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Abstract: The seismic assessment of multi-story buildings at city scale requires robust but 

simplified modeling techniques to reduce the computational resources and time. This paper 

presents an equivalent beam model (EBM), issued from homogenization, capable of 

describing the seismic response of real tall buildings. The EBM is a generalization of the 

Timoshenko beam model. It integrates shear, global bending, and inner bending 

mechanisms, which are identified to control the response of reticulated structures such as 

buildings, foams, honeycombs, or lattice structures. The parameters of the EBM are 

obtained through the static analysis of a single building story. This work uses a new finite 

element formulation of the EBM to estimate the dynamic properties of buildings (i.e., 

eigenfrequencies and eigenmodes) and perform time history analyses with natural seismic 

records. This approach is validated through a real case study. The Grenoble City Hall 

corresponds to a regular 13-story reinforced concrete building located in Grenoble-France. 

The inner bending significantly influences its behavior, whereas usual beam models do not 

include this mechanism. The results obtained via this 1D simplified EBM match those 

obtained with a fully 3D finite element simulation, which are also very close to experimental 

data. 

Keywords: seismic response, tall building, homogenized beam, finite element method 

1. Introduction  

 

In seismic assessment studies of a large group of existing buildings, simplified models for 

dynamic analyses keep being attractive despite the actual calculation capabilities of 

computers. At the local scale, information such as forces and deformations in the structural 

elements is of interest. At the global scale, modal parameters such as natural frequencies 

and mode shapes are fundamental for the dynamic description. The calculation of all the 

variables at both local and global scales is rarely performed by using a single simplified 1D 

modeling strategy. However, sophisticated techniques based on homogenization are able to 

keep the link between different scales.  

Two conditions are necessary to apply homogenization to building structures: periodicity 

and scale separation. Ordinary mid-rise and high-rise buildings are frequently periodic in 

height because a typical story is repeated all along the building height. The scale separation 

condition refers to the contrast between the size of the microstructure   , which is the 

height of one story, and the size of the deformation of the structure  , which is related to 

the wavelength. Alternatively,   can be expressed as a function of the height of the entire 

building   and the mode number  :    
(    ) 

  
 (Hans et al, 2008). The scale ratio, 

       , must be sufficiently small to allow homogenization. This scale separation 

condition is respected if the number of stories   and the mode number   verify:     
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and      . It is therefore possible to obtain homogenized 1D models for the dynamic 

characterization of numerous buildings in the frequency range, which is the most excited 

by earthquakes. 

This study is based on the equivalent beam model (EBM), issued from the homogenization 

method of periodic discrete media (HPDM) (Caillerie, 1989) applied to multi-bay frame 

structures (Hans et al., 2008)(Chesnais, 2010), and also on its finite element formulation, 
named the homogenized beam finite element model (HBFEM) (Franco et al., 2022). The 

HBFEM facilitates time history analyses and the integration of several story properties for non-

fully periodic structures made of “periodic sub-structures”. Herein, the HBFEM is utilized to 

perform dynamic analyses of an existing multi-bay frame building. The Grenoble City Hall 

(GCH) is a 13-story reinforced concrete building monitored since 2004 by the French 

Accelerometric Network (RAP). The GCH has served as a candidate in multiple research 

studies dealing with experimental dynamic characterization (Michel et al., 2006), 3D 

numerical model calibration (Michel et al., 2010) (Desprez, 2010), or fiber reinforced 

polymer retrofitting assessments (Desprez, 2010). Its building structure is not fully 

periodic: the structural element sections slightly decrease at mid-height. The HBFEM 

formulation proposed in (Franco et al., 2022) is used to integrate the properties of the 

typical stories of the GCH to build its 1D model.  

In this work, the analysis is focused on the linear elastic framework. The results of the 

GCH equivalent beam model are compared with those of its full detailed numerical model. 

The objective is three-fold:  

i) Detail the construction of the HBFEM model for real non-fully periodic structures. 

ii) Demonstrate the capabilities of this simplified model in the computation of 

dynamic properties and time history analyses.  

iii) Highlight the advantages of the understanding of the mechanical functioning of 

building structures. 

 

2. Model formulation 
 

The transverse dynamics of building-type structures (interconnected walls/columns and 

floors/beams) is described through the HPDM by (Hans et al., 2008). They focus on one-

bay frame structures as the one shown in Fig.1a. This idealized structure has a total 

height      , where   is the number of stories,    the height of the stories and    their 

width. A systematic study on these one-bay frame structures is conducted to assess the 

evolution of the overall structural behavior with respect to the stiffness contrast between 

the walls and the floors. Two significant results from this study can be highlighted: the 

identification of the structure governing mechanisms, and an analytical formulation, named 

equivalent beam model (EBM), describing the transverse dynamics.  

 

2.1 Governing mechanisms of building-type structures  

(Hans et al., 2008) reveals that three mechanisms govern the structural behavior in the 

transverse direction: the shear of the stories (stiffness   ), the inner bending (stiffness   ), 
and the global bending (stiffness   ) (Fig.1b). The story shear deformation is generated by 

the local bending (i.e., between neighboring nodes) of the vertical and/or horizontal 

elements. For the inner bending mechanism, the vertical elements behave as cantilever 

bending beams at the structure scale and are synchronized by the horizontal ones. These 

horizontal elements have a large axial stiffness and bend locally. The global bending 

mechanism occurs because of the out-of-phase tension-compression of the vertical 

elements. The relative importance of the mechanisms depends on the stiffness contrast 
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between the vertical and horizontal elements. For example, the inner bending can only 

appear if the horizontal elements are much more flexible than the vertical ones. 

     

2.2 Equivalent beam model (EBM) - analytical form 

The transverse motion of one-bay frame structures is parametrized by three kinematic 

variables: the mean transverse displacement,  , the story rotation,  , and the mean nodal 

rotation,  . The first two, representing the story rigid body motion, appear explicitly in the 

global dynamic description of the structure. Conversely,  , associated with the story 

deformation, is a hidden variable obtained from the rigid body motion thanks to the 

internal equilibrium of the story. Fig.1c illustrates the deformed one-bay frame structure 

and the associated kinematic variables. 

 

 
(a) 

 
(b) 

 
(c) 

Fig. 1 (a) Idealized one-bay frame structure studied in (Hans et al., 2008). (b) Mechanisms that govern its 

transverse behavior. (c) One-bay structure transverse deformation 

The three mechanisms governing the transverse vibrations of the EBM are associated with 

one force and two moments defined by the constitutive laws given in Equations (1) and 

related by the equilibrium equations (2).  
 

Constitutive laws: 
Shear force  

(generated by the shear of the stories)  (   )    (
  (   )

  
  (   )) 

 

Inner bending moment 
 (   )    

   (   )

   
 

(1) 

Global bending moment 
 (   )    

  (   )

  
 

 

 Equilibrium equations: 

 (   )   (   )  
  (   )

  
 

  (   )

  
  

    (   )

   
  (   ) 

 

  (   )

  
   (   ) 

(2) 

where   corresponds to the total shear force,   (   ) is the linear density of the external 

transverse load, and Λ is the linear mass (mass of the story divided by its height   ). The 

combination of these equations, in the harmonic regime ( (   )    and  

 (   )   [ ̂( )    ]),  leads to a sixth order differential equation (Hans et al., 2008): 

    

  

   ( )

   
 (     )

   ( )

   
 
    

 

  

   ( )

   
     ( )      

(3) 

where   is the circular frequency. For a structure clamped at the bottom and free at the top, 

the boundary conditions are    , 
  

  
    and  ̂=0 at     and  ̂   ,  ̂    and 

 ̂    at    . Details on the construction of this equation can be found in (Hans et al., 

2008) (Chesnais, 2010). Note that the EBM is an enriched form of the fourth-order 
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Timoshenko beam equation. The higher differential equation order is attributed to an 

additional kinematic mechanism that may appear under large stiffness contrasts between 

the story structural elements. This sixth order differential equation can degenerate into 

more simplified beam models (e.g., shear beam or Timoshenko beam) according to the 

stiffness contrast between structural elements (see (Hans et al., 2008)). 

The implementation of the HPDM on two-bay frame structures done by (Chesnais, 2010) 

verifies and encounters these results, and further studies are performed in (Chesnais et al., 

2011) (Franco et al., 2019) to extend the EBM applications to real building structures. 

Comparisons with full finite element models show that the EBM can accurately describe 

the transverse dynamics of building type structures respecting the conditions mentioned in 

section 1. 
 

2.3 Equivalent beam model (EBM) - numerical form 

Aiming to perform extensive parametric studies, time history analyses, and extend the 

EBM applications to non-fully periodic structures, (Franco et al., 2022) proposes and 

verifies a finite element formulation of the EBM built via virtual power formulation 

principles. This homogenized beam finite element (HBFEM) model is a 1D beam model 

discretized in finite elements with three degrees of freedom at each node. These three 

degrees of freedom are associated with the transverse motion of the structure described by 

the transverse displacement  , the first derivative of the transverse displacement 
  

  
, and 

the story rotation  . The total number of degrees of freedoms   define the size of the 

structural response vector  ( ) depending on  , 
  

  
, and   at time  . The governing 

equation of the motion is expressed in matrix form as (Franco et al., 2022): 

  ̈( )    ̇( )    ( )   ( ) (4) 

where   (   ),  (   ),  (   ) are the time-invariant mass, damping and stiffness 

matrices of the structure, respectively. The vector  ( ) is the time dependent excitation 

force. The weak formulations of the HBFEM lead to a 6 × 6 generalized elementary 

stiffness matrix depending on the stiffnesses   ,   , and    and the finite element height 

    (Franco et al., 2022) states that with    taken as 
 

 
, it is possible to have very accurate 

results up to the third vibration mode. The resultant 6 × 6 generalized elementary mass 

matrix depends only on   and    and corresponds to the mass matrix of the classical Euler-

Bernoulli beam model where the rotational inertia is not involved because it is associated 

with much higher frequencies in frame structures (Chesnais, 2010).  The construction of 

this numerical formulation is well detailed in (Franco et al., 2022). An example code of the 

HBFEM application was written in MatLab and is available in: 

https://github.com/cafariza/HBFEMmodel.git  

 

3. Case study: The Grenoble City Hall building 
 

The performance of the HBFEM has already been investigated in (Franco et al, 2022) for 

the transverse dynamics of realistic multi-bay frame structures with various numbers of 

stories and stiffness contrasts between the vertical and horizontal elements. Herein, the 

validation focuses on its application to real structures. Then, the equivalent beam model 

construction of the Grenoble City Hall building is performed and its results are compared 

with the results of the (Desprez et al, 2015) full finite element model (see Fig. 2). This 

detailed numerical model (DFEM) is composed of 21102 elements and 12275 nodes.  Both 

HBFEM and DFEM models are clamped at the base. 
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3.1 Description of the structure  

The Grenoble City Hall (GCH) is a reinforced concrete structure with a square patio of two 

stories crowned with a tower at one side, which is the object of this study. The tower has 

11 stories above the patio building which sums 13 stories and 52m of height from ground 

to top (Desprez, 2010). The tower is 43m long and 13m wide (Fig. 2a). The structural 

components are columns, 4 pillars (containing the staircases and elevator shafts) and 

beams. The main hall, located at the ground story, is a floor with double height where the 

only vertical members are the four pillars. They support a prestressed transfer slab on 

which the tower is built. The cross-section of the pillars decreases after the transfer slab. 

The inter-story height is 3.2m for the typical stories of the tower. Every column starts in 

the prestressed transfer slab. The ten stories above the transfer slab have an identical 

structural distribution. However, the column sections slightly decrease from the 6th story 

above the transfer slab. In the last story (11
th

 from the transfer slab or 13
th

 from the 

ground), this distribution changes and the structural components are basically shear walls. 

The building has also two basements with the same column distribution as the typical 

stories of the tower. The material properties are summarized in Table 1. The dimensions of 

the structural member cross-sections considered in the geometry definition of the 

numerical model are shown in Table 2. 

  

 
 

 

(b) 

 

Table 1. Main material properties 

Concrete properties 

   32 GPa 

   2400 kg/m
3
  

Steel properties 

   200 GPa 

   7800 kg/m
3
 

 

 
(a) 

Fig. 2 The Grenoble City Hall tower block. (a)  Top:  General view and front side view of the tower block 

(Michel et al., 2010). Bottom: typical story and ground story plan views. (b) Full 3D finite element model by 

(Desprez, 2010) (Desprez et al, 2015) 

3.2 Construction of the equivalent beam model 

The construction of the HBFEM model for the GCH building, adopting the analytical EBM 

principles, requires two main steps, 1) computation of the macroscopic parameters: the 

linear mass Λ and the three stiffnesses   ,    , and   , and 2) a matrix assembly 

procedure, typically performed in finite element method, to integrate the properties for 

each of the typical stories. 
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Table 2. Geometrical properties extracted from the detailed numerical model. 
a
 Average of the two basement 

story heights=0.5× (3.47+4.68) m.
b
 4 and 

c
 3 beams in the longitudinal and transverse direction, respectively. 

Property Basement Ground story Typical story 1 Typical story 2 

Number of stories 2 1 5 6 

Story height,    (m) 4.08a 7.7 3.2 3.2 

Slab thickness (m) 0.14 0.16 0.14 0.14 

Beam sections (cm) 45   35 300   65b – 200   115c 45   35 45   35 
Column sections (cm) 40   50  40   50 30   40 
Pillar sections R-shape R-shape U-shape U-shape 

 

The computation of   ,     and    is performed through summations of the properties of 

the vertical elements:  

           
                 |  |      (5) 

where    is the elastic modulus,   is the cross-section area,    is the lever arm, and   refers 

to the second moment of area. The estimation of    and    is realized in EXCEL.  

The computation of the shear stiffness    requires a static analysis of a single story. In 

Equation (5),   is the shear force in each vertical element generated by a differential 

horizontal displacement    between the bottom and the top of the story. The procedure 

could be done by modeling numerically one single story as explained in (Chesnais, 2010) 

(Chesnais et al., 2011)  or in (Franco et al., 2019) for plane frame structures. In this 

section, we intend to detail this procedure for the GCH tower.  

To assess   , we need to impose the macroscopic shear deformation on a finite element 

model of a single story with periodic boundary conditions for the other degrees of freedom 

(nodal rotations). We decide to perform the same analysis using two different FEM-based 

pieces of software, Cast3M (CEA, 2020) and ETABS (CSI, 2000), to present how to 

impose the periodic conditions identified by the homogenization with two different 

modeling strategies conditioned by the software environment.  

On the one hand, the story in Cast3M is modeled with the floor at the top level supported 

by the vertical elements (see Fig. 3a top). On the other hand, ETABS does not allow us to 

impose periodic conditions, so we opted for modeling the point with a bending moment 

equal to zero which is located at the mid-height of the vertical elements when the rotations 

are periodic. In this model, the floor is at mid-level with half of the vertical elements 

underneath and above the floor (Fig. 3b top). The walls are modeled in both pieces of 

software as frame elements (Euler-Bernoulli beams) with their corresponding cross-

sections. Here we list the required boundary conditions for the end nodes set in Cast3M: 

 The horizontal displacements   at the level    are set to zero (     ). 

 For all the nodes at the level   , the horizontal displacements   are equal to the    

(we chose         (the height of the story) for convenience). 

 The vertical displacements of all the nodes are restrained (          ). 

 The nodal rotations must be periodic. All the nodes are left free to rotate provided 

that the rotations are equal at both ends of every vertical element (    
     

)  

For the ETABS story model, all the listed conditions are applicable but the periodic 

condition (    
     

). The end nodes of the model, which correspond to the middle of 

the vertical elements, are simply set free to rotate.  

Figs. 3a and 3b (bottom) present the unit cell’s shear deformation in the longitudinal and 

transverse directions for the Cast3M and ETABS story models. The colors represent the 

vertical displacements. The results of the two modeling techniques for the computation of 

   for the two typical stories are presented in Table 3. Notice that there is a small 

difference (< 10%) for both directions between both modelling strategies. This 

comparison, although used only for the verification process, ensured the quality of the 

Cast3M results which are used herein for the rest of the computations.   
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Table 3. Comparison of the shear stiffness    obtained with the story model in Cast3M and in ETABS. 

Typical story Direction    (Cast3M) [MN]    (ETABS) [MN] |            | 

1 
Longitudinal 1087 1024 5.76 

Transverse 1276 1460 9.90 

2 
Longitudinal 706 658 6.75 

Transverse 979 1043 6.52 

 

 
 (a) 

 
(b) 

Fig. 3 Boundary conditions (Top) and shear deformation (Bottom)  

in the Cast3M (a) and ETABS (b) story models. 

3.3 The GCH building dynamic behavior 

Table 4 summarizes the macroscopic parameters of all the existing stories to build the 

HBFEM model of the GCH tower. Note that the magnitude of the parameters slightly 

differs between the typical stories but, for the ground story, these values are much larger. 

The contrast between the stiffnesses of a story compared to the scale ratio   can give us an 

insight on the building global dynamic behavior.  (Hans et al., 2008) proposes a map of the 

domains of the mechanism or the combination of mechanisms (i.e., shear, inner bending, 

and global bending) that can govern the building dynamics. This graph is particularly 

useful to select the beam model (shear beam, Timoshenko beam, or the full EBM) that can 

reproduce the dynamics of the analyzed structure with the minimum of calculations. For 

the two typical stories of the GCH tower,    is much larger than    and    in the 

longitudinal and transverse directions. According to (Hans et al, 2008), these contrasts 

correspond to a combination of the inner bending and shear mechanisms. The same 

behavior is found for the ground story in the longitudinal direction and the global bending 

must be added in the transverse direction.  Favorably, the inner bending and shear 

mechanisms can be captured by the generalized form of the EBM and, indeed, the 

HBFEM.  This mechanical functioning is characterized by a large interaction between the 

shear deformation of the story due to the local bending of the floor and columns, and the 

inner bending of the four pillars at the structure scale. This behavior cannot be described 

with a Timoshenko beam model which combines the shear deformation of the story and the 

global bending generated by the out-of-phase tension-compression of the vertical elements.  

 
Table 4. Macroscopic parameters for the different stories in the longitudinal (L) and transverse (T) directions. 

Macroscopic parameters 
Typical story 1 Typical story 2 Ground story Basement 

L T L T L T L T 

 , linear mass (ton/m) 164 158 263 198 

  , shear stiffness (MN) 1087 1276 705 979 3482 34002 1391 1731 

  , inner bending stiffness 
 (MN m2) 

1.66 106 1.51 106 1.66 106 1.51 106 5.26 106 4.71 106 5.26 106 4.71 106 

  , global bending stiffness  

(MN m2) 

1.36 108 1.01 107 1.24 108 8.74 106 2.62 108 1.68 107 2.94 108 2.02 107 

 

L 

T 
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3.4 Modal analysis 

With the elementary stiffness    and mass    matrices totally solved, the modal analysis 

with the HBFEM model searches for the solution of the following eigenvalue problem: 

          (6) 

where   and   are the square stiffness and mass matrices of the whole homogenized 

beam. The vector   corresponds to an eigenvector and    to the associated eigenvalue.  

Table 5 summarizes the first two eigenfrequencies          obtained for the HBFEM 

model in the longitudinal and transverse directions of the GCH tower. The in-situ results 

are shown for general information. The relative difference between the HBFEM model and 

the (Desprez, 2010) detailed numerical model is also presented. The overall results are 

satisfactory with differences no higher than 6% for the first vibration mode and slightly 

higher than 10% for the second vibration mode. Interestingly, the HBFEM frequencies are 

equal to the in-situ ones for the first mode in both directions.  Two main reasons can 

explain the discrepancies encountered for the second modes. Firstly, the accuracy of the 

HBFEM model directly depends on the value of the scale ratio   which becomes larger as 

the number of the analyzed mode increases. The larger   is, the less accurate the HBFEM 

model is. Thus, if the third vibration mode is estimated, it is normal to obtain even higher 

differences between the full detailed numerical model and the HBFEM model. Secondly, 

other mechanisms such as the shear acting on very thick vertical elements may emerge at 

the leading order, which could be the case for the walls of the staircases and elevator shafts 

of the GCH building (see (Chesnais, 2010)).  

The computed frequency ratios       (1; 4.58) are different from the common values 

found in the literature for shear beams (1; 3; 5) or Euler-Bernoulli beams (1; 6.25; 17.36), 

which agrees well with the inner bending and shear behavior encountered in section 3.3.  

Fig. 4 displays the first two mode shapes in the longitudinal and transverse directions. 

Although a difference between the natural frequencies is observed, the mode shapes of the 

HBFEM and DFEM are in pretty good agreement. 

 
Table 5. Comparison of the first two modal frequencies in the longitudinal and transverse directions for the 

different models of the GCH building and relative difference. 
Mode-

direction 

HBFEM 

(Hz) 

Ratio 

      
Detailed FEM 

(Hz) 

Ratio 

      
In-situ 

(Michel et al., 

2006)(Hz) 

Ratio 

      
R. difference 

between HBFEM 

and DFEM (%) 

1-L 1.16 1 1.10 1 1.16 1 5.45 

2-L 5.31 4.58 4.71 4.23 4.50 3.88 12.74 

1-T 1.22 1 1.19 1 1.22 1 2.52 

2-T 5.47 4.48 5.00 4.21 Not reported - 9.40 

 

 

 

Fig. 4 Comparison of the first two mode shapes obtained with the HBFEM model (black) and the detailed 

numerical model DFEM (red) for the longitudinal (left) and transverse (right) directions.  

 



9 

 

3.5 Time history analysis  

A transient dynamic analysis of the HBFEM and DFEM models of the GCH tower in the 

longitudinal direction is now performed using Newmark’s time integration scheme with 

the constant average acceleration assumption. 

For this computation, the viscous term   in Equation (4) corresponds to the Rayleigh 

damping matrix with 5% of the critical damping for the first two longitudinal modes. The 

seismic input corresponds to the north-south component of the ground accelerogram of the 

earthquake event recorded on August 2, 2017 in Ibaraki, Japan (see Fig. 5a). Its magnitude 

is Mw = 5.1 and the peak acceleration is 0.13g with most of the energy content between 5 

and 10 Hz (Fig. 5b). A total duration of 45s and a time step of 0.01s are considered. 

Figs.5c and 5d display the two simulations of the top roof displacement of the structure 

with respect to time and their amplitude Fourier spectrum, respectively. The results show a 

satisfactory agreement in terms of both time and spectral amplitudes. Nonetheless, the 

HBFEM model provides a maximum displacement value slightly higher than the one 

obtained with the detailed model (6.52mm vs 4.82mm). On the spectra of Fig. 5d the peak 

of the first modal frequency (around 1.16Hz) is well pronounced and its amplitude agrees 

for both models. These results are encouraging and show that the HBFEM model provides 

very good estimations of the structural response at lower computational costs. Once the 

geometry is defined in MatLab for the HBFEM model and in Cast3M for the detailed FEM 

model, the computation time of the dynamic analysis with the same resources could easily 

be two thousand times longer for the detailed FEM model (3s versus 100 min). 

 
(a)  

(b) 

(c) 
 

(d) 

Fig. 5 Time history analysis results. (a) Ground acceleration record and(b) its amplitude spectrum. (c) Top 

roof displacements and (d) amplitude spectra for the HBFEM model (black) and the (Desprez, 2010) detailed 

numerical model (red). 

 

4. Conclusions 
 

This study clearly shows the numerical performance of the homogenized beam finite 

element model built with the EBM basis. An accurate description of the dynamics of the 

Grenoble City Hall tower is possible with the use of this 1D model approach. This study 
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validates the proposed strategy for analyzing a structure with different typical stories 

through the substructure assembly procedure and widens the application domain of the 

HBFEM model.  The eigenfrequencies and mode shapes are estimated with the HBFEM 

model and compared with the results of the fully detailed numerical model.  A time history 

analysis is also performed. The results show a satisfactory agreement between both models 

in terms of both time and spectral amplitudes in the lower frequency range. It was also 

possible to identify that the leading mechanism of the GCH structure corresponds to a 

combination of the inner bending of the four pillars and the shear of the story in the 

longitudinal and transverse directions. Future works will be dedicated to the integration of 

the HBFEM model in slight non-linear analyses.  
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