather than postponing it to an appendiz, since
inequalities like (10) and the interplay between p large enough and Cy and K as emphasized in
the proof of (quasi-)accretivity, i.e., through the inequality (11), will play an important part in our
subsequent arguments.

3 The well-posedness result

We are now able to formulate and prove the main result of this paper.
Theorem 5 For every x € L?(0), the equation (2) has a unique solution in the sense of the

Definition 2, such that X € Cyw ([0,T]; L? (Q; L* (0))).

Proof. We have already established that the operator A as defined above is quasi-accretive in V.
The equation (2) can be rewritten, for u > 0 large enough, in the following equivalent form
(13)

dX (t)+ (I + A) (X () dt — pX (t)dt + F, (t)dt + Fs (t)dt = X (X (t)) dWy, t € (0,T),

X (0) = =.

10



It is obvious that a solution for p > 0 is also a solution for some p/ = 0, and vice-versa. Fur-
thermore, the accretivity property of ul + A allows one to prove the uniqueness of the solution of
(13). Since these arguments are standard and follow from the inequality in (11), we will omit the
uniqueness proofs and concentrate on the existence arguments.

We first approximate the operator ¥ by v » = M + Uy where W) is the Yosida approximation of
U, i.e.
1 _ _
) =5 (r-TA) T ) =w (U207 (1), vreR
We denote the resolvent of ¥ by Jy = (I + )\\Il)fl. The reader is invited to note that, by a slight
abuse of notation, we refer to I as the identity function on R, although, further on, this will also
refer to the identity on V.

Note that W, is Lipschitz-continuous and strongly increasing in R. Let us denote by A, the
operator which is defined as A where one replaces ¥ by its approximation ¥y. In particular, note
that this operator is quasi m-accretif, owing to Lemma 3. Furthermore, the constant p can be
chosen large enough, and, prior to Step III, we will fix A > 0 and pick p = ().

This gives the first approximation of the equation (2)

(14)
dX () + (ul + A)) (X (b)) dt — pXy (t)dt + F, (t) dt + Fs (t) dt = % (X (t)) dWy, t € (0,7T),

X (0) ==.

In order to get the existence of the solution, we need another approximation. By Lemma 3 the
operator A‘)f = pl + Ay is m-accretive in V'’ and, therefore, one can take the Yosida approximation
of the operator Ay in V'. For readers convenience, let us recall that

TS = (I+eA)™" ) Ve >0,
is the resolvent of A\ and

ARE == (I = J§°) = AK (J5°), Ve>o0,

M| =

is the Yosida approximation of Aﬁf .
Since the operator Af\"e is Lipschitz in V, it follows by standard theory for stochastic equations
in Hilbert spaces that the approximating equation
(15)
{ dX§ (t) + AVE (X5 () dt — pX5 () dt + F, (t) dt + F, (t) dt = o (X5 (¢)) dWy, t € (0,T),
X (0) ==,

has a unique strong solution X§ belonging to Cyw ([0,77];L? (; V')) with

ARE (X5 () € Cw ([0, T];L* (S V')). We recall that the subscript W specifies adaptedness with
respect to the natural filtration, hence with respect to F.

Step I (existence of the solution for the approximating equation in L?(0.) In order to have also
the existence of the solution in Cyy ([0, T); L? (Q; L? (O))) , we shall prove the following preliminary
results.

Lemma 6 The resolvent y — J{"* (y) = (I + sAﬁ)_l (y) is Lipschitz continuous in L* (O).

We move the proof to the Appendix for our readers’ sake.

11



Consequently AY° = 1 (I — J{"%) is Lipschitz continuous in L?(O) and, therefore, by standard
existence theory for stochastic PDEs, for each x € L? (O) the equation (15) has a unique solution
X5 in Cw ([0,T]; L* (2; L* (0))) (see e.g. [16]).

Step II (convergence in €). In this step, the € parameter is allowed to vanish, i.e., ¢ — 0 and we
look into the behavior of the limiting object.

To this purpose, the solution of the approximating equation is written as
t
(50 e5)y+ [ (A5 (X5 1))y
¢ t t
(16) — i [ R0 )y dr + /0 (Fu ) es)ydr+ [ (P (0) )y
—(z,¢; V/+Zuk/ P) ek e5)ys dBy (r), Vit € [0,T],

P-a.s., and for all e; from the orthonormal basis formed by the eigen-functions of the Robin-Laplace
operator defined in (3).
Simple computations yield, as before,

(AVT(XR) i)y = (X7 (X)) + (A (I07 (X)) s e5)

° (X3 7 °(X¢ € (ye dp;
o o

where ¢; satisfies (7). The solution (16) of the approximating equation is rewritten as follows

(X5 () €500 + 1 / (T (X5.(r)) € dr

+)\/ /J“E (X5 (r e]dgdr+/ /\Iu (J37° (X5 (r))) ejdedr
(17) —K/ /J“E X5 (r ‘pfdgdr— /O (X5 (r) ;) dr

+ /0 (Fu () s e5) 0 dr + /0 (Fy (1) s e)y dr
= (z,¢; V,+Zuk/ r)er, ej)ys dBx (r), Yt €[0,T].

Passing to the limit relies on the following preliminary results.
Lemma 7 For x € L? (O)the following convergence results hold true as € — 0.
X5 — X\ weakly in L™ (0,T; L (Q; L? (0))),
X5 — X\ strongly in L™ (O,T; L? (Q; V’)) ,
Uy (JE°(X5)) — n strongly in L (0,T; L? (Q; L* (0))),

where Xy is a solution to the equation (14). Furthermore, for a constant C(\) independent of
e >0,

T 2
(18) E /0 AL (X5 (r)]2, dr < C (V).

12



To facilitate the reading, the proof of the Lemma is postponed after the Theorem.
In order to pass to the limit in (17) we have first to note that

| X5 — I8 (X)), < e ]A8° (X3)

}V’ |V’
which implies, by (18), that
J3° (X5) = Xy strongly in L? (0,T; L* (V') .
On the other hand, one proves that
JI(X5) — X\ strongly in L* (0,T; L? (% L* (0)))

see (31) in the proof of Lemma 7.
Finally, since the map ¥ is maximal monotone in L? (O, T; L? (Q; L? (O))) , it is weakly-strongly
closed and, therefore,
n=Vy(Xy).

One can now pass to the limit in (17) to get

(Xa (1), €y>v/+>\/ /X,\ egdﬁdT—F/ /‘I’,\ (X (r)) ejd€dr
(19) —K/ /X g0”d5dr+/0t (Fu(r) s €5) dr—i—/ot (Fs (r) s ¢ dr

—(a,e; V,+Zuk/ X0 (1) exs )y dBi (), VE € 0,77,

where ; satisfies (7).
At this point, we emphasize, once again, that p plays a purely fictitious part in the sense that the
equation is the same with some p/ = 0 and, from now on, we concentrate on this latter formulation.

Step IIT a. (weak convergences as A — 0)
In order to pass to the limit for A — 0, one applies It6’s formula with the function ||}/, on [0,7] to
the V'-valued Ito process X, and get

El X, (t)|2v,+AIE/t|XA ()2 dr—l—E/Ot/O\IJ,\ (X (1)) X» (r) dédr
a t
—KIE/ /XA ded +IE/0( W (7)) + Fy (), X (1)) dr
= 2|$|%//+E;Mk/o 1 X (r) ekt dr,

where @) is the solution to

0 0
—Apy =X, on O, oA 4+ apy =0, on [y, oA _ 0, on I'.
Oov ov

Keeping in mind that, for some constant C independent of A,

%

prl + /\ \XA\V, ,

13



(see Appendix), and due to the assumptions on F,, and Fj, one has

1 t t
B3 10 (0 + 38 [ @)+ B [ [ 0 (X0 (0) X0 () dgar
( t 04 t
<C (1+al}) + CE/ X5 ()2 dr + 41@/ X ()2 dr.
0 0
On the other hand owing to the assumptions on j(-),

]E/Ot/oxp,\ (X)) Xdédr :E/O'f/oq,gA (X)) (X + Ty (X0) — Ji (X)) dédr

— ]E/Ot/O\IJ(JA(X,\))JA(Xx)dferrE/Ot/O\I/A(XA) (X — Jy (Xy)) dedr

Y

' t
E/o /(9 <C3|J>\ (X)) Oy | Ty (X)) —05) dgdr+§\[ﬁ;/0 /@KX)‘_J’\ (X)) dedr.

Going back to (20), one gets
1 t t m
E; X, (t)|2v,+A1E/ X ()2, dr—i—E/ /O (Con (E)I™ !+ Cal I (X2)? — O ) dedr
0 0
1 t
+IE/ / | X — Jy (X)) dedr
Ao Jo

t
< C (1 + |ac|%/,) + CE/ | X (7) |3 dr

//\XA — Jx (Xy)]? dfdr+E/ / |y (X)) dedr.

For A sufficiently small and owing to Gronwall’s inequality,
1 2 ¢ 2 ! m+1 Cy 2
IE§ XA @)y +AE [ | X (r)]y dr +E " Cs | Jx (X))] —I-?\J)\ (Xx)|7 ) dedr
0 0

1 C t
+ ( _ 4) E/ / X0 — Iy (X0)Pdedr < € (14 [ )
A 2 o Jo

and, therefore,

{X,} is bounded in L* (0,75 L* (Q; V"))
{Jx (X))} is bounded in L™ ((0,T) x Q x O).

From the assumptions on the upper bounds on W,
{¥ (Jx (X))} is bounded in Lo ((0 T)x Qx0O).
From the upper bounds on E [} [, | Xy — Jy (X))|* d€dr, one deduces that
{X,} is bounded in L?((0,T) x Q x O).
To summarize, one establishes the following weak convergences

Xy — X weakly in L (0,T;L* (; V")),
and L2 ((0,T) x 2 x O),
(X)) — X weakly in L™ ((0,T) x Q x O),
U (Jy (X)) — 75 weaklyin L™ ((0,T) x Q x O).

14



Step III b. (strong convergence in L™ (0,77 L? (Q; V')) and conclusion. )

In order to conclude the proof one still has to show that the limit of W (Jy (X)) can be identified
with ¥ (X).

Since the operator ¥ is maximal monotone in the duality pair

(Lm+1 ((0,T) x @ x O), L™ ((0,T) x Q x 0)) ,
it is suflicient to show that
t t
lim inf IE/ / U (Jy (X)) I (Xy) dedr < E/ / nXdédr.
A—0 0 Jo 0 Jo

To this end, it suffices to show the strong convergence of {X,} in L*> (O,T; L2 (% V’)) . One
employs Itd’s formula for the squared norm in V' on [0, ¢], and gets

E% X (t) — X (1) 3 +]E/Ot (AX (1) = N Xn (r), Xa (1) = X (7)), dr

+E / / (U5 (Xa (1)) — Wy (X (1) (Xa () — X (1) dédr
0 O

85“/ dedr

t
~KE [ [ (X0 = X () 22

HE/O (Fy (r) + Fy (1), X (r) — X (r))v,dr—E;,uk/o (X (r) — X (7)) exlt dr,

where @) ) is the solution to

0 / o /
AN | apyy =0, on Iy, )
ov ov

By recalling that, for some constant C' independent of A,

_ASD/\,A’ = X)\ - XA’) on Oa = 0, on Fs.

O\
81E3

A4l
< C[Xy = Xyly, and [(Xy — Xy)exly, <C <1+>\k2 > [ X5 — Xy
2

and from the assumptions on F,, and Fj, it follows that

E% X () — Xn (D)3 +IE/O (AX (1) = N X (r), Xx (r) = X (7)), dr

(21) +E [ /O (U5 (X5 (1) — Wy (X (1) (X () — Xy (1) dédr
gcu-«:/o 1 Xy () — X (1)]3 dr+080E/0 X (r) = X (r)[3 dr
As before

(Ux (X)) = Uy (X)) (Xn — X)
= (Ux(Xn) — Uy (Xn)) (D1 (X)) = Ty (X))
+(Tx (X2) = Wn (X)) (AT (Xn) = Ny (X))

Colx (X3) = I (Xx) =2 (A X) (19 (00 + [0 (X))

Y

and

31X — Jy (X)) 43X — Iy (X)) + 3|05 (Xa) — Iy (Xa)[?
= 32Uy (X2 4+ 3 (V) W ()2 + 3]0 (X)) — Ja (Xa)[?

X5 (r) = X (1)

IN
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Going back to (21), one concludes, for 0 < A\, X < 1,
1 2 t CO 2
ES 1X5(®) - Xy (O +E 5 I (X0) = v (X)[" dédr
0 JO
t
< CE/ X (r) — Xy (r) |3 dr
0
t
+O (0 NE [ ] [ (103 (0 + 10 (R d + 16 (09 + X () ar
0 @]
and the strong convergence follows from Gronwall’s inequality and the aforementioned estimates
for the right-hand terms.

Finally, by the same argument as in [5], we get that 7 = ¥ (X) and the proof is complete. m

In the previous result, during the second Step, we have used the convergence stated in Lemma
7. Let us now prove those statements.

Proof of Lemma 7. Step 1 (estimates in V’). First, we apply It6’s formula to the function
H%/, on [0,T] with the V’'-valued diffusion X§. We get

t t
E (X5 (1), + 2B /0 (AB€ (X5 (r)), X5 (1)) dr — 2E /0 X5 (7) 2 dr

t t t
+2E/ (Fy (1), X5 () dr—i—QE/ (Fs (1), X5 (), dr < \x|%/,+cn«:/ | X5 (r)[3 dr.
0 0 0

On the one hand,

2
\"&

g g g 1 g
(AR7 (X5, X5y = (AKX (JR° (X0)), I07 (XR))y + 2 [XX = 07 (X3)

2

= U |J§f7a (Xi) %

1
Vo (A (T (X5)) T (X)) + 2 X5 = 747 (X5)

> 0.

By using Gronwall’s inequality, one has
(22)

t
E X5 (t)[3, + 2E /0 |7 (X5 ()

t
2 1 2
2 dr+ 21@/0 LIXS () G 02 dr < 0 (11l

for Vt € [0,T], where C' is a constant independent of € and .
Step 2 (estimates in L?(0)). We continue with applying Ito’s formula to the function
|l == [-| z2(0)» to the L? (0)-diffusion X§ to get

t t
E|X5 (6)2 + 2E /0 v (ABE (X5 (7)), X5 (1)) dr — 24E /0 X5 ()2 dr
t t
2R / (Fu () + Fu (1), X5 (r))p dr < |22 + CE / X5 () 2 dr.
0 0
Taking into account that

v (AXT(XR), X5)y = v (AR (JR° (X)) J1° (XR) + 24X (J3 (X))

= IR (XD v (Ax (T8 (X)), T (XR))y + e A% (57 (X)) 5

Gronwall’s inequality yields that
(23)

t 2
E X5 (8)]3 +2E /0 (178 (XS N[5+ (Ax (I8 (X5 () 5 (X5 () ) dr < € (14 [23)
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for Vt € [0,T], where C is a constant independent of ¢ and .
Step 3 (estimates of Efot | LS (X5 (r))ﬁ/, dr).
One begins with writing
[ AN (XS ()] = (IR (XR) + Ax (I0° (X5) 5 w37 (X5) + Ax (T3 (X5)))

20|37 (X7 +2An (737 (X5)

2
\d

IN

2
v

Furthermore,

%/, =y (Ax (JV°(X5)) )y

_ /O (v@ (JIF (X)) - Vg — K J0 (X5) g:;i,) dé + / oTr (U (5 (X5)) ) Tr () do

[Ax (J3° (X3))

where ¢ satisfies

Oy

0
—Ap = Ay (JY°(X5)), on O, 98 ap =0, on T, 3

By =0, on I'.

Green’s formula gives

(24) |Ax (J5°(X3))

T e 5 € 5 £ £ a
f/, :/ Uy (S (X5)) Ax (I (X5)) dg—/ KJ{ (X5) . dé=:I) + I».
o o Oz3

By using the form of the operator Ay, and the fact that the Tr function is bounded by the
H' (O) norm, it follows that

o= [ T O0) Ay (257 () e
= L[ g x| s = [ e (05 5 (5 () de
+/F o |Tr (W5 (447 (Xi)))‘Qda

< C/O\V‘Tu (Ji"a(Xi))fd&JrC/O\Jﬁ‘f(xi)fdﬁaM)@A(Jg’f(xi))f

HY(0)

Since U » is assumed to be Lipschitz
~ ~ 2
/O T (J1F (X5)) Ay (J1° (X5)) dé < C /O [V (2 (x5))[ e+ /O e (x5 de.

On the other hand, using arguments in the spirit of (10),

2

Oy 2 1
J— _ 13212 3 12219 3 - 12212 3
I, = K/OJA (Xk)amdggc/OUA (X35)| d§+2\AA(JA (X)) |y -

By replacing I; and I in (24), we get
1 € I 5 2 €
(25) 3 Ay (25 (X)) < C’/O ‘V\IIA (J4 (Xi))j dé+C (M) /O |78 (x5)| de.

Since E fg Jo | I (X i)’Q d¢ is bounded uniformly in ¢, it is now sufficient to bound the first
term on the right-hand of (25).
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First, the reader is invited to note that
/ VU, (J4°(X5)) - VIS (X5)dE = / VU, (J4°(X5)) - V! (\T:A (I3 (Xi))) d¢
o @

(26) 2 ! 2
= [ |9 gt o] (15) (2 ) de = e [ [0 (247 00) e

@ O
because \il;l is strictly increasing which follows from the fact that v » is Lipschitz-continuous. The
constant ¢ > 0 is generic, but we write it as a lower case since we will be employing it hereafter.
The definition of Ay yields

/O VU, (4 (X5)) - VIS (XS) de

0
< v (A (R OX0) I (X0 + K [ 0060 5 0 (0 e

. / oTr (\IJA (i (Xi))) Tr (J1 (X5)) do

u

d
<y (A (JPF(XR)), I8 (X§)>V+K/O JAe (Xi)a—mjf’s (X5) d¢.

The latter inequality follows from the fact that
Tr (T (J4° (X5)) ) Tr (4 (X9) = Tr (T (47 (X5) (J57 (X5)) )

where the right-hand operator acts on W1’1,~and its argument is non-negative due to the mono-
tonicity of Wy. The reader is reminded that \11;1 is %—Lipschitz continuous. As a consequence, for

6 > 0, one has

Jf’e(w)iJf\"a(I)

€ 1 € = & 2 1 €
o <6 |V @) + 5 [ @)F < 00 ‘V% (Jt (x))( + = @)

Owing to (26), by picking ¢ small enough,
~ 2
e [0 (5 ()| v (i (27 (X50) 85 00+ €O [ g7 (x50 e
c s 5
+ 2/ VU (47 (X5)
@

We recall the estimate (23) in order to obtain, from (27) and (25), the estimates (18), i.e.,

(27) :

de.

E/O |ALE (X5 ()| dr < C (V).

Step 4. (strong convergences) In order to conclude the proof of the Lemma we shall now prove
that

(28) X5 — X, strongly in L* (0,T; L (V') .
and
(29) Wy (J4 (X5)) — n strongly in L* (0,T; L* (Q; L* (0))) .

To this purpose, we apply It6’s formula with the V’ squared norm to X§ — X il on [0,¢].
/ 2 t / ’ /
x50 - x5 ), + 28 [ (a7 o) - 4 (x5) x5 - x5,

2 t , t /
Vdr+2E/ <FU+FS,X§—X§>V drgoﬂ-z/ ‘Xi—Xi dr.
! 0 ! 0

t , 2
—QMIE/ ‘Xi—Xi
0 v’
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For the term involving the differential operators A%”, one has

(30)
(e (ox5) - A (x5) x5 - x5,
= (45 (= (x5) = 44 (7 (X)) 4 ) - 2 (x5,
+ {45 (87 ) — 45 (17 (XF) ) oA (037 (00) - 45 (47 (57) ),
s (0 ()0 (30) 050 (),

-k (3 x5 - (x7), 2 Loy (x5 )

> (e +e) (\A“E
2
12212 [ € e’ a 890
—Ap = JI(X5) = b (XA>, on O, 2 4 ap=0, on Ty, S0 =0, on T,

a:Eg
where ¢ satisfies
ov

Going back to (30), one gets

2 t / N |2 ¢ / N |2
L+ 2uE / e (x5) = 47 (x5)|dr+22E / 7 (x5) = 4 (x5) | dr
0 0

+2E/0t<\1/A (J35(X5)) — (J#s ( e)) JVE(XS) — Jﬁ\‘ﬁ’ (Xi')>2dr
—QKE/t<Jf\L’E (X5) — J’” 6 > dr
0

t ’ A |12 t 112
4 (e+5’)IE/ <|A§’€ (X% + ‘A‘;’E (x5)] )drg CE/ X5 x5
0 v 0 v

Since

E‘Xi ~xg

) dr.

/ 680
o HHE g\ _ THE 5
2K <JA (X5) — J¢ ( ) 8x3>
A ‘J“’s (X3) — g (X) K )J“’E (X3) — i (X) ’
A A A A 9 A A A A A v )

by the same argument as in the Lemma 3 (see (10)), and since the strong monotonicity of Wy *
yields, for some generic ¢(\) > 0,

(o (5 (3650) = 9 (25 (X1 ) 87 (X0 = 2 (x5)),
> o) [wa (47 (x5) - wa (2 (x5)]

one gets

E‘Xﬁ ~xg

2 K2 t e - (e’ o 2
Lt <2u—/\>E/O ’JA’ (X5) — J (X,\)

dr
v
+AE /Ot (ngs (X5) — Ji (Xi) E dr + 2c(A\)E /t ‘pr (J12 (X)) — W (Jf,s/ (Xi)) E dr

4+ )E / <]A”€

dr.

—l—‘A“E(X/\)‘ )dr<C]E/ ‘X/\—X,\
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Finally, by Gronwall’s inequality and keeping in mind (18), for u sufficiently large (larger than
K2
5y ), one gets

E )Xi -~ x¢

2 t , A 12 t p A (2
V/+IE/ ‘J/‘\"a (X5) — Jp* (Xi)‘w dr—i—E/ ‘Jff (X5) — Jpe (Xf\)LdT
(31) 0 0

+ E/Ot o (77 (x5) - o (27 (X9) E dr <C(\) (e +¢).

The proof of the lemma is complete by letting ¢, — 0. =

4 Appendix

4.1 Estimates on the eigenfunctions and well-posedness of X

Let us consider the Laplace operator with Robin boundary conditions on an open bounded domain
O € R? with regular boundary. We consider the eigenfunctions {ej}; and the eigenvalues {A;},
that is, we look into the following problem

—Aej = Ajej, on O,

e

—]—l—aej =0, only,
v

9

- 0, on [';.

where 0O =T is sufficiently smooth, formed by the disjoint parts T',, and T, i.e.
r=r,ul,, TI',nNnI,=0.

This problem has a sequence of solutions (\;, ¢;)jen with A; > 0 a growing sequence which tends
to infinity. This result can be easily deduced using classical results on self-adjoint operators with
compact resolvant, see for instance Theorem 3.10, page 53 in [7].

Proposition 8 There exist two real constants C > 0 and C > 0 such that, for every x € L? (0),
2 _ A2
[zejl; <CON2 Jzly, VjEN,
and
9 — d+1 9 .
|lze;ly, < C <1 + ;7 > lz|y, VjeN.
Proof. To prove the first assertion, one notes that

d—1
[wejly < lejl o o]y < CA;* [zly, Vj€EN.

d—1
Indeed, in the spirit of of [17, Theorem 1], we have that |e;| < éAjT for all £ € N. The reader
is invited to note that we consider the eigenvalues to be \;, while [17] deals with )\5 as eigenvalue.
The constant C' is generic and depends on the domain O, but not on j.
In order to prove the second inequality, we consider the functional framework which was introduced
at the beginning of the paper. One has

2
lzejly, = (wej, zej)y, = (zej) (@),
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where ¢ is the solution of
0 0
—Ayp = ejx, on O, i +ap =0, on I'y, 9 _ 0, on I's.
ov ov

Since x € L? (0), it follows that

(32) (ej2) ()] = |(ej2 0| = / () de| < |zl lejoly
O

by the Gelfand triple V' C L? (O) C V'. One computes

lejol?s = / IV (ej0) 2 dé + / o lejpl? do
O

Ty

=~ [ et [ P9 ot [alee io
O

00 Tu

The reader is invited to note that, by a slight abuse of notations, we have dropped the Tr operator,
but it should still be kept on all the elements integrated w.r.t do. For the first term , one gets

1
—/A(ejso) (ejp) df = —/<€j¢2A€j+e§¢Aw+2V(€?) ' V(802)> 3
O @

2N 20A 1 2N (2 1 20
= — [ (ejp’Aej +efp go)d§+§ € (<p)d§—§ ejwda.

@ ] o0
Going back to the initial expression yields

1
lejely = —/(ejsozﬁejJre?tpAso) d§+2/€?A (%) dg
@ @]

1 390 9 (ejp) A 2
_/ e 81/d +/8y(e]g0)da+/a\ejcp\ do

00 00 Tu

1
= /Ajez 2d¢ — /ezgoAsOdﬁ-l- 2/65 (2¢Aw+2\vwl2) dg

o

_/ 209" —~do /8(;5p) (€j¢>d0+/a‘€j§0‘2d0

Fu

1 [ ,0
— /(Aje§¢2d§+e§|w|2) d§—2/ 5” do

@) 00

8 .
+/ (;Jf) (e;¢) d0+/a|ejg0|2dU::I+Bl—f—BQ—f—Bg.
00 Ty

Let us write




Since

it follows that

2

2
—aej, on Ty,

v Tov

2
10 (ej) _ 26‘86]‘ B { 0, on I,

2 L [0(¢?) 5
Bg:—/a|ejgo| da+2/ e ejdo.

00 00

Replacing in the previous relation yields

Then

2 Sl
lejoly < CA; /cp d§ + O

As a consequence,

|ejg0]%, = / ()\je?gﬁdf + e? \Vgo]2> dg.
O

a—1 ) d+1 ,
= [1ve d£§0<1+Aj2 )mv.
O O

d+1
2

2 o
6l = leja,ohy < lely ejely < C (1 oy ) ey el -

Going back to (32), one gets, by combining the last two inequalities, the remaining assertion of our

proposition. =

4.2 Proofof Lemma 6

Proof of Lemma 6. We write the weak form of the difference

I () = 14 0)+ <8, (5 () =<8 (7 @) =y =3 in V"

as

v (VT () = I3 @), Oy v (AN (I3 (1) — AN (N7 (@) Oy =ve (¥ = 3,. Oy
for ¢ € V and we take the particular element ¢ = Uy (J35 (y)) — U, (J4° () € V to get

v (5 ) = I8 @), 8 (5 ) = 0 (U5 @) )

\%

weu [ (05 0) = 7 @) (T (87 ) = 0 (247 @) de

+5/ ‘v% (I () = VO (J4° (y))fdg
@]
e /O K (4% () = 70 @) (V0 (57 ) = VO (4= @) - sl

+e /Fu oTr (\Tf,\ (Jfﬁ (y)) — U, (J;"6 (g)))%{g = /o (y —7) (@A (Jf’s (y)) _ T, (Jf’s @))> de.

From the A-strong monotonicity of v A, we have that

5 € /—\\2 T € U e 2
(A+ep) /O (3" () = I3 ()" de +¢ /O [V (74 ) = VI (5 @) dg

—eK [ (5 )= I @) (VI (5 ) = VO (57 @) ) - g
@]

+e / aTr (i17A (J12 () — 0y (T2 (y)))2 do < /O (y—7) (CIA (J4< () — Wx (S5 @))) de.

22



Elementary computations yield

(A +epX — eK?) /O (J55 (y) — J5*° (?))Qdf + E/ aTr ({i},\ (J5° () — W (J4° @)))2d‘7

u

< /O (v = 9) (Fr (7 W) = 0x (= @) ) de
< g5 [t g [ 08— 2t @) e

and, therefore,

1
(remn—ek? = 555) [ (080 - e @) < 5 [ w-tde

For p sufficiently large e.g., larger than Ki;‘ L we have the Lipschitz continuity of J/’\L € for every

0 < A, e < 1. Note that, alternatively, the conclusion can be obtained with a fixed p by requiring
to be small enough. =
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