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Abstract

This work concerns the probabilistic analysis of particle-based materials. More precisely, this work is devoted
to the stochastic modeling of the geometric and constitutive microscale parameters associated with particle-pair
interactions of an existing model for particle-based materials. Such an issue is addressed with a probabilistic
methodology that relies on the maximum entropy principle from information theory. After defining and improving
the chosen second-gradient continuum model for particle-based materials, it is shown that for micro-homogeneous
and micro-isotropic materials, the involved microscale parameters turn out to be statistically independent. More
precisely, the particle-pair distance between two consecutive particles is a uniformly distributed random vari-
able and the specific microscale stiffness parameters are Gamma-distributed random variables. A homogeneous
and isotropic 2D concrete plate subjected to an axial load is considered for illustration purposes. A stochastic
solver based on Monte Carlo numerical simulations and mixed finite element (FE) method are chosen. The FE
discretization is applied to the weak formulation of the equivalent continuum model with random mechanical
properties. On the contrary, the particle-pair distance and the microscale stiffness parameters, which are the pa-
rameters of the boundary value problem formulated for the equivalent continuum model, are modeled as random
variables. Finally, uncertainties propagation is discussed and statistical fluctuations of the macro mechanical

response are found to be significant.
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1 Introduction

Particle-based materials consist of an assembly of a great number of rigid particles with arbitrary shapes. For such
complex systems, several discrete and equivalent continuum models have been proposed in the literature. In the
last decades, numerous efforts have been made for improving the continuum-based approaches. The use of the
generalized continuum theories has been proposed that enrich the classical ones with scale parameters related to
particle-pair interactions. Among others, we mention nonlocal continuum theories, micropolar continuum theories
and second-gradient continuum theories.

Nonlocal continuum theories differ from classical ones because the constitutive equations relating stress and
strain are nonlocal. First works on the topic are found in [28] [26] 22], where continuum models able to take into
account finite range interaction forces are developed. Recent theoretical and numerical developments are presented
in [23]. In [[7,[8, 9], applications concerning the failure of heterogeneous materials and the modeling of strain-softening
are proposed.

Micropolar continuum theories are possibly traced back to [I4] that summarizes the main concepts discussed at
the end of nineteenth century by Kelvin, Helmholtz, Duhem, Voigt, Le Roux, the Cosserats and others [6]. From a
kinematic point of view, micropolar continuum theories add an independent rotational field to the displacement field
considered in classical continuum theories. Recent results are given in [21] 5]. Nowadays, micropolar continuum
theories are used to model several phenomena in solid and fluid mechanics [35]. In [3I], a micropolar elastic model
for soils is formulated that overcomes the numerical difficulties encountered in the failure analysis performed within
the framework of classical continuum theories. In [33], a rigid-plastic micropolar model is used for slow frictional
flow of particle-based materials in order to predict experimental evidences for cylindrical Couette flow.

Second gradient theories are characterized by deformation energy functionals depending on the first and second
order derivatives of the displacement field. Moreover, they are characterized by unusual boundary conditions
whose physical significance is addressed and clarified in [19, 20]. Precursor of second-gradient theories is Gabrio
Piola whose works are summarized in [I5] [I8]. Second gradient theories are currently applied for describing the
mechanical behaviors of metamaterials. A paradigmatic case is represented by pantographic structures [I7), [3]
13, [42]. Nevertheless, their use in technical contexts is limited by several difficulties related to the experimental
identification of second-order constitutive parameters, which is usually performed with arbitrary simplifications
[4, 130, [45]. In [32] 10], a particle-based second-gradient continuum model is proposed that overcomes the above
mentioned deficiency. It allows us to express the second-gradient constitutive parameters in terms of relatively
few microscale geometric and constitutive parameters related to the particle-pair interaction. Recent applications
of this model concern the analysis of damage of particle-based materials by following a hemivariational approach
[43], [36].

The studies cited so far are deterministic. Material properties fail to be deterministic in reality and uncertainties

have to be taken into account. Uncertainty quantification is important to correctly estimate mechanical responses



of media made up of particle-based materials. A review of stochastic methods of analysis of particle-based-effects
uncertainties at the microscale on their response at the macroscale is given in [34] within the framework of first gradi-
ent continuum theories. Nevertheless, despite the intrinsic random nature of particle-based materials, uncertainties
have not still been taken into account within the framework of second-gradient continuum theories. Recently, few
studies involving some uncertain quantities have been proposed in the context of second-gradient theories, not for
particle-based, but for fiber materials [12], 37] and for pantographic structures [44} 29].

This work provides for the first time a study of the second-gradient continuum model for particle-based materials
derived from [36] [10] in accounting for uncertainties and, more generally, for uncertainty quantification of a second-
gradient continuum model for particle-based materials. The analyzed model could be also applied to two-phase
composite materials with rigid inclusion and to granular materials. The application of this modeling to composite
materials with rigid inclusion is immediate. On the contrary, if we wish to apply this modeling to granular materials,
hypotheses should be added concerning the topology of contacts between contiguous grains, granulometry involved,
grain sizes, grain shapes, and granular matter configurations. Moreover, assumptions should be added concerning
the geometric disorder and structure of granular materials.

This paper is organized as follows. In Section [2] the deterministic second-gradient continuum model for particle-
based materials developed in [36] [10] is used and the analytical relationship between the first- and second-gradient
deformation tensors is modified for improving the algebraic derivation. Section [3|is devoted to the definition of
the corresponding random second-gradient continuum model for particle-based materials. Under the hypotheses
of micro-homogeneity and micro-isotropy, the prior probabilistic distributions for the involved geometric and con-
stitutive microscale parameters are derived and discussed through the maximum entropy principle. Although the
equivalent continuum model is derived from the discrete one, this is not a classical homogenization problem for
which there is a microstructure that is a random medium represented by apparent mechanical properties and a
macrostructure with effective mechanical properties that would be deterministic for scale separation. For the sake
of simplicity, in Section {4} the stochastic boundary value (BVP) problem is introduced in the context of the ap-
plication and not in a general framework. A derived stochastic computational model is constructed by means of
the mixed finite element (FE) method [38] 25] with the aid of open-source packages developed under the FEniCS
project. The FE discretization is applied to the weak formulation of the equivalent continuum model with determin-
istic geometry. The only sources of uncertainty are the particle-pair distance and microscale stiffness parameters,
which are the BVP parameters that model material cohesion by describing particle interactions. As a consequence,
the convergence with respect to the FE size mesh is not related to the random properties of the analyzed system.
For uncertainty-propagation analysis, a stochastic solver based on Monte Carlo numerical simulation is used whose
convergence is studied. Finally, for this type of particle-based mechanical medium, a discussion on uncertainties

propagation is presented.



Notation

A lower case letter such as x, n, u is a real deterministic variable except when used as an integer index as i,

j, etc. Greek letters «, 3, n and 7 are either deterministic variables or integers as subscripts.
A boldface lower case letter such as x, 1, u is a real deterministic vector.

An upper case letter such as X, H, U is a real random variable except when used as an integer index as A,

B, etc.

A boldface upper case letter such as X, H, U is a vector random variable.

A lower case letter between brackets such as [z], [n], [u] is a real deterministic second-order tensor.

A boldface upper case letter between brackets such as [X], [H], [U] is a real random second-order tensor.
A lower case Gothic letter between brackets such as [¢], [p], [u] is a real deterministic third-order tensor.

A boldface upper case Gothic letter between brackets such as [X], [$], [4] is a real random third-order tensor.
A lower case letter between two brackets such as [[z]], [[z]], [[u]] is a real deterministic fourth-order tensor.
A lower case Gothic letter between two brackets such as [[z]], [[b]], [[1t]] is a real deterministic fifth-order tensor.

A lower case letter between three brackets such as [[[z]]], [[[1]]], [[[u]] is a real deterministic sixth-order tensor.

IE: Mathematical expectation.

The Levi-Civita tensor calculus is used. Indices denoted by upper case letters are chosen to indicate compo-
nents in the initial configuration and lowercase letters to indicate components in the current configuration.
Summation over the repeated Latin indices is used. There is no summation over repeated Greek indices.

Superscripts denote the contravariant components, and subscripts denote the covariant ones.

|lz||: Euclidean norm of & € R™

[ All: Supz <1 [[Az|| operator norm of linear operator A.

[g]: metric tensor.

[0]: Kronecker delta.

[:L']T: transpose of the second-order tensor [z], and [xT] is the second-order tensor of the transposition.

1 g: indicator function of a set B.



2 Defining a deterministic particle-based continuum

2.1 Discrete model

We summarize the model proposed in [10, 43| [36]. Let 8 be a rigid particle and let us build a discrete set of n rigid
particles at distance ¢ from [ (same arguments can be generalized for ¢ variable along the spatial directions). Let
us consider the discrete system of rigid particles obtained by assembling s of these sets. It is a discrete grid of rigid
particles within a bounded domain £ of R? such that the distance between two consecutive particles in the grid is
£. Although any particle shape is acceptable, particle sizes must be sufficiently small to justify the passage from
the discrete to the equivalent continuum model in Subsection Let o and S be two consecutive particles in the
grid, whose coordinate vectors are q,, = (¢,¢2,¢>) and q 5= (qé, q%, qf;) in a given fixed coordinate system defined
by a generic basis of R3. We define r = (r!,72,r3) : ¢ — r(q) as the configuration function and we introduce the

second-order tensor valued-function [f] such as

f ae (@) = (@) = %q(f) _1,2,3:4=1,2,3) 1)

and we define [fs] = [f(qz)]- Let uqp be the objective deformation vector such thatl]

uas = [f3] (r(qa) =7 (a5)) = (20 — a5) - (2)

Truncated at the second-order, the Taylor expansion of r in the neighborhood of q4 yields

or'(q)
Oq”

1 9%
(02— ad) + 5 o] (ot ad) (o). )
q9=dg

' (@a) ~ 1" (g5) +
g9=dqg

Let 43 be the unit vector defining the orientation of one pair («, 3) of two consecutive particles such as

q, — 43 =TNapl. (4)

Substituting Eqgs. (3) and {) in Eq. @) yields

c i~ 1 0% B R
U§5=[fg]i [fg]3"5ﬁ6+5% Nagtngs?t —[5]% Tggl
L e (5)
c i o\ - 1 c 0%*ri(q) B ~
= (217 4205 — 1015) (3550 + 5 45, 57047, By AA, 02,

c . .
n components: uacﬁ = [fg]l (r(qq) — 7" (a5)) — <qg — q?)



Let us define the two deformation tensors [e] : ¢ — [e] (g) and [h] : g — [b] (g) such that

€15 = 5 (07 15 - 1915) (©
627’i
%5 = [17]5 9qA0E (7)

We introduce the notation [es] = [¢] (q5) and [hg] = [b] (g5). The tensor [e] is the Cauchy-Green tensor. Substi-
tuting Eqgs. @ and into Eq. yields

c 9%r'(q) SB A g2
i 9ghagE|  MepTasl =
9=qg (8)

1
C~ C ~B ~
= 2[ep)p Mg £+ 5 (D6)ap e Mg €.

C o~ 1
ugﬁ:Q[eg}angﬁJri [f,gT}

Equation can be written (see [16]) as

106155 = 5 1017 (8 aple)
2

il ) Q

Let us define the elastic energy function Awag : e — Awag (uap) related to the interaction of the pair («, 3).

g9=4qp3

Since uqp is an objective function, it is considered as a measure of deformation (see Eq. ) Among all possible

choices for the function Aweg, it is chosen such that

Awa,@’ (ua,ﬁ) = Awoe,@n (ua,B) + AwaﬂT (uaﬁ) s (10)
in which
1 2 1 2
Awagy (Uap) = 5 kapy [tapn ™ Awasr (ap) = 5 Kapr [tas- [l (11)
and where
1 =N N ~ ~
Uapn = 5 (Wap *Map) Map 5 Uahr = Uap — (Uap * Nap) Tag (12)

in which kg, and kog, are two given positive local microscale constitutive parameters, and in which u,g, and
uqpr are the vector decomposition of the deformation vector u,p parallel and orthogonal to 7., respectively. The
vector decomposition of uag in 2u.g, and u.gr with respect to the local coordinates system (ql(l°)7q2(1‘3)7 q3(lc))
is shown in Fig. [1} For technical needs, no coupling energetic term, such as ||wagy| |was-||, is considered between
Uapn and uqgr. It allows us to state a relationship between the microscale constitutive parameters, kg, and
kapr, and the macroscale constitutive parameters, and to obtain an equivalent second-gradient continuum model

for particle-based based materials that generalizes the classical (or Cauchy) continuum model. The energy Awg



q

Figure 1: Vector decomposition of uss in the local coordinates system g} = (q'(¢), ¢2(9) ¢30)) “in which 2uag,
is the projection of u,g with respect to 7,3 and wu.g, is the projection on the plane defined by ung and uq,.
Particles can have different sizes and different shapes. Any particle shape is admissible. Particle sizes need to be
small enough to pass from the discrete to the equivalent continuum model. The quantities wag, Uagn, Uagr have
been defined in Eqgs. and . They represent deformation measures of the particle-pair (o).

due to the interactions between all the n consecutive particles of 3, labeled as 1g,...,ng, is written as

ng ng
1 2 1 2
Awg = Y Awag (uap) = D (2 apn 1tapnll” + 5 hopr s | ) (13)
a=lg a=lg

Finally, the total energy w related to the considered system of particles is equal to

Y Y Au =Y Y ( o [0+ S I | ) (14)

B=1a=l1g B=1a=lg
2.2 Equivalent continuum model

If the distance ¢ between two consecutive particles is small enough with respect to the smaller characteristic
dimension of domain £, we can replace the discrete model by an equivalent continuum model. Let . : w — 7 (w)

be the orientation field in which w € Q = [0,27] x [0, 27] and let w : ¢ — u (g) such that

Wgw) =2 (5@ %) £+ 5 (@] oD% i) ¢ =

=2 [ (@) A7w) £+ 5 )5 (@) A7) 7(w) 2

(15)

For the continuum model, the deformation energy w is written as

w=[o@da= [ [vaawia= [ [ (350 @l + 5F wa o w@.ol) dda

(16)



where ¢ : g — ¢ (q) is the specific deformation energy and v : (w, g) — ¥ (w, q) is the specific deformation energy

per unit direction, such that

b0) = [ V@) do. b (w.0) = 5 @) g @D + 5 00) s ()] a7)

in which u, : (w,q) — u,(w, q) and u, : ¢ = u,(w,q) are such that

g (@,0) = 5 (@) R@)B) . ur (w,0) =u (@)~ uy (@,q). (18)

The mappings %,7 s (w,q) — En (w,q) and Ky : (w,q) — k; (w, q) are the specific stiffness fields per unit direction.

The specific deformation energy ¢ (g) is written as

5 (€185 (@) [15(a) 12 (@) + 3 (6] 257 (@) [5(a) 12p(@) + 5 [l 35 (@) 1155 (a) B (@), (19

in which [[c]], [[[a]]] and [[¢]] are the constitutive tensors that are detailed in [I0] and where [[c]] is the classical

constitutive tensor.

2.3 Case of a homogeneous and isotropic equivalent continuum model

Let us call “micro-homogeneous” a continuum characterized by constant specific microscale stiffness fields along
spatial direction q, i.e., %77 (w,q) = Effwm) (w) and kr (w, q) = Flhom) (w). Let us call “micro-isotropic” a continuum
in which the specific microscale stiffness fields are constant along the direction of interaction w, i.e, 75,7 (w,q) =
k%) () and k- (w, q) = k4*°) (q). If the continuum is micro-homogeneous and micro-isotropic, we have ky (w,q) =
k, and ET (w,q) = k-, where k, and k; belongs to R*. At the macroscale, choosing the coordinate system defined

by the canonical (or standard) basis of R3, it is proven in [10, 43}, [36] that the homogeneous and isotropic continuum

is characterized by the specific deformation energy ¢ (gq) defined by

6(a) = & [13(a) [ (@) + 5 & [4(a) [5(a) +

26 [4p(a) 018c(@) + 5 & 0)5(@) BEs(a) + (20)

+2&5 [0 4(a) hloc(@) + &6 [0 pe(a) B ae(@) +2& [blpe(a) 0]5s()-

The symbols & and &, are the Lamé coefficients in classical elasticity. The term homogeneous is used here to un-
derline that &7, &s,..., and &7 are constant. The term isotropic is used here to underline that the specific deformation

energy is invariant under coordinate rotation (see [2] for more details). By adding the hypotheses of micro-isotropic



and micro-homogeneous continua, the functions 51 and 52 are defined by

~ 4 02 ~ 4 02
&1 =& (kg ) = T (kg = 4ke) € = & (6 g kr) = =2 (ky + k7). (21)

The remaining parameters {3, &4, &5, & and &7 depend on &; and &, which, in turn depend on ¢, &, and &,

2 2

~ ¢ ~ ~ —~ ~
€3 263 (£7 k’rz»kT) = Egl (E,kn,k-,—) 254 ) 55 :§5 (ﬂ,k‘n,k-,—) = ﬁ (752 (E’ kn7k7’)+3£1 (£7k7l7k7)) :§7ﬂ
(22)
~ 62 ~ ~
66 = 56 (& km kr) = ﬁ (752 (67 km k‘r) - 451 (f, km kT)) . (23)

In the following, a probabilistic model is proposed for ¢, k, and k; under the hypotheses of micro-homogeneity and

micro-isotropy. Then, the random mechanical response of continua described by Egs. (20), (22), and is studied.

3 Defining the random particle-based continuum

Let X : 0 — X (/) = (L(0),K, (0), K, (f)) be the random variable with values in R3, defined on the probability
space (O, T, P), whose probability distribution is Px on R3. The random variable L describes the random particle-
pair distance between two consecutive particles, K, and K, are the random microscale stiffness fields modeling
interactions between two consecutive particles. Under the hypotheses of micro-homogeneity and micro-isotropy, L,
K,, and K, are assumed to be independent of the spatial and orientation directions. Equation allows us to define
the random variables Z; : 0 — Z; (0) = & (L (0), K, (), K, (8)) and By : 0 — E, (0) = & (L (0), K, (0) , K- (0))
such that

AwL? A L?
:%?mfuw, Sy = = (K, +6K.), (24)

(1]

1

The symbols =; and Z5 correspond to the random Lamé coefficients in classical elasticity. Equations and
lead us to define the random variables Z3 = 24 : 0 — Z3(0) = 24 () = & (L 0),K,(0),K:(0)),Z5:0—Z5(0) =
=2 (0) =& (L(0), K, (0), K, (6)) and S : 0 5 Zg (0) = & (L (0), K5, (0), KK+ (0)).

At g, the random specific deformation energy ® (q) : 6 — ® (g, 0) is obtained by substituting the deterministic

quantities (&1, &2, [€e](q), [H](q)) in Eq. by the random ones (Z; (8),Z5 (0), [E](q,0), [$](q,0)), and is given by

2 (@) == [E13(a) [B] (@) + 55 [El4(@) F)5(@) +
+223 [9]45(a) [D]ec(@) + 5 Za9)4p(a) Dlos(a) + (25)

255 [9]54(a) 9]6c(a) + 6 [9]pe(a) [9)50(a) + 257 [9]50(a) 95 5(a),

where [E](q) : 8 — [E](q,0) is the random Cauchy—Green deformation tensor and [$](q) :  — [$9](q,0) is the

random second-gradient deformation tensor, which depend on the random configuration function R : 0 — {q —



R (q,0)}. The random deformation energy per unit direction, ¥ (w,q) : § — ¥ (w, g, ), is given by

¥ () = Ky U, @, )l + S K, U (@, )l (26)
in which
Uy (@,0) = 3 (U @) @)W , Us(waq)=Ul@)-U,(wa), (21)

and where U : 0 — {q — U (q,0)} is the random field defined by

2 Dt
UCa) = 2 [Ef5(@)7%w) -+ [F@)] 5D i) i) ¢ =

=2 (B3 (a) 27(w) €+ 5 9] (@) A7) i(w) 2

(28)

where [F(q)] : 0 — [F(q)|0) = {[F(q)]}4(0) = 6’?;3’”,@' =1,2,3;A =1,2,3}. The approach proposed in [27] for

classical linear elasticity is used in Subsection[3.2} In Subsection 3.1} the maximum entropy principle is used to define
a prior probability model for X = (L, K,, K, ), which are the only source of uncertainty of the continuum model
under consideration. In the spirit of the previous deterministic model, since we analyze the equivalent continuum
model, the geometry of the single rigid particles, which are modeled as material points, are not considered here.
The connectivity of the particles is modeled by means of the microscale stiffness parameters K, and K,.. The
random variables L, K,, and K, are assumed to be independent of spatial and orientation directions. If we wish
to apply the exposed second-gradient continuum model for particle-based materials to granular materials, as for
the deterministic case, remarks should be added concerning the geometry and shapes of the grains, granulometry
involved, geometry disorder, and structure of the granular medium. The application is immediate for composite

materials.

3.1 Maximum entropy principle for constructing the prior probability distribution

of uncertain parameters

The Shannon entropy £(px) of a probability density function (pdf) px on R™ is defined by
E(px) = — Jpn Px(x)log (px (x)) da, which measures the level of uncertainties. Higher uncertainty results in a
larger Shannon entropy.

In accordance with the maximum entropy (MaxEnt) principle, the pdf of the R*-valued random variable X =
(L, K,, K;) maximizes the Shannon entropy under the constraints defined by the available information (see for

instance [4I]) that are given as follows:

(Q1) The support of px is

Supppx =Sx , Sx C[(1,¢] x RT xRT C R, (29)

10



where 0 < (1 < (2 < +o00.

(Q2) The mean value of K, and K, are given and finite,
E{K,} =y, <+ , v, €RTt, (30)
E{K,} =7 <+ , 7 €RT. (31)
(Q3) The inverse of the random matrix [K|] such that

K, 0
[K]= 7 (32)
0 K,

has a finite second-order moment (for physical consistencies),
E{| K"} < +oc. (33)

This property can be stated as suggested in [39, 40] and can be replaced by the following one: the random

variable log (det ([K])) has a given mean value whose absolute value is finite,

E {log (det ([K]))} = 7aet »  [7det| < +o0. (34)

Since the random variable det ([K]) = K, K, Eq. can be rewritten as
E{p (K Kr)t = vaet > 1 (Ky, Kr) =log (K, K) . (35)

We now consider the R?-valued random variable (K, K,) defined on (©,7,P). The constraints stated by propo-
sitions (Q2) and (Q3) read
E{h (K, K;)} =1, (36)

where v = (v, Y7, Ydet) and h : R? — R3 such that
h(k"r]akT) = (knak‘rak)g(k?? kT)) (37)
Let Cree (see [41]) be the set of functions on R3, defined by

Ciree = {p € Ll (R37R+) ; Supp p= SX} . (38)

11



The set Caq of the admissible probability density functions p : (¢, ky, kr) — p(¢, ky, k;) of X = (L, K,;, K) is defined
by
Cad = {p € Cfrccv / p(ﬁ, knakr) dgdkn dk‘r = 17 /
R3

b (b, ker) p (0, Ky, Ky ) dE ey s, »y}. (39)
R3
Under the constraints defined by (Q1), (Q2), and (Q3), and using the MaxEnt principle, it is possible to prove that

pdf px of X is the unique solution to the following optimization problem,

px = arg max & (p), (40)

PECad

where p — £(p) is the Shannon entropy defined by
E(p) = —/ D (€, ky, kr) log (p (4, ky, k7)) dl dk, dk-. (41)
R3

3.2 Effective construction of the prior probability distribution of uncertain parame-

ters

Proposition1 For the micro-homogeneous and micro-isotropic continuum in the field of the particle-based theory
presented in Section@, the expression of the joint probability density function of the random variables L, K,, and
K., constructed using the mazimum entropy (MaxEnt) principle under the constraints defined by (Q1), (Q3), and
(Q3), shows that random wvariables L, K, and K, are statistically independent. It also shows that the random
variable L is uniformly distributed in [(1, (o], and that K,, and K, are Gamma distributed in RY, whose parameters
are

Ky

(o, By) = <1 — Aes 1Tri ; ) and (ar, fr) = (1 — Aes {TK) . (42)

InEq. @2), mk, = E{K,} and mx, =E{K,} are the given mean values of K, and K, and \. € ]—o00, 1 controls
the statistical fluctuations. The parameters (o, 8,) and (o, 5-) can be expressed as a function of the mean values
mg, and my_ and of the coefficients of variation cvy, = JK”/mK7 and cvig, = ok, /mk. of K, and of K,

mg, =B, , Mg, = , CVE, =CVk, = N (43)
C

Note that the statistical fluctuations of K, and K., which are driven by their coefficients of variation, depend only
on the same single parameter ..

Proof The following proof is inspired from [27]. The solution of the optimization problem defined by Eq. is
written as

pr i, i, (kg kr) = Lsy (6 Ky, kr) & exp(— (N b (ky, kr))) Y (6 Ky, kr) € RS, (44)

where h : R? — R3 is such that h(k,, k;) = (ky, k-,log(k, k;)) (see Eq. (37)), the positive normalization constant

12



c?f’l and the Lagrange multiplier sl = (Ay, Ar; Ac) are such that pr, K, Kt belongs to the admissible set C,q defined
by Eq. . An algebraic calculation shows that the support Sx introduced in Eq. can be written as Sx =
[¢1,¢2] x RT x RT and that, substuiting Eq. into (44), pr x, k, can be written as

pLK, Kk, (b Ky, k) =pr (€) pr, (ky) pK, (kr) (45)
in which
pPL (E) = 1[(1,(2] (6) C1, (46)
Pk, (ky) = g+ (ky) c2 k;)\c exp {—Ay ky}, (47)
and
prc, (kr) = Tp+ (kr) ezky e exp {=\ k. }, (48)

where ¢1, ¢o, and c3 are positive normalization constants such that ¢! = ¢1 ¢2 5. As a consequence, the random
variables L, K, and K, are statistically independent. Hence, L is uniformly distributed, K, and K, are Gamma

distributed with parameters (ay, 8,) = (1 — A¢, 1/A,;) and (a-, B7) = (1 — A¢, 1/A7). Since

1= /[ Teel O erdi=er (G- ). (49)
C1,C2
I'(1—X
1= 62/ ke exp {=Aky} dky = 02%7 (50)
R+ /\7] ¢
r-
1= Cz/ k= exp {—A k. } dk, = CQ%, (51)
R+ Ar e

where I' : z — I' () = f0+oo s*~lexp (—s) ds is the Gamma function. The normalization constants are found to be

1 /\717—Ac AL—Ae
Cl1 = — 5 Co = ) C3 = = ’ 52
YT -G T Ta=)) ST T(= ) (52)

while it can be deduced that 1/X\, = mg, /(1 = A:) and 1/A\; = mg_ /(1 = A.). To guarantee the finite value of
the integrals in Eqgs. and , we must have 1 — Ac > 0, A;, > 0 and A; > 0. Using the argument presented in
Appendix B of [27], it can be seen that this algebraic solution is the unique solution of the optimization problem
defined by Eq. .

Let us emphasize that the outcomes presented in this section are the result of applying the MaxEnt principle

with the available information (Q1), (Q2), and (Q3).
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4 Stochastic boundary value problem and its random solution defined
in the application framework

To simplify the presentation, for constructing and analyzing the boundary value problem (BVP) for the random
particle-based continuum model exposed in Section [ the methodology is directly applied to a composite sample and
not presented in a general case. We consider a plate with a hole placed in the middle whose mechanical properties
are those of concrete and that is subjected to a numerical axial traction test. The domain of this plate is denoted
by £ and its boundary is 0L = 9Ly U 9L, U ILy. A zero Dirichlet condition is applied on 0L (left end), where
the body is clamped. A Neumann boundary condition is applied on 9L, (right end), where the uniaxial traction is

applied. The displacement field is free on 9L (see Fig. .

4.1 Geometry, load, deterministic and random mechanical properties

The values of the geometry parameters defined in Fig. (2)) are by = 3x 107 ' m, by =5x1072m, and b5 = 1 x 10~ m.
The amplitude of the uniaxial traction load is t = 1.5x 10° N/m?2. The mean values mz, = E {Z;} and mz, = E{=5}
of the random Lamé coefficients Z; and Zy are such that mz, = 3.529 x 10° N/m? and mz, = 101 N/m?. Using
Eq. and because L is independent on K, and K., then, solving the linear equations for the mean values of K,
and K yields

mi, = B{K,} =8.613 x 10" N/m* |, mg, =E{K,}=1.029 x 10" N/m*. (53)

Let 0k, and ok, be the standard deviations of the random variables K, and K. Following Proposition 1 we have
now to choose the value of cvi = cvg, = cvk,, and of ¢; and (3. Since L is uniformly distributed in [C1,Ca], we
have my = ({1 + ¢2) /2 and o1, = (C2 — (1) /(2v/3). Thus, one has ¢; = my —cvymyp V3 and (o = myp +cvp myp V3.
In this application, my, = 1 x 10~*m. The sensitivity in the mechanical response of the analyzed continuum sample

with respect to cvy and cvg is investigated.

4.2 Strong stochastic solution of the weak formulation of the boundary value problem

In this section, first, we summarize the weak formulation of the deterministic BVP, which will be used for construct-
ing the computational model based on the mixed finite element (FE) method. Then, we introduce stochasticity in
this weak formulation yielding the random weak formulation. The strong stochastic solution of this random weak
formulation will be searched. Note that such a formulation is adapted to a stochastic solver based on Monte Carlo

(MC) numerical simulation that will be introduced in Subsubsection
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Figure 2: Numerical axial traction test on a plate made of particle-based materials with uncertainties. In the
application, the constitutive parameters are the ones of concrete. In the present figure, the red points are used
to underline that we are dealing with a particle-based material and, more specifically, with a composite material
whose particles (or inclusions) have a random distance that is independent of the spatial and orientation directions.
These assumptions on the distance between particles may be relaxed to describe more complex microstructures in
which the particle-pair distance, and consequently ¢, would depend on the spatial directions.

4.2.1 Derivation of the weak formulation of the deterministic boundary value problem

Let Cy be the admissible space of sufficiently differentiable functions v : ¢ — v (q) defined on £ with values
in R? such that the trace of v is zero on the boundary dLy. Since the right-hand side of Eq. exhibits the
deformation tensors that are a function of v and since coefficients & to & depend on « = (¢, k,, k;), we rewrite
function ¢(q) as a(v,:c)(q) in order to explicit the dependencies in v and x, where 5 D (v, x) = (Z)(v,:c) is such

that ¢ (v,z)(q) = ¢ (q). The weak formulation of the deterministic BVP is: find v in Cy such that
(0m) (v, 0v;2) =0 , Vv = {6v', 60 6v°} € Cy, (54)
where d7 is the first variation of the energy functional 7 defined by

7 (v; ) = /ﬁ 3 (v,2)(q) dg — /d 0@ ds(a) (55)

in which ds(q) is the surface element.

4.2.2 Random weak formulation and its strong stochastic solution

The random weak formulation is derived from Egs. and in substituting « by the random vector X whose
probability model is defined in Proposition 1. Consequently, displacement field v becomes a random displacement
field V : 0 — {V(0):q+— V (q,0)} such that V () belongs to Cy and configuration r becomes the random
configuration function R : 6 — {q — R(q,0)} defined in Section [3| The strong stochastic solution consists in

finding V' (0), for 6 in ©, with values in Cy such that
(om)(V(0),0v; X(0))=0 , Vovely , as. (56)
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4.2.3 Monte Carlo numerical simulation as stochastic solver

The construction of the strong stochastic solution of the random weak formulation is based on the use of the MC

numerical simulation and on Eq. . Consequently, the steps of the stochastic solver are as follows.

1. Generation of n independent realizations X (6;),...,X (6,) of random variable X using the probability distri-
bution Px(dx) = px (x)dx defined in Proposition 1, in which X = (L, K, K).

2. Computation of n independent deterministic solutions V (61),...,V (6,,) that satisfy Eq. . In fact, the
mixed FE method is used for each computation, where the displacement field and its gradient are solved
both as unknowns under constraints imposed by means of Lagrange multipliers. In the formulation used,
the definition of the stress tensors is not required and related issues are avoided. In this regard, one should
mention the important issue of symmetry loss of the Cauchy stress tensor within the framework of second-
gradient continuum models [II]. For second-gradient continuum models, details concerning the application
of the mixed FE method are presented in [38]. In the presented application, the weak formulation of the
equivalent continuum model is discretized using finite elements. We are simulating a particle-based material
not with a random microstructure, but with random particle-pair distance between consecutive particles and
random microscale stiffness parameters. As previously explained, the mesh size does not depend on the
random medium properties. Although the equivalent continuum model is derived from the discrete model,
this is not a classical homogenization procedure in which the microstructure is a random medium represented
by apparent mechanical properties and in which the macrostructure has effective mechanical properties that
are deterministic for scale separation. As a consequence, the random fluctuations of the mechanical response
do not depend on the mesh size. All simulations are performed by a computing node using Intel Xeon E7-
4850, in total 64 cores each with a 40 MB cache, equipped with 256 GB memory in total, running Linux
Kernel 5 Ubuntu 20.04. The code is written in Python by using multithreading such that thousands of
computations are distributed asynchronously to the available resources efficiently. The code in Python is
wrapped by the FEniCS software into a C++ code and is solved as a compiled program. Therefore, yet
efficient in developing the code in Python, the solution is highly optimized by using a massive parallelization
under the current implementation. The Python code, generated during the current study, is part of the
FEniCS project available at http://www.fenicsproject.org/download, and an example for the computational

implementation is available in [I] to be used under the GNU Public license [24].

3. We consider a finite set of scalar observations expressed in terms of V', for instance, the energy and some
components of the displacement field at a given point q. Let Z be the real valued-random variable representing
one of the considered observations. For any fixed value n, we estimate the mean value m(Zn) and the standard

deviation O'(Zn) .

4. The convergence of the stochastic solver with respect to n is performed for each random variable Z by
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estimating the quantity 5(Zn) = noz/+/n following the procedure in ([4I] pp. 35) based on the central limit

theorem. For that, we will plot the dimensionless quantity E(Z" ) / m(Zn) where Z:{Zn) = na(Zn) /\/n.

4.3 Convergence analysis and quantification of uncertainty propagation

Let us define two points g; = (b1/2,b3/2,0) and g5 = (b1,0,0). As a function of the number n of realization,
we compute the mean value mg, and the standard deviation o, of the specific deformation energy in q,, where
®; = ®(q;). We also evaluate the mean values my, and my; and the standard deviations oy and oy of the
horizontal displacements at q; and q,, where Vi = V1 (q;) and V3' = V! (q,). Finally, we compute the mean value
my2 and the standard deviation oy2 of the transversal displacement in q,, where V> = V2 (q;). Fig. |3| displays

the dimensionless quantities defined by

Ege (1) _ oy, eV () _ oy e () _ noyy eV () _ noyy (&)
mfbnl) \/ﬁm((;l) mgzl) \/ﬁmgzl) m%) \/ﬁm%) mi}? \/ﬁm%)

as a function of the number of realizations n. The value of 1 has been chosen equal to G~ (0.95), n = G~1(0.95) =
1.64, where G is the standard normal cumulative distribution function. The probability of committing at most
an error of 0.49 % with respect to the derived mean values was estimated to be 0.95 by considering n = 10000.
The choice to analyze the mechanical response at points g; and g, is due to two reasons: an energy concentration
occurs at ¢; and the maximum displacement occurs at g,. The coefficients of variation cve,, cvy1, cvyy, and cvyz
obtained for different values of cvy and cvg are shown in Fig. E} Moreover, the mean values MAg, > MA

ma
17 19
Vi Vs

ma., and the root mean square values ImsA,, , TMSA , , TMSA,, TISA , of the dimensionless random variables
1 1 2 1

b, — VAR VA Vi —vi V2 _y2
_ 173 Av1=¥ Avlzg Aye = LS

Ag, = —= — =
e, o MTT 0 MW Ty T TR

(58)

obtained for different values of cvy, and cvy are shown in Figs. [5| and @, where @, V}!, V3!, and V* are the specific
deformation energy at g, the horizontal displacements at g; and g5, the vertical displacement at g, corresponding
to the nominal values of L, K, and K,. For different values of cvy and cvg, Fig. m shows the graph of the

dimensionless quantities defined by

|cve, —rmsa,, | ‘CVvll — Imsy;
ICvVe, = ? y rCVVll = ?
L3 %
' (59)
‘CVVZI — rmSV21 ’CVV12 — rmSV12
recvyp = +——— ) ICVp2 = —————————
2 1
vy cvyz

Equation defines the relative differences between the coefficients of variation of ®;, Vi', V!, Vi and the

coefficients of variation of the same variables that would result from replacing their means values with the nominal
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€¢,/me, as a function of n for different values of cv; and cvk
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Figure 3: Graphs (a) n — €o,/mae,, (b) n = ya/mya, (¢) n— ey /mys, (d) n > Eyz/my2 for different values
of cvy and cvg to study the convergence with respect to n. Solid line: results for cvy = 15% and cvg = 15%
(yellow), cvy = 15% and cvig = 0 (red), cvy = 0 and cvg = 15 % (black). Dashed line: results for cvy = 10% and
cvg = 10% (yellow), cvy = 10% and cvig = 0 (red), cvy, = 0 and cvg = 10% (black). Dotted line: results for
cvp =5% and cvg = 5% (yellow), cvy, = 5% and cvg =0 (red), cvp =0 and cvg = 5% (black).
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Ccve, as a function of cv, and cvk

30

25

cva, (%)

6 8 10 12 14
cvp, cvk (%)

(a)

cvvg as a function of cv, and cvk

30 30

25 25

20 __ 20
X X

-~ 15 15
3 3

10 10

5 5

0 0

6 8 10 12 14 6 8 10 12 14
CV, CVk (%) CVp, CVk (%)

(b) (c)

ch12 as a function of cv, and cvk

6 8 10 12 14
CV, CVk (%)
(d)
Figure 4: Graphs of (a) cve,, (b) cvya, (¢) cvyy, (d) cvye for different values of cvy and cvk. Solid line: results

for cvy, equal to cvi both different from zero. Dashed line: results for cvy different from zero and cvg equal to
zero. Dotted line: results for cvy, equal to zero and cvg different form zero.
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mp,. as a function of cv; and cvk
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Figure 5: Graphs of (a) ma, , (b) LN (c) Ay (d) MA2 for different values of cvy and cvg. Solid line:

results for cvy, equal to cvg both different from zero. Dashed line: results for cv;, different from zero and cvg equal
to zero. Dotted line: results for cvy, equal to zero and cvg different from zero.
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rms%1 as a function of cv; and cvk
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Figure 6: Graphs of (a) rmsa,, , (b) rmsa_,, (c) rmsa_,, (d) rmsa , for different values of cvy, and cvy. Solid
1 2 1

line: results for cvy, equal to cvg both different from zero. Dashed line: results for cvy, different from zero and cvg
equal to zero. Dotted line: results for cvy equal to zero and cvg different form zero.
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ones.

rcve, as a function of cv, and cvg
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Figure 7: Graphs of (a) reve,, (b) revy, (¢) revyy, (d) revyz for different values of cvy, and cvi. Solid line: results
for cvy equal to cvi both different from zero. Dashed line: results for cvy, different from zero and cvg equal to
zero. Dotted line: results for cvy, equal to zero and cvg different form zero.
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5 Conclusions

This work is the first devoted to the construction of a probabilistic model for the geometric and constitutive
microscale parameters of a second-gradient model for particle-based materials. We have improved the relationship
between the Cauchy deformation tensor and the second-gradient deformation tensor.

The statistical dependency between the particle-pair distance between two consecutive particles and the mi-
croscale stiffness parameters has been investigated for the micro-homogeneous and micro-isotropic continuum. A
probabilistic model for these uncertain parameters has been constructed using the maximum entropy (MaxEnt)
principle. Using the MaxEnt principle with the available information, it has been shown that the three considered
uncertain parameters are statistically independent. The particle-pair distance between two consecutive particles is
uniformly distributed, the microscale stiffness parameters are Gamma-distributed.

For the considered application, it has been shown that the random mechanical response, such as the specific
deformation energy and displacements at some points, exhibits nonnegligible statistical fluctuation with respect to
the level of uncertainties. It has been observed that the statistical fluctuations of the random mechanical responses

are more influenced by the level of uncertainties of the particle-pair distance between two consecutive particles.
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